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PREFACE. 

The  original  design  of  the  Authors  in  commencing  this  work 
about  twenty  years  ago  has  not  been  carried  out  beyond  the 
production  of  the  first  of  a  series  of  volumes,  in  which  it  was 
intended  that  the  various  branches  of  mathematical  and  experi- 
mental physics  should  be  successively  treated  The  intention 
of  proceeding  with  the  other  vdumes  is  now  definitely  aban- 
doned; but  much  new  matter  has  been  added  to  the  first 
volume,  and  it  has  been  divided  into  two  parts,  in  the  second 
edition  now  completed  in  this  second  part.  The  original  first 
volume  contained  many  references  to  the  intended  future 
volumes;  and  these  references  have  been  allowed  to  remain  in 
the  present  completion  of  the  new  edition  of  the  first  volume, 
because  the  plan  of  treatment  followed  depended  on  the 
expectation  of  carrying  out  the  original  design. 

Throughout  the  latter  part  of  the  book  extensive  use  has, 
according  to  Prof.  Stokes*  revival  of  this  valuable  notation, 
been  made  of  the  "solidus"  to  replace  the  horizontal  stroke  in 

fractions ;  for  example  j-  is  printed  afb.    This  notation  is  (as  is 

illustrated  by  the  spacing  between  these  lines)  advantageous  for 
the  introduction  of  isolated  analytical  expressions  in  the  midst 
of  the  text»  and  its  use  in  printing  complex  fractional  and 
exponential  expressions  permits  the  printer  to  dispense  with 
much  of  the  troublesome  process  known  as  "justification,"  and 
effects  a  considerable  saving  in  space  and  expense. 

VOL.  11.  6 


VI  PREFACE. 

An  index  to  the  whole  of  the  first  volume  has  been  prepared 
by  Mr  Burnside,  and  is  placed  at  the  end. 

A  schedule  is  also  given  below  of  all  the  amendments  and 
additions  (excepting  purely  verbal  changes  and  corrections) 
made  in  the  present  edition  of  the  first  volume. 

Inspection  of  the  schedules  on  pages  xxii.  to  xxv.  will  shew 
that  much  new  matter  has  been  imported  into  the  present 
edition,  both  in  Part  I.  and  Part  II.  These  additions  are 
indicated  by  the  word  "new." 

The  most  important  part  of  the  labour  of  editing  Part  II. 
has  been  borne  by  Mr  G.  H.  Darwin,  and  it  will  be  seen  firom 
the  schedule  below  that  he  has  made  valuable  contributions  to 
the  work. 
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p.  497,  line  8  from  bottom, /or  "  10  cent."  read  "  V  cent." 

p.  502,  instead  of  foot-note  substitute,  **  I  find  that  M.  Loschmidt  had  preceded 
me  in  the  fourth  of  the  preceding  methods  of  estimating  the  size  of 
atoms  [Sitzungsberichte  of  the  Vienna  Acad.,  12  Oct.,  1865,  p.  895].  He 
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CHAPTER  V. 

INTRODUCTORY. 


438.  Until  "we  know  thoroughly  the  nature  of  matter  and  Approxi- 
the  forces  which  produce  its  motions,  it  will  he  utterly  im-n}en*o*j 
possihle  to  submit  to  mathematical  reasoning  the  eimct  con-  questiont. 
ditions  of  any  physical  question.    It  has  been  long  understood, 
however,  that  approximate  solutions  of  problems  in  the  ordinary 
branches  of  Natural  Philosophy  may  be  obtained  by  a  species 

of  ahstraction,  or  rather  limitation  of  the  data,  such  as  enables 
us  easily  to  solve  the  modified  form  of  the  question,  while  we 
are  well  assured  that  the  circumstances  (so  modified)  affect  the 
result  only  in  a  superficial  manner. 

439.  Take,  for  instance,  the  very  simple  case  of  a  crowbar 
employed  to  move  a  heavy  mass.  The  accurate  mathematical 
investigation  of  the  action  would  involve  the  simxdtaneous 
treatment  of  the  motions  of  every  part  of  bar,  fulcrum,  and 
mass  raised ;  but  our  ignorance  of  the  nature  of  matter  and 
molecular  forces,  precludes  any  such  complete  treatment  of  the 
problem. 

It  is  a  result  of  observation  that  the  particles  of  the  bar, 
fulcrum,  and  mass,  separately,  retain  throughout  the  process 
nearly  the  same  relative  positions.    Hence  the  idea  of  solving, 
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instead  of  the  complete  but  iDfinitely  transcendent  problem, 
another,  in  reality  quite  different,  but  which,  while  amply  simple, 
obviously  leads  to  practically  the  same  results  so  far  as  con- 
cerns the  equilibrium  and  motions  of  the  bodies  as  a  whole. 

440.  The  new  form  is  given  at  once  by  the  experimental 
result  of  the  trial.  Imagine  the  masses  involved  to  be  perfectly 
rigid,  that  is,  incapable  of  changing  form  or  dimensions.  Then 
the  infinite  series  of  forces,  really  acting,  may  be  left  out  of 
consideration;  so  that  the  mathematical  investigation  deals 
with  a  finite  (and  generally  small)  number  of  forces  instead  of 
a  practically  infinite  number.  Our  warrant  for  such  a  substi- 
tution is  to  be  established  thus. 

441.  The  effects  of  the  intermolecular  forces  could  be  ex- 
hibited only  in  alterations  of  the  form  or  volume  of  the  masses 
involved.  But  as  these  (practically)  remain  almost  unchanged, 
the  forces  which  produce,  or  tend  to  produce,  them  may  be  left 
out  of  consideration.  Thus  we  are  enabled  to  investigate  the 
action  of  machinery  supposed  to  consist  of  separate  portions 
whose  form  and  dimensions  are  unalterable. 

442.  If  we  go  a  little  further  into  the  question,  we  find  that 
the  lever  bends,  some  parts  of  it  are  extended  and  others  com- 
pressed. This  would  lead  us  into  a  very  serious  and  difficult 
inquiry  if  we  had  to  take  account  of  the  whole  circumstances. 
But  (by  experience)  we  find  that  a  sufficiently  accurate  solution 
of  this  more  formidable  case  of  the  problem  may  be  obtained 
by  supposing  (what  can  never  be  realized  in  practice)  the  mass 
to  be  homogeneous,  and  the  forces  consequent  on  a  dilatation, 
compression,  or  distortion,  to  be  proportional  in  magnitude,  and 
opposed  in  direction,  to  these  deformations  respectively.  By 
this  further  assumption,  close  approximations  may  be  made  to 
the  vibrations  of  rods,  plates,  etc.,  as  well  as  to  the  statical 
effect  of  springs,  etc. 

443.  We  may  pursue  the  process  further.  Compression,  iu 
general,  produces  heat,  and  extension,  cold.  The  elastic  forces 
of  the  material  are  thus  rendered  sensibly  different  from  what 
they  would  be  with  the  same  changes  of  bulk  and  shape,  but 
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with  no  change  of  temperature.    By  introducing  such  considera-  Farther 
tions,  we  reach,  without  great  diflSculty,  what  may  be  called  twna.  ™  ' 
a  third  approximation  to  the  solution  of  the  physical  problem 
considered. 

444.  We  might  next  introduce  the  conduction  of  the  heat, 
so  produced,  from  point  to  point  of  the  solid,  with  its  accom- 
panying modifications  of  elasticity,  and  so  on ;  and  we  might 
then  consider  the  production  of  thermo-electric  currents,  which 
(as  we  shall  see)  are  always  developed  by  unequal  heating  in 
a  mass  if  it  be  not  perfectly  homogeneous.  Enough,  however, 
has  been  said  to  show y  first,  our  utter  ignorance  as  to  the  true 
and  complete  solution  of  any  physical  question  by  the  only 
perfect  method;  that  of  the  consideration  of  the  circumstances 
which  affect  the  motion  of  every  portion,  separately,  of  each 
body  concerned ;  and,  second,  the  practically  sufficient  manner 
in  which  practical  questions  may  be  attacked  by  limiting  their 
generality,  the  limitations  introduced  being  themselves  deduced 
from  experience,  and  being  therefore  Nature's  own  solution  (to 
a  less  or  greater  degree  of  accuracy)  of  the  infinite  additional 
number  of  equations  by  which  we  should  otherwise  have  been 
encumbered. 

446.  To  take  another  case :  in  the  consideration  of  the  pro- 
pagation of  waves  at  the  surface  of  a  fluid,  it  is  impossible, 
not  only  on  account  of  mathematical  difficulties,  but  on  account 
of  our  ignorance  of  what  matter  is,  and  what  forces  its  particles 
exert  on  each  other,  to  form  the  equations  which  would  give 
us  the  separate  motion  of  each.  Our  first  approximation  to 
a  solution,  and  one  sufficient  for  most  practical  purposes,  is  de- 
rived from  the  consideration  of  the  motion  of  a  homogeneous, 
incompressible,  and  perfectly  plastic  mass ;  a  hypothetical  sub- 
stance which  may  have  no  existence  in  nature. 

446.  Looking  a  little  more  closely,  we  find  that  the  actual 
motion  differs  considerably  from  that  given  by  the  analytical 
solution  of  the  restricted  problem,  and  we  introduce  further 
considerations,  such  as  the  compressibility  of  fluids,  their  inter- 
nal  frictiony  the  heat  generated  by  the  latter,  and  its  effects  in 
dilating  the  mass,  etc.  etc.     By  such  successive  corrections  we 
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Purther      attain,  at  length,  to  a  mathematical  result  which  (at  all  events 
SS?^*"  in  the  present  state  of  experimental  science)  agrees,  within  the 
limits  of  experimental  error,  with  observation. 

447.  It  would  be  easy  to  give  many  more  instances  sub- 
stantiating what  has  just  been  advanced,  but  it  seems  scarcely 
necessary  to  do  so.  We  may  therefore  at  once  say  that  there 
is  no  question  in  physical  science  which  can  be  completely  and 
acmrately  investigated  by  mathematical  reasoning,  but  that 
there  are  dififerent  degrees  of  approximation,  involving  assump- 
tions more  and  more  nearly  coincident  with  observation,  which 
may  be  arrived  at  in  the  solution  of  any  particular  question. 

Object  of  448.  The  object  of  the  present  division  of  this  volwme  is  to  deal 
6\v£^t  with  the  first  and  second  oftiiese  approximations.  In  it  we  shall 
the  work,  g^jpp^gg  all  solids  either  rigid,  i.e.,  unchangeable  in  form  and 
volume,  or  elastic  ;  but  in  the  latter  case,  we  shall  assume  the 
law  connecting  a  compression  or  a  distortion  with  the  force 
which  causes  it,  to  have  a  particular  form  deduced  from  experi- 
ment. And  we  shall  in  the  latter  case  neglect  the  thermal  or 
electric  effects  which  compression  or  distortion  generally  cause. 
We  shall  also  suppose  fluids,  whether  liquids  or  gases,  to  be 
either  incompressible  or  compressible  according  to  certain 
known  laws ;  and  we  shall  omit  considerations  of  fluid  friction, 
althoiigh  we  admit  the  consideration  of  friction  between  solids. 
Fluids  will  therefore  be  supposed  perfect,  i.e.,  such  that  any  par- 
ticle may  be  moved  amongst  the  others  by  the  slightest  force. 

449.  When  we  come  to  Properties  of  Matter  and  the  various 
forms  of  Energy,  we  shall  give  in  detail,  as  far  as  they  are  yet 
known,  the  'modifications  which  further  approximations  have 
introduced  into  the  previous  results. 

jj^wn  of  460.     The  laws  of  friction  between  solids  were  very  ably  in- 

vestigated by  Coulomb ;  and,  as  we  shall  require  them  in  the 
succeeding  chapters,  we  give  a  brief  summary  of  them  here ; 
reserving  the  more  careful  scrutiny  of  experimental  results  to 
our  chapter  on  Properties  of  Matter. 

451.  To  produce  and  to  maintain  sliding  of  one  solid  body 
on  another  requires  a  tangential  force  which  depends — (1)  upon 


friciioii. 
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the  nature  of  the  hodies;  (2)  upon  their  polish,  or  the  species  and  Laws  of 
qiliantity  of  lubricant  which  may  have  been  applied ;  (3)  upon  the 
normal  pressure  between  them,  to  which  it  is  in  general  directly 
proportional.  It  does  not  (except  in  some  extreme  cases  where 
scratching  or  excessive  abrasion  takes  place)  depend  sensibly 
upon  the  area  of  the  surfaces  in  contact.  When  two  bodies  are 
pressed  together  without  being  caused  to  slide  one  on  another, 
the  force  which  prevents  sliding  is  called  Statical  Friction.  It 
is  capable  of  opposing  a  tangential  resistance  to  motion  which 
may  be  of  any  amount  less  than  or  at  most  equal  to  ^R ;  where 
R  is  the  whole  normal  pressure  between  the  bodies;  and  fi 
(which  depends  mainly  upon  the  nature  of  the  surfaces  in 
contact)  is  what  is  commonly  called  the  coefficient  of  Statical 
Friction,  This  coefficient  varies  greatly  with  the  circumstances, 
being  in  some  cases  as  low  as  0*03,  in  others  as  high  as  0*80. 
Later,  we  shall  give  a  table  of  its  values.  When  the  applied 
forces  are  insufficient  to  produce  motion,  the  whole  amount  of 
statical  friction  is  not  called  into  play ;  its  amount  then  just 
reaches  what  is  sufficient  to  equilibrate  the  other  forces,  and 
its  direction  is  the  opposite  of  that  in  which  their  resultant 
tends  to  produce  motion. 

462.  When  the  statical  friction  has  been  overcome,  and 
sliding  is  produced,  experiment  shows  that  a  force  of  friction 
continues  to  act,  opposing  the  motion ;  that  this  force  oi  Kinetic 
Friction  is  in  most  cases  considerably  less  than  the  extreme 
force  of  static  friction  which  had  to  be  overcome  before  the 
sliding  commenced ;  that  it  too  is  sensibly  proportional  to  the 
normal  pressure ;  and  that  it  is  approximately  the  same  what- 
ever be  the  velocity  of  the  sliding. 

453.  In  the  following  Chapters  on  Abstract  Dynamics  we  con-  B«j«ction 

®  *  ,      ^  •'  of  merely 

fine  ourselves  mainly  to  the  general  principles,  and  the  fundamen-  J*"2S1 
tal  formulas  and  equations  of  the  mathematics  of  this  extensive  ^^^ 
subject;  and,  neither  seeking  nor  avoiding  mathematical  exer- 
citations,  we  enter  on  special  problems  solely  with  a  view  to  pos- 
sible usefulness  for  physical  science,  whether  in  the  way  of  the 
material  of  experimental  investigation,  or  for  illustrating  physical 
principles,  or  for  aiding  in  speculations  of  Natural  Philosophy. 


CHAPTER  VL 


STATICS  OF  A  PARTICLE. — ^ATTRACTION. 


objecu  of        454.     We  naturally  divide  Statics  into  two  parts — the  equi- 

the  chapter.    ,      .  .  ... 

librium  of  a  particle,  and  that  of  a  rigid  or  elastic  body  or 
system  of  particles  whether  solid  or  fluid.  In  a  very  few  sec- 
tions we  shall  dispose  of  the  first  of  these  parts,  and  the  rest  of 
this  chapter  will  be  devoted  to  a  digression  on  the  important 
subject  of  Attraction. 

ConditionB  455.  By  §  255,  forces  acting  at  the  same  point,  or  on  the 
brium  of*  same  material  particle,  are  to  be  compounded  by  the  same  laws 
as  velocities.  Hence,  evidently,  the  sum  of  their  components 
in  any  direction  must  vanish  if  there  is  equilibrium ;  and  there 
is  equilibrium  if  the  sums  of  the  components  in  each  of  three 
lines  not  in  one  plane  are  each  zero.  And  thence  the  necessary 
and  sufficient  mathematical  equations  of  equilibrium. 

Thus,  for  the  equilibrium  of  a  material  particle,  it  is  necessary, 
and  sufficient,  that  the  (algebraic)  sums  of  the  components  of 
the  applied  forces,  resolved  in  any  three  rectangular  directions, 
should  vanish. 


bnum  of  a 
partiole. 


If  P  be  one  of  the  forces,  I,  m,  n  its  direction-cosines,  we 
have 

If  there  be  not  equilibrium,  suppose  72,  with  direction-cosines 
A,  fi,  Vj  to  be  the  resultant  force.  If  reversed  in  direction,  it 
will,  with  the  other  forces,  produce  equilibrium.     Hence 
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And  J2-  ^  {^Py  +  (imF)'  +  (S,nF)%  Bguiii- 

bnum  of  ft 

While  -^ ^=-^  ^^''• 

2/P     Sw/^     2/iP  • 

456.    We  may  take  one  or  two  particular  cases  as  examples 
of  the  general  results  above.    Thus, 

(1)     If  the  particle  rest  on  a  frictionless  curve,  the  com- 
ponent force  along  the  curve  must  vanish. 

If  Xy  y,  z  be  the  co-ordinates  of  the  point  of  the  curve  at  which 
the  particle  rests,  we  have  evidently 


^OS^-l-S)-"- 


When  F,  ly  m,  n  are  given  in  terms  of  a;,  y,  z,  this,  with  the  tu>o 
equations  to  the  curve,  determines  the  position  of  equilibrum.  - 

(2)     If  the  curve  be  frictional,  the  resultant  force  along  it 
must  be  balanced  by  the  friction. 

JI  Fhe  the  friction,  the  condition  is 


^('S-t-s)-'-»- 


This  gives  the  amount  of  friction  which  will  be  called  into  play ; 
and  equilibrium  will  subsist  until,  as  a  limit,  the  friction  is  /a  times 
the  normal  pressure  on  the  curve.     But  the  normal  pressure  is 

^{("•l-»l)'*(»S-*S)"^('l;"S)T- 

Hence,  the  limiting  positions,  between  which  equilibrium  is  pos- 
sible, are  given  by  the  two  equations  to  the  curve,  combined  with 

x.n/,*>p        ^y       ^\       ^r.Sf    dz       dyy     /  dx    ,dzy    (,dy       dx^)\    ^ 

(3)  If  the  particle  rest  on  a  smooth  surface,  the  resultant 
of  the  applied  forces  must  evidently  be  perpendicular  to  the 
surface. 

If  ^(x;  y,  2;)  =  0  be  the  equation  of  the  surface,  we  must  there- 
fore have 

<20  d0  A^ 

dx  dy     _     dz 

and  these  three  equations  determine  the  position  of  equilibrium. 


8  ABSTRACT  DYNAMICS.  [4-56. 

bnvun'of  ft  (*)  If  ^^  ^est  on  E  Fough  suiface,  friction  will  be  called  into 
TP*"^^^*^  play,  resisting  motion  along  the  surface;  and  there  will  be 
equilibrium  at  any  point  within  a  certain  boundary,  determined 
by  the  condition  that  at  it  the  friction  is  fi  times  the  normal 
pressure  on  the  surface,  while  within  it  the  friction  bears  a  less 
ratio  to  the  normal  pressure.  When  the  only  applied  force  is 
gravity,  we  have  a  very  simple  result,  which  is  often  practically 
useful.  Let  0  be  the  angle  between  the  normal  to  the  surface 
and  the  vertical  at  any  point ;  the  normal  pressure  on  the  sur- 
face is  evidently  W  costf,  where*  W  is  the  weight  of  the  particle; 
and  the  resolved  part  of  the  weight  parallel  to  the  surface, 
which  must  of  course  be  balanced  by  the  friction,  is  W  sinO. 
In  the  limiting  position,  when  sliding  is  just  about  to  com- 
mence, the  greatest  possible  amount  of  statical  friction  is  called 
into  play,  and  we  have 

W  miO  =  fiW  OOB0J 

or  tan0  =  /i. 

Angle  of      The  value  of  0  thus  found  is  called  the  Angle  of  Repose. 

repoM. 

Let  <f>{Xf  y,  z)  =  0  be  the  surface:   P,  with  direction-cosines 
ly  m,  n,  the  resultant  of  the  applied  forces.    The  normal  pressure  is 

,  d<l>        d<f>       df^ 
The  resolved  part  of  F  parallel  to  the  sur&ce  is 


\     dz        dy)       \    dx        dz)       \  dy  dx) 


WFWHF 


dz) 

Hence,  for  the  boundary  of  the  portion  of  the  surface  within 
which  equilibrium  is  possible,  we  have  the  additional  equation 

Attmction.  467.  A  most  important  case  of  the  composition  of  forces 
acting  at  one  point  is  furnished  by  the  consideration  of  the 
attraction  of  a  body  of  any  form  upon  a  material  particle  any- 
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where  situated.  Experiment  has  shown  that  the  attraction  Attraotum. 
exerted  by  any  portion  of  matter  upon  another  is  not  modified 
by  the  proximity,  or  even  by  the  interposition,  of  other 
matter;  and  thus  the  attraction  of  a  body  on  a  particle  is  the 
resultant  of  the  attractions  exerted  by  its  several  parts.  To 
treatises  on  applied  mathematics  we  must  refer  for  the  examina- 
tion of  the  consequences,  often  very  curious,  of  various  laws  of 
attraction;  but,  dealing  with  Natural  Philosophy,  we  confine 
ourselves  mainly,  (and  except  where  we  give  the  mathematics  of 
Laplace's  beautiful  and  instructive  and  physically  important, 
though  unreal,  theory  of  capillary  attraction,)  to  the  law  of  the 
inverse  square  of  the  distance  which  Newton  discovered  for  gra- 
vitation. This,  indeed,  furnishes  us  with  an  ample  supply 
of  most  interesting  as  well  as  useful  results. 

456.  The  law,  which  (as  a  property  of  matter)  is  to  be  care-  uniTpmi 
fully  considered  in  the  next  proposed  Division  of  this  Treatise,  attnction. 
may  be  thus  enunciated. 

Every  particle  of  matter  in  the  universe  aitra^cts  every  other 
particle^  with  a  force  whose  direction  is  that  of  the  line  joining 
the  two,  and  whose  magnitvde  is  directly  as  the  product  of  their 
masses,  and  inversely  as  the  square  of  their  distance  from  each 
other. 

Experiment  shows  (as  will  be  seen  further  on)  that  the  same 
law  holds  for  electric  and  magnetic  attractions  under  properly 
defined  conditions. 

469.    For  the  special  applications  of  Statical  principles  to  Spedai  unit 
which  we  proceed,  it  will  be  convenient  to  use  a  special  unit  oidmSiaJ 
mass,  or  quantity  of  matter,  and  corresponding  units  for  the 
measurement  of  electricity  and  magnetism. 

Thus  if,  in  accordance  with  the  physical  law  enunciated  in 
§  458,  we  take  as  the  expression  for  the  forces  exerted  on  each 
other  by  masses  M  and  m,  at  distance  D, 

Mm  ^ 

it  is  obvious  that  our  unit  force  is  the  mutual  attraction  of  two 
units  of  mass  placed  at  unit  of  distance  from  each  other. 
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Electrioand 
uiai^netic 
reckoninirs 
of  quaiititf/. 


Positive  and 
Illative 
matisea  ad- 
mitted in 
atittract 
theory  of 
attraetioo. 


aunSoaland      *®^*    ^*  ^  Convenient  for  many  applications  to  speak  of  the 
deiuu^     (fo7wi<5y  of  a  distribution  of  matter,  electricity,  etc.,  along  a  line, 
over  a  surface,  or  through  a  volume. 

Here  line-density       =  quantity  of  matter  per  unit  of  length, 
surface-density  =s  „  „  „  area, 

volume-density  =         „  „  „     ;       volume. 

I 

461.  In  applying  the  succeeding  investigations  to  electricity 
or  magnetism,  it  is  only  necessary  to  premise  that  3f  and  m  stand 
for  quantities  of  free  electricity  or  magnetism,  whatever  these 
may  be,  and  that  here  the  idea  of  mass  a«  depending  on  inertia 

is  not  necessarily  involved.  The  formula  -j^  will  still  repre- 
sent the  mutual  action,  if  we  take  as  unit  of  imaginary  electric 
or  magnetic  matter,  such  a  quantity  as  exerts  unit  force  on  an 
equal  quantity  at  unit  distance.  Here,  however,  one  or  l)oth 
of  M,  m  may  be  negative ;  and,  as  in  these  applications  like 
kinds. repel  each  other,  the  mutual  action  will  be  attraction 
or  repulsion,  according  as  its  sign  is  negative  or  positive.  With 
these  provisos,  the  following  theory  is  applicable  to  any  of  the 
above-mentioned  classes  of  forces.  We  commence  with  a  few 
simple  cases  which  can  be  completely  treated  by  means  of  ele- 
mentary geometry. 

Uniform  462.  If  the  different  points  of  a  spherical  surfgxe  attrojct 
■heiL^^At-  equally  tvith  forces  varying  inversely  as  the  squares  of  the  dis-- 
internal      tanccs,  a  particU  placed  within  tlie  surface  is  not  attracted  in  any 

point.  , .         , 

direction. 

Let  HIKL  be  the  spherical  surface,  and  P  the  particle 
within  it.    Let  two  lines  HK,  Hj,  intercepting  very  small  arcs 

HI,  KL,  be  drawn  through  P;  then, 
on  account  of  the  similar  triangles 
/^ss^-fr*"^  \  HPIf  KPL,  those  arcs  will  be  propor- 
tional to  the  distances  HP,  LP;  and 
any  small  elements  of  the  spherical 
surface  at  HI  and  KL,  each  bounded 
all  round  by  straight  lines  passing 
through  P  [and  very  nearly  coincid- 
ing with  HK],  will  be  in  the  duplicate  ratio  of  those  lines. 
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Hence  the  forces  exercised  by  the  matter  of  these  elements  unWorm 

^  spbencal 

on  the  particle  P  are  equal ;  for  they  are  as  the  quantities  jJlJlJio^^ 
of  matter  directly,  and  the  squares  of  the  distances,  inverselj^ ;  ^^^^ 
and  these  two  ratios  compounded  give  that  of  equalit]^. 
The  attractions  therefore,  being  equal  and  opposite,  balance  on^ 
another :  and  a  similar  proof  shows  that  the  attractions  due  to 
all  parts  of  the  whole  spherical  surface  are  balanced  by  contrai^ 
attractions.  Hence  the  particle  P  is  not  urged  in  any  direc- 
tion by  these  attractions. 

463.  The  division  of  a  spherical  surface  into  infinitely  small  Digresmon 

.„      «  1  •         t         •  .        ,  on  the  divi- 

elements  will  frequently  occur  m  the  mvestigations  which  «ion  oi  sur- 
follow :  and  Newton  s  method,  described  in  the  preceding  de-  oicmonta. 
monstration,  in  which  the  division  is  effected  in  such  a  manner 
that  all  the  parts  may  be  taken  together  in  'pairs  of  opposite 
elements  with  reference  to  an  internal  point;  besides  other 
methods  deduced  from  it,  suitable  to  the  special  problems  to  be 
examined;  will  be  repeatedly  employed.  The  present  digres- 
sion, in  which  some  definitions  and  elementary  geometrical 
propositions  regarding  this  subject  are  laid  down,  will  simplify 
the  subsequent  demonstrations,  both  by  enabling  us,  through 
the  use  of  convenient  terms,  to  avoid  circumlocution,  and  by 
affording  us  convenient  means  of  reference  for  elementary 
principles,  regarding  which  repeated  explanations  might  other- 
wise be  necessary. 

464.  If  a  straight  line  which  constantly  passes  through  a  Bxpiana- 
fixed  point  be  moved  in  any  manner,  it  is  said  to  describe,  or  definitions 
generate,  a  conical  surface  of  which  the  fixed   point  is  theooncfl- 
vertex. 

If  the  generating  line  be  carried  from  a  given  position  con- 
tinuously through  any  series  of  positions,  no  two  of  which 
coincide,  till  it  is  brought  back  to  the  first,  the  entire  line  on 
the  two  sides  of  the  fixed  point  will  generate  a  complete  conical 
suTbce,  consisting  of  two  sheets,  whicl^  are  called  vertical  or 
opposite  cones.  Thus  the  elements  HI  and  KL,  described  in 
Newton's  demonstration  given  above,  may  be  considered  as  being 
cut  from  the  spherical  surface  by  two  opposite  cones  having  P 
for  their  common  vertex. 
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TheBoiid        486.     If  any  number  of  spheres  be  described  from  the  ver- 

angleofa  •'  * 

oone,  or  of   tex  of  a  cone  as  centre,  the  segments  cut  from  the  concentric 

s  complete  ... 

■uxf^  spherical  surfaces  will  be  similar,  and  their  areas  will  be  as  the 
squares  of  the  radii.  The  quotient  obtained  by  dividing  the 
area  of  one  of  these  segments  by  the  square  of  the  radius  of  the 
spherical  surface  from  which  it  is  cut,  is  taken  as  the  measure 
of  the  solid  angle  of  the  cone.  The  segments  of  the  same 
spherical  surfaces  made  by  the  opposite  cone,  are  respectively 
equal  and  similar  to  the  former  (but  "  perverted").  Hence  the 
solid  angles  of  two  vertical  or  opposite  cones  are  equal :  either 
may  be  taken  as  the  solid  angle  of  the  complete  conical  surface 
of  which  the  opposite  cones  are  the  two  sheets. 

SamofaU       466.     Sinco  the  area  of  a  spherical  surface  is  equal  to  the 
angles        squaro  of  its  radius  multiplied  by  47r,  it  follows  that  the  sum  of 
point^ir.    the  solid  angles  of  all  the  distinct  cones  which  can  be  described 
with  a  given  point  as  vertex,  is  equal  to  47r. 

Sum  of  the  467.  The  solid  angles  of  vertical  or  opposite  cones  being 
Sfmiith?^  equal,  we  may  infer  from  what  precedes  that  the  sum  of  the 
conioaftnr-  solid  angles  of  all  the  complete  conical  surfaces  which  can  be 

described  without  mutual  intersection,  with  a  given  point  as 

vertex,  is  equal  to  27r. 

Solid  angle      468.    The  solid  angle  subtended  at  a  point  by  a  superficial 
at  a  point    area  of  any  kind,  is  the  solid  angle  of  the  cone  generated  by  a 
terminated  straight  line  passing  through  the  point,   and  carried  entirely 
round  the  boundary  of  the  area. 

Orthogonal  469.  A  Very  small  cone,  that  is,  a  cone  such  that  any  two 
■wtionaof  a  positions  of  the  generating  line  contain  but  a  very  small  angle, 
is  said  to  be  cut  at  right  angles,  or  orthogonally,  by  a  spherical 
surface  described  from  its  vertex  as  centre,  or  by  any  surface, 
whether  plane  or  curved,  which  touches  the  spherical  surface  at 
the  part  where  the  cone  is  cut  by  it. 

A  very  small  cone  is  said  to  be  cut  obliquely,  when  the  section 
is  inclined  at  any  finite  angle  to  an  orthogonal  section ;  and  this 
angle  of  inclination  is  called  the  obliquity  of  ths  section. 

The  area  of  an  orthogonal  section  of  a  very  small  cone  is  equal 
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to  the  area  of  an  oblique  section  in  the  same  position,  multiplied  Oithiwonai 
by  the  cosine  of  the  obliquity.  Btotionsof  a 

Hence  the  area  of  an  oblique  section  of  a  small  cone  is  equal 
to  the  quotient  obtained  by  dividing  the  product  of  the  square 
of  its  distance  from  the  vertex,  into  the  solid  angle,  by  the 
cosine  of  the  obliquity. 

470.  Let  E  denote  the  area  of  a  very  small  element  of  a  Ana  of  wg- 

.         .  -  mentout 

spherical  surfEK^e  at  the  point  E  (that  is  to  say,  an  element  fwm  Bphwr- 
every  part  of  which  is  very  near  the  point  JE),  let  <o  denote  by  §mau 
the  solid  angle  subtended  by  E  at  any  point  P,  and  let  PE^ 
produced  if  necessary,  meet  the  surface  again  in  E :  then,  a 
denoting  the  radius  of  the  spherical  surface,  we  have 

^  ~EE'  ~  ■ 

For,  the  obliquity  of  the  element  E^  considered  as  a  section 
of  the  cone  of  which  P  is  the  vertex  and 
the  element  E  a  section ;  being  the  angle 
between  the  given  spherical  surface  and 
another  described  from  P  as  centre,  with 
PE  as  radius ;  is  equal  to  the  angle  be- 
tween the  radii,  EP  and  EC^  of  the  two 
spheres.  Hence,  by  considering  the  iso- 
sceles triangle  ECE\  we  find  that  the  cosine  of  the  obliquity 

\EE  EE' 

is  equal  to  —pp-  or  to  -^— ,  and  we  arrive  at  the  preceding 

expression  for  E, 

471.  The  fraction  of  a  uniform  spherical  surface  on  an  unitorm 
external  point  is  the  same  as  if  the  whole  mass  wei*e  collected  at  sEenr^t- 

.1  .      «  traction  on 

the  centre*.  external 

pointb 

*  This  theorem,  which  is  more  oomprehensive  than  that  of  Newtoo  in  his 
first  proposition  regarding  attraction  on  an  external  point  (Prop.  LXXI.),  is 
fully  established  as  a  corollary  to  a  subsequent  proposition  (Prop.  LXXm. 
cor.  2).  If  we  had  considered  the  proportion  of  the  forces  exerted  apon  two 
external  points  at  different  distances,  instead  of,  as  in  the  text,  investigating 
the  abaolnte  force  on  one  point,  and  if  besides  we  had  taken  together  aU  the 
pairs  of  elements  which  would  constitute  two  narrow  annular  portions  of  the 
snrfaoe,  in  planes  perpendicular  to  PC,  the  theorem  and  its  demonstration 
would  hare  coincided  precisely  with  Prop.  LXXI.  of  the  Prineipia, 
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Let  P  be  the  external  point,  C  the  cjentre  of  the  sphere,  and 

CAP  a  straight  line  cutting 
the  spherical    surface  in  A, 
Take  /  in  CP,  so  that  (7P, 
CA,  C/may  be  continual  pro- 
portionals, and  let  the  whole 
spherical  surface  be   divided 
into  pairs  of  opposite  elements 
with  reference  to  th£  point  I. 
Let  H  and  H'  denote   the  magnitudes  of  a  pair  of  such 
elements,  situated  respectively  at  the  extremities  of  a  chord 
HH';  and  let  o)  denote  the  magnitude  of  the  solid  angle  sub- 
tended by  either  of  these  elements  at  the  point  I. 

We  have  (§  469), 

.IIP  ,    „,        G>./5^'" 


H= 


a> 


and  //'  = 


cosCBI'    ■* ^  ~cosCHI' 

Hence,  if  p  denote  the  density  of  the  surface,  the  attractions  of 
the  two  elements  H  and  H'  on  P  are  respectively 

^co^GHI  ' PH* '    *^^  ^ cosGH'I '  PH* ' 

Now  the  two  triangles  PCfl,  HCI  have  a  common  angle  at  C, 
and,  since  PC  :  CH  : :  CH  :  CI,  the  sides  about  this  angle  are 
proportional.  Hence  the  triangles  are  similar;  so  that  the 
angles  CPH  and  CHI  are  equal,  and 

IH     CH_a^ 
HP^CP'^CP' 

In  the  same  way  it  may  be  proved,  by  considering  the  triangles 

PCH\  HCI,  that  the  angles  CPH'  and  CH'I  are  equal,  and 

that 

IH'  ^Cir  _  a 

HP      CP'^CP' 

Hence  the  expressions  for  the  attractions  of  the  elements  H 
and  H'  on  P  become 


a' 


to 


a' 


^  Qo^CHI'  CP^*   ^^^  f^coaCHI-'CP' 
which  are  equal,  since  the  triangle  HCH'  is  isosceles ;  and,  for 
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the  same  reason,  the  angles  CPHy  CPH\  which  have  been  uniform 
proved  to  be  respectively  equal  to  the  angles  CHI,  CH'I,  are  'Eeii.  At- 
equal.     We  infer  that  the  resultant  of  the  forces  due  to  the  external 
two  elements  is  in  the  direction  FC,  and  is  equal  to 

9  «' 

To  find  the  total  force  on  P,  we  must  take  the  sum  of  all  the 

forces  along  PC  due  to  the  pairs  of  opposite  elements;  and, 

since  the  multiplier  of  to  is  the  same  for  each  pair,  we  must 

add  all  the  values  of  <»,  and  we  therefore  obtain  {§  467),  for  the 

required  resultant, 

47rpa* 

~CF'' 

The  numerator  of  this  expression;  being  the  product  of  the 
density,  into  the  area  of  the  spherical  surface ;  is  equal  to  the 
whole  mass ;  and  therefore  the  force  on  P  is  the  same  as  if  the 
whole  mass  were  collected  at  C, 

Cor.  The  force  on  an  external  point,  infinitely  near  the  Surface, 
is  equal  to  47r/>,  and  is  in  the  direction  of  a  normal  at  the  point. 
The  force  on  an  internal  point,  however  near  the  surface,  is,  by  a 
preceding  proposition,  nil 

472.     Let  a  be  the  area  of  an  infinitely  small  element  of  the  Attraction 
surface  at  any  point  P,  and  at  any  other  ment  of  the 

point  H  of  the  surface  let  a  small  element 
subtending  a  solid  angle  oi,  at  P,  be  taken. 
The  area  of  this  element  will  be  equal  to 

to.PH^ 


cos  CHP ' 
and   therefore  the  attraction  along  HP, 
which  it  exerts  on  the  element  cr  at  P,  will 
be  equal  to 

pa) .  p<r  fp         , 

c^^CflP'  ^^osCi/P^"^* 

Now  the  total  attraction  on  the  element  at  P  is  in  the  direction 

CP ;  the  component  in  this  direction  of  the  attraction  due  to 

the  element  H,  is 

a.p^a; 
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Attraction   and,  since  all  the  cones  corresponding  to  the  different  elements 

mmtoftiie  of  the  spherical  surface  lie  on  the  same  side  of  the  tangent 

plane  at  P,  we  deduce,  for  the  resultant  attraction  on  the 


element  a, 


iirp^o'. 


Attraction 
of  a 

spherical 
surfaoeof 
which  the 
density 
yaries  in- 
▼ereely  as 
the  cube  of 
the  distance 
ftomagiTen 
point. 


From  the  corollary  to  the  preceding  proposition,  it  follows  that 
this  attraction  is  half  the  force  which  would  be  exerted  on  an 
external  point,  possessing  the  same  quantity  of  matter  as  the 
element  <7,  and  placed  infinitely  near  the  surface. 

473.  In  some  of  the  most  important  elementary  problems 
of  the  theory  of  electricity,  spherical  surfaces  with  densities 
varying  inversely  as  the  cubes  of  distances  from  eccentric  points 
occur :  and  it  is  of  fundamental  importance  to  find  the  attrac- 
tion of  such  a  shell  on  an  internal  or  external  point.  This  may 
be  done  synthetically  as  follows ;  the  investigation  being,  as  we 
shall  see  below,  virtually  the  same  as  that  of  §  462,  or  §  471. 

474.  Let  us  first  consider  the  case  in  which  the  given  point 
S  and  the  attracted  point  P  are  separated  by  the  spherical  sur- 
face. The  two  figures  represent  the  varieties  of  this  case  in 
which,  the  point  S  being  without  the  sphere,  P  is  within ;  and, 
8  being  within,  the  attracted  point  is  external.  The  same  de- 
monstration is  applicable  literally  with  reference  to  the  two 
figures;  but,  to  avoid  the  consideration  of  negative  quan- 
tities, some  of  the  expressions  may  be  conveniently  modified  to 
suit  the  second  figure.  In  such  instances  the  two  expressions 
are  given  in  a  double  line,  the  upper  being  that  which  is  most 
convenient  for  the  first  figure,  and  the  lower  for  the  second. 

Let  the  radius  of  the  sphere  be  denoted  by  a,  and  let  /  be 
the  distance  of  S  from  C,  the  centre  of  the  sphere  (not  repre- 
sented in  the  figures). 

Join  8P  and  take  T  in  this  line  (or  its  continuation)  «o  that 

(fig.  1)     SP,8T^p^a\ 
(fig.  2)    8P.T8^a'^f\ 

Through  T  draw  any  line  cutting  the  spherical  surfiwe  at  K,  JT. 
Join  8K,  SK',  and  let  the  lines  so  drawn  cut  the  spherical 
surface  again  in  E,  E\ 
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Let  the  whole  spherical  surface  be  divided  into  pairs  of 
opposite  elements  with  reference  to  the  point  T.  Let  K  and 
iiT'  be  a  pair  of  such  elements  situated  at  the  extremities  of  the 
chord  KK'y  and  subtending  the  solid  angle  to  at  the  point  T\ 
and  let  elements  E  and  J^  be  taken  subtending  at  8  the  same 
solid  angles  respectively  as  the  elements  K  and  K\  By  this 
means  we  may  divide  the  whole  spherical  surface  into  pairs  of 
conjugate  elements,  E,  E\  since  it  is  easily  seen  that  when  we 
have  taken  every  pair  of  elements,  K^  K\  the  whole  surface 


Attraction 
of  a 

Bpberical 
turfiuseof 
which  tiie 
density 
varies  in- 
venely  as 
the  cube  of 
the  distance 
fh>magiven 
point. 


will  have  been  exhausted,  without  repetition,  by  the  deduced 
elements,  E,  K.  Hence  the  attraction  on  P  will  be  the 
final  resultant  of  the  attractions  of  all  the  pairs  of  elements, 

E,  E'. 

Now  if  p  be  the  surface  density  at  J?,  and  if  F  denote  the 
attraction  of  the  element  E  on  P,  we  have 


F= 


_p.E 


EP"' 


According  to  the  given  law  of  density  we  shall  have 

where  X  is  a  constant.    Again,  since  SEE  is  equally  inclined 
to  the  spherical  surface  at  the  two  points  of  intersection,  we 


have 
and  hence 


fifit''        SiT'*      KK* 


\     SE"   2(m,TK^ 


„    SE^'SK^'      KK' 
^ IP 


X. 


2a  TK^ 

KK"SE.SK\EP' 


.  61. 
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Attraction    Now,  by  Considering  the  great  circle  in  which  the  sphere  is  cut 
Jpherioai     by  a  plane  through  the  line  SK,  we  find  that 
jhidfthi  (fig.  1)  8K .  SE  =f  -  a^ 

density  \   o      /  »^ 

the  distance  g^^^j  ^ence  8K .  SE  =  SP .  STy  from  which  we  infer  that  the  tri- 
^m^agiven  ^^^^^^  ^^^^  p^^  ^^^  similar ;  so  that  TK  :  SK  ::  PE  :  SP. 

TK^      _    1 
Hence  ^j^,  pjj.  -  gp^ , 

and  the  expression  for  F  becomes 

„    ,.      2a  1 

^-^'KK^'SE.SP'''^' 

Modifying  this  by  preceding  expressions  we  have 

(fig.  1)  F=  X .  j^  .  7yrr^*j"sp  •  '^^' 

(fig.  2)  F=  \.  ^  .  ^-rr^^)-^  •  ^^• 
Similarly,  if  i''  denote  the  attraction  of  E'  on  P,  we  have 

(fig.  1)  r  =  x-^, .  ^j^,y^,SK\ 

(fig.  2)  P'  =  X  ^^^  .  J^^ZIJ^j^p '  ^'^• 

Now  in  the  triangles  which  have  been  shown  to  be  similar,  the 

angles  TKS,  EPS  are  equal ;  and  the  same  may  be  proved  of 

the  angles  TK'S,  E'PS,    Hence  the  two  sides  SK,  SK'  of  the 

triangle  KSK  are  inclined  to  the  third  at  the  same  angles 

as  those  between  the  line  PS  and  directions  PE,  PE'  of  the  two 

forces  on  the  point  P;   and  the  sides  SK,  SK'  are  to  one 

another  as  the  forces,  F,  F',  in  the  directions  PE,  PE'.    It 

follows,  by  "  the  triangle  of  forces,"  that  the  resultant  of  F  and 

F'  is  along  PS,  and  that  it  bears  to  the  component  forces  the 

same  ratios  as  the  side  KK  of  the  triangle  bears  to  the  other 

two  sides.     Hence  the  resultant  force  due  to  the  two  elements 

E  and  E'  on  the  point  P,  is  towards  S,  and  is  equal  to 

■X    —  ^  fl>  r^j^,  X .  2a .  a> 

^'  KFT  '  if -a') .  SP'  •  ^^  '  ^^  (/» -- a*)  kSP*  • 
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The  total  resultant  force  will  consequently  be  towards  S ;  and  AttiMtion 
we  find,  by  summation  (§  467)  for  its  magnitude, 

X .  4s7ra 

Hence  we  infer  that  the  resultant  force  at  any  point  jP,  ^^'^^ 
separated  from  8  by  the  spherical  surface,  is  the  same  as  if  a  ^^^^ 

quantity  of  matter  equal  to   ^    ^,  were  concentrated  at  the 


Bpherical 
sarfaoe  of 
which  the 
density 
varies  in- 
versely as 
the  cabe  of 


point  S. 


f~a' 


476.  To  find  the  attiaction  when  S  and  P  are  either  both 
without  or  both  within  the  spherical  surface. 

Take  in  CS,  or  in  C8  produced  through  S,  a  point  S^,  such 
that  C5.GS,  =  a». 

Then,  bj  a  well-known  geometrical  theorem,  if  ^  be  any  point 
on  the  spherical  surface,  we  have 

8E_/ 
S,I!~  a' 

Hence  we  have 

X  _      W 

Hence,  p  being  the  surfEUie-densitj  at  E,  we  have 

_  f  __    \ 
'"'KE^'  8.E*' 


if 


Hence,  by  the  investigation  in  the   preceding  section,   the 
attraction  on  P  is  towards  8^^  and  is  the  same  as  if  a  quantity 

2—2 
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Attraotion  \  ^  ^tr(t 

spherical     ^^  matter  equal  to     *'^   ,    were  concentrated  at  that  point; 

•iirfooe  of  •'1 

densu****  /i  ^^  taken  to  denote  CS^.     If  for/^  and  \  we  substitute 

vartea  in-  ^»  J^> 

the^^f  *^®^^  values,  ^  and  -^  ,  we  have  the  modified  expression 

IhA  distance  J  J 

from  a  given  ^ 

^*"*-  X^.47ra 

for  the  quantity  of  matter  which  we  must  conceive  to  be  col- 
lected at  8^. 

Uninaoiat-       476.     If  a  Spherical  surface  be  electrified  in  such  a  way 
under  the    that  the  oloctrical  density  varies  inversely  as  the  cube  of  the 

influence  of  ,  i         .         «  r  i  i« 

an  electric  distance  from  an  internal  point  o,  or  from  the  corresponding 
external  point  jS^  it  will  attract  any  external  point,  as  if  its 
whole  electricity  were  concentrated  at  8^  and  any  internal  point, 
as  if  a  quantity  of  electricity  greater  than  its  own  in  the  ratio 
of  a  to/ were  concentrated  at  8^, 

Let  the  density  at  E  be  denoted,  as  before,  by  ^jr,,.     Then, 

if  we  consider  two  opposite  elements  at  E  and  E\  which  sub- 
tend  a  solid  angle  q>  at  the   point  8^  the  areas  of  these 

elements  being  — ^™ —  and „„, —  ,  the  quantity  of  elec- 
tricity which  they  possess  will  be 

X .  2a  .  ft)  /  1         I  \       \.2a 
EE'    [SE'^SE'J  ""^SETSE' 

Now  SE.8E'  is  constant  (Euc.  iii.  35)  and  its  value  is  a*  — /*. 
Hence,  by  summation,  we  find  for  the  total  quantity  of  elec- 
tricity on  the  spherical  surface 

X.  4nra 

a' -7*' 
Hence,  if  this  be  denoted  by  7n,  the  expressions  in  the  preced- 
ing paragraphs,  for  the  quantities  of  electricity  which  we  must 
suppose  to  be  concentrated  at  the  point  8  or  8^,  according  as  P 
is  without  or  within  the  spherical  surface,  become  respectively 

my  and  >m. 


/  • 
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477.  The  direct  analytical  solution  of  such  problems  con- Dimetana- 
sists  in  the  expression,  by  §  455^  of  the  three  components  of  ouiation  of 
the  whole  attraction  as  the  sums  of  its  separate  parts  due  to  the 
several  particles  of  the  attracting  body ;  the  transformation,  by 
the  usual  methods,  of  these  sums  into  definite  integrals ;  and  the 
evaluation  of  the  latter.  This  is,  in  general,  inferior  in  elegance 
and  simplicity  to  the  less  direct  mode  of  solution  depending 
upon  the  determination  of  the  potential  energy  of  the  attracted 
particle  with  reference  to  the  forces  exerted  upon  it  by  the 
attracting  body,  a  method  which  we  shall  presently  develop 
with  peculiar  care,  as  being  of  incalculable  value  in  the  theories 
of  Electricity  and  Magnetism  as  well  as  in  that  of  Gravitation. 
But  before  we  proceed  to  it,  we  give  some  instances  of  the 
direct  method,  beginning  with  the  case  of  a  spherical  shell. 

(a)     Let  P  be  the  attracted  point,  0  the  centre  of  the  shell  Uniform 

,  spiionoal 

Let  any  plane  perpendicular  to  OF  cut  it  in  A,  and  the  sphere  loeiL 
in  the  small  circle  QB, 

Let  QOP^e,   OQ  =  a,  -^ ^^ 

OP  =  D.  Then  as  the 
whole  attraction  is  evi- 
dently along  PO,  we 
may  at  once  resolve 
the  parts  of  it  in  that 
direction.  The  circular 
band  corresponding  to 
0,  O-^dd  has  for  area 

2ira^  sin  $d$.   Hence  if  if  be  the  mass  of  the  shell,  the  component 
attraction  of  the  band  on  P,  along  PO,  is 

^onBde.^;  andPe«  =  a»  +  2>'-2ai>costf. 
Hence  H  PQ  ==  X,        ondx  =  aD  sm  0dO. 


Also 


PN=D-aQO&0  = 


2D 


heDcethe  attraction  of  the  band  is 

M  g'-a'  +  Z)' 
^D"        oaf 


dx. 
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ThiB  divides  itself,  on  integration,  into  two  cases, 

(1)  P  external,  t.e.,  Z>  >  a.     Here  the  limits  of  x  are  D 

.      .    If  Vx     J)*-an^+^     M 

and  J9  +  a,  and  the  attraction  is  -rr^ =  ts  j    a* 

4x>"  Lo         ax    jD-a     Jj 

before. 

(2)  F  intemaly  Le,yD  <  a.     Here  the  limits  are  a-^D  and 

a  +  x>,  and  the  attraction  is  7-^75    -  + =  0. 

4Z>"  \a         ax    \a-J> 

(5)  A  useful  case  is  that  of  the  attraction  of  a  circular  plate 
of  uniform  surface  density  on  a  point  in  a  line  through  its  centre, 
and  perpendicular  to  its  plane. 

If  a  be  the  radius  of  the  plate,  h  the  distance  of  the  point  from 
it^  and  M  its  mass,  the  attraction  (which  is. evidently  in  a  direc- 
tion perpendicular  to  the  plate)  is  easily  seen  to  be 

M  fa    2hrdr    ^2^/,  ^      I 

a'io  (A*  +  r»)*"*   a'  t       JhFT^') 

If  p  denote  the  surface  density  of  the  plate,  this  becomes 

which,  for  an  infinite  plate,  becomes 

2irp, 

From  the  preceding  formula  many  useful  results  may  easily 
be  deduced :  thus, 

(c)  A  uniform  cylinder  of  length  I,  and  diameter  a,  attracts 
a  point  in  its  axis  at  a  distance  x  from  the  nearest  end  with  a 
force 

When  the  cylinder  is  of  infinite  length  (in  one  direction)  the 
attraction  is  therefore 

2wp  (Ja^  +  a*  -  x) ; 

and,  when  the  attracted  particle  is  in  contact  with  the  centre  of 
the  end  of  the  infinite  cylinder,  this  is 

2irpa. 
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{d)  A  right  cone,  of  semivertical  angle  a,  and  length  I,  UifrhtoonA 
attracts  a  particle  at  its  vertex.  Here  we  have  at  once  for  the  at  ▼wtex.*' 
attraction,  the  expression 

2irp/  (1  —  cos  a), 

which  is  simply  proportional  to  the  length  of  the  axis. 

It  is  of  coui'se  easy,  when  required,  to  find  the  necessarily  less 
simple  expression  for  the  attraction  on  any  point  of  the  axis. 

(e)     For   magnetic  and  electro-magnetic  applications  a  very  positiTe 
useful  case  is  that  of  two  equal  discs,  each  perpendicular  to  the  negativB 
line  joining  their  centres,  on  any  point  in  that  line — their  masses    ""* 
(§  461)  being  of  opposite  sign — ^that  is,  one  repelling  and  the 
other  attracting. 

Let  a  be  the  radius,  p  the  mass  of  a  superficial  unit,  of  either, 
e  their  distance,  x  the  distance  of  the  attracted  point  from  the 
nearest  disc.     The  whole  action  is  evidently 


In  the  particular  case  when  c  is  diminished  without  limit,  this 
becomes 


2vpc 


a' 


(a:»  -f  a")* ' 


478.  Let  P  and  P'  be  two  points  infinitely  near  one  another  variation  of 
on  two  sides  of  a  surface  over  which  matter  is  distributed ;  and  c^iMan 
let  p  be  the  density  of  this  distribution  on  the  surface  in  the  8urflioe.°' 
neighbourhood  of  these  points.  Then  whatever  be  the  resultant 
attraction,  JS,  at  P,  due  to  all  the  attracting  matter,  whether 
lodging  on  this  surface,  or  elsewhere,  the  resultant  force,  jB',  on 
P  is  the  resultant  of  a  force  equal  and  parallel  to  R,  and  a 
force  equal  to  4nrp,  in  the  direction  from  P'  perpendicularly 
towards  the  surface.  For,  suppose  PP  to  be  perpendicular  to 
the  surface,  which  will  not  limit  the  generality  of  the  pro- 
position, and  consider  a  circular  disc,  of  the  surface,  having  its 
centre  in  PP',  and  radius  infinitely  small  in  comparison  with 
the  radii  of  curvature  of  the  surface  but  infinitely  great  in  com- 
parison with  PF.  This  disc  will  [§  477,  (6)]  attract  P  and  F 
with  forces,  each  equal  to  2irp  and  opposite  to  one  another  in 
the  line  PP'.  Whence  the  proposition.  It  is  one  of  much  im- 
portance in  the  theory  of  electricity. 
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Uniform 
hemisphere 
attracting 
pertiole  at 
edge. 


Alteration 

oflatitade; 

by  hemi- 

•pberioal 

tailor 

caTitjr. 


(a)     As  a  f ui*ther  example  of  the  direct  analytical  process,  let 

us  find  the  components  of  the 
attraction  exerted  by  a  uni- 
form hemisphere  on  a  particle 
at  its  edge.  Let  A  be  the 
particle,  AB  a  diameter  of 
the  base,  AC  the  tangent  to 
the  base  at  A ;  and  AD  per- 
pendicuUr  to  AC,  and  AB, 
Let  BQA  be  a  section  by  a 

plane  passing  through  AC;  AQ  any  radius-vector  of  this  section ; 

P  a  point  inAQ.    Jj&tAP=  r,  CAQ=$,  RAB  =  <^   The  volume 

of  an  element  at  P  is 

rdO .  rwidd^ . c;fo*  =  r'sin dcUf^dSdr, 

The  resultant  attraction  on  unit  of  matter  at  A  has  zero  com- 
ponent along  AC.     Along  AB  the  component  is 

pJJJ  sin  6dtl>d6dr  cos  ^  sin  0, 

between  proper  limits.     The  limits  of  r  are  0  and  2a  sin  0  cos  ^, 

TT 

those  of  ^  are  0  and  ^ ,  and  those  of  6  are  0  and  ir.     Hence, 
Attraction  along  AB  =  f  irpa. 
Along  AD  the  component  is 


Jo     JO  Jo 


sin  OdOd^dr  sin  ^sin  0==  |pa. 


(6)  Hence  at  the  southern  base  of  a  hemispherical  hill  of 
radius  a  and  density  p,  the  true  latitude  (as  n^basured  by  the 
aid  of  the  plumb-line,  or  by  reflection  of  starlight  in  a  trough  of 
mercury)  is  diminished  by  the  attraction  of  the  mountain  by  the 
angle 

where  0  is  the  attraction  of  the  earth,  estimated  in  the  same 
units.  Hence,  if  22  be  the  radius  and  o-  the  mean  density  of  the 
earth,  the  angle  is 
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Hence  the  latitudes  of  stations  at  the  base  of  the  hilL  north  and  fl^f^^op 

^  of  latitude; 

south  of  it,  differ  by  r==  (  2  +  - ) :  instead  of  by  ^^ ,  as  they  would  aphorical 
'  ''  Ji\         <r/  "  K  hill  or 

do  if  the  hill  were  removed. 

In  the  same  way  the  latitude  of  a  place  at  the  southern  edge 

of  a  hemispherical  comty  is  increased  on  account  of  the  cavity 

by  \  -^  where  p  is  the  density  of  the  superficial  strata. 

(c)  For  mutual  attraction  between  two  segments  of  a  homo- 
geneous solid  sphere,  investigated  indirectly  on  a  hydrostatic 
principle,  see  §  753  below. 

479.  As  a  curious  additional  example  of  the  class  of  ques-bycrevMta 
tions  considered  in  §  478  (a)  (6),  a  deep  crevasse,  extending  east 

and  west,  increases  the  latitude  of  places  at  its  southern  edge 

by  (approximately)  the  angle  f  -^  where  p  is  the  density  of 

the  crust  of  the  earth,  and  a  is  the  width  of  the  crevasse.    Thus 
the  north  edge  of  the  crevasse  will  have  a  lower  latitude  than 

the  south  edge  if  f  -  >  1>  which  might  be  the  case,  as  there 

are  rocks  of  density  §  x  5*5  or  3 '67  times  that  of  water.    At  a 

considerable  depth  in  the  crevasse,  this  change  of  latitudes  is 

nearly  doubled,  and  then  the  southern  side  has  the  greater  i 

latitude  if  the  density  of  the  crust  be  not  less  than  1*83  times  < 

that  of  water.    The  reader  may  exercise  himself  by  drawing 

lines  of  equal  latitude  in  the  neighbourhood  of  the  crevasse  in 

this  case :  and  by  drawing  meridians  for  the  corresponding  case 

of  a  crevasse  running  north  and  south. 

480.  It  is  interesting,  and  will  be  useful  later,  to  consider  Attraction 
as  a  particular  case,  the  attraction  of  a  sphere  whose  mass  is  oomposedof 

■I-  ,•!  t/..A  1.  oonoentrlo 

composed  of  concentric  layers,  each  of  uniform  density.  1116118  of 

Let  R  be  the  radius,  r  that  of  any  layer,  p  =  F(r)  its  density,  denaii^r. 

Then,  if  o*  be  the  mean  density, 

rE 

firom  which  o-  may  be  found. 

The  surface  attraction  is  ^vaE,  ^  G,  supposa 

At  a  distance  r  from  the  centre  the  attraction  is  -x  /  pr^dr. 
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dfloai^. 


If  it  is  to  be  tbe  same  for  all  points  inside  the  sphere 


/. 


r  6 


1      G 
Hence  p  =  F{r)  =-^  .  —  is  the  requisite  law  of  density. 

If  the  density  of  the  npper  crust  be  t,  the  attraction  at  a 
depth  hj  small  compared  with  the  radius,  is 

where  o-^  is  the  mean  density  of  nucleus  when  a  shell  of  thick- 
ness h  is  removed  from  the  sphere.     Also,  evidently, 

Itto-i  {R  -  hy  +  4:7rT{R-  hyh  =  *  TraB", 

or  G,  {E  -  hy  +  iiTT  (B-hyh  =  GB', 

whence 


(?,=(?(l+^)-4irTA. 


Attraction 
of  a  unifonn 
ciroolaran^ 


The  attraction  is  therefore  unaltered  at  a  depth  h  if 

481.     Some  other  simple  cases  may  be  added  here,  as  their 
results  will  be  of  use  to  us  subsequently. 

(a)     The  attraction  of  a  circular  arc,  AB,  of  uniform  density, 

on  a  particle  at  the  centre,  C,  of  the 
circle,  lies  evidently  in  the  line  CD 
bisecting  the  arc.  Also  the  resolved 
part  parallel  to  CD  of  the  attraction 
of  an  elemeut  at  P  is 
mass  of  element  at  F 


CD' 


cos .  PCD. 


Now  suppose  the  density  of  the  chord  AB 

to  be  the  same  as  that  of  the  arc.     Then 

< 
for  (mass  of  element  at  P  x  cos  PCD) 

we  may  put  mass  of  projection  of  element 

on  ^^  at  Q;  since,  if  FT  be  the  tangent  at  P,  FTQ  =  FCD. 

XT          AA    -a.'        1        jyT\    Sum  of  projected  elements 
Hence  attraction  along  CD  = — ^^^^^^ 

pAB 
"  CD*' 
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if  p  be  (he  density  of  the  given  arc, 

_2pnaACD 
C3 


AttiBction 

ofaunifbnn 

droukrara, 


It  is  therefore  the  same  as  the  attraction  of  a  mass  equal  to  the 
chord,  with  the  arc's  densitj,  concentrated  at  the  point  D, 

(b)  Again  a  limited  straight  line  of  uniform  density  attracts  straight 
any  external  point  in  the  same  direction  and  with  the  same 
force  as  the  corre-  n 
sponding  arc  of  a 
circle  of  the  same 
densitj,  which  has 
the  point   for  cen- 
tre, and  touches  the 
straight  line. 

For  if   CpF   be       A  P  ^     B  JD 

drawn  cutting  the  circle  in  p  and  the  line  in  P;  Element  at 

CP 
p  :  element  Bt  P  ::  Cp  :  CP ^^;  that  is,  as  Cp*  :  CP'.    Hence 

the  attractions  of  these  elements  on  C  are  equal  and  in  the  same 
line.  Thus  the  arc  ab  attracts  C  as  the  line  AB  does;  and,  by 
the  last  proposition,  the  attraction  of  AB  bisects  the  angle  ACB, 
and  is  equal  to 

^  sin  ^ACB. 

(c)  This  may 
be  put  into  other 
useful  forms  — 
thus,  let  CEF 
bisect  the  angle 
ACB,  and  let 
Aay  Bb,  EF,  be 
drawn  perpen  -  a 
dicular  to  CF 
from  the  ends 
and  middle  point 
of    AB,        We 


have 


sin^C^ 


^sinClD 


AB      CD 


AG+GBCK 
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Attraction 
ofauniftMrm 
straight 
line. 


Hence  the  attraction,  which  is  along  CK,  is 
2pAB  pAB 


.  GF.     (1) 


(AC-¥CB)GK     S  {AC  +  CB)  {AC  +  GB'  ^AB") 

For,  evidently, 

bK  :  Ka  ::  BK  ;  KA  ::  BG  :  GA  ::  6C  :  Ca, 

Le,^  ah  is  divided,  externally  in  (7,  and  internally  in  iT,  in  the 
same  ratio.     Hence,  by  geometry, 


KG .GF=aJG .Gh  =  \{AG-k-GB  -Aff], 

which  gives  the  transformation  in  (1). 

{d)  GF  is  obviously  the  tangent  at  C  to  a  hyperbola,  passing 
through  that  point,  and  having  A  and  B  as  foci  Hence,  if  in 
any  plane  through  AB  any  hyperbola  be  described,  with  foci  A 
and  Bj  it  will  be  a  line  of  force  as  regards  the  attraction  of  the 
line  AB ;  that  is,  as  will  be  more  fully  explained  later,  a  curve 
which  at  every  point  indicates  the  direction  of  attraction. 

(e)  Similarly,  if  a  prolate  spheroid  be  described  with  foci  A 
and  B,  and  passing  through  C,  GF  will  evidently  be  the  normal 
at  G ;  thus  the  force  on  a  particle  at  G  will  be  perpendicular  to 
the  spheroid;  and  the  particle  would  evidently  rest  in  equiUbrium 
on  the  surface,  even  if  it  were  smooth.  This  is  an  instance  of 
(what  we  shall  presently  develop  at  some  length)  a  sur&ce  of 
equilibrium,  a  level  surface,  or  an  equipotential  surface. 

(/)  We  may  further  prove,  by  a  simple  application  of  the 
preceding  theorem,  that  the  lines  of  force  due  to  the  attraction 
of  two  infinitely  long  rods  in  the  line  AB  produced,  one  of  which 
is  attractive  and  the  other  repulsive,  are  the  series  of  ellipses 
described  from  the  extremities,  A  and  B,  as  foci,  while  the 
surfaces  of  equilibrium  are  generated  by  the  revolution  of  the 
confocal  hyperbolas. 

FotentiaL  482.  As  of  immense  importance,  in  the  theory  not  only  of 
gravitation  but  of  electricity,  of  magnetism,  of  fluid  motion,  of 
the  conduction  of  heat,  etc.,  we  give  here  an  investigation  of  the 
most  important  properties  of  the  Potentiai. 

483.  This  function  was  introduced  for  gravitation  by  Laplace, 
but  the  name  was  first  given  to  it  by  Qreen,  who  may  almost 
be  said  to  have  in  1828  created  the  theory,  as  we  now  have  it. 
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Qreen'a  work  was  neglected  till  1846^  and  before  that  time  most  potential, 
of  its  important  theorems  had  been  re-discovered  by  Qauss, 
Chasles,  Sturm,  and  Thomson. 

In  §  273,  the  potential  energy  of  a  conservative  system  in  any 
configuration  was  defined.  When  the  forces  concerned  are 
forces  acting,  either  really  or  apparently,  at  a  distance,  as 
attraction  of  gravitation,  or  attractions  or  repulsions  of  electric 
or  magnetic  origin,  it  is  in  general  most  convenient  to  choose, 
for  the  zero  configuration,  infinite  distance  between  the  bodies 
concerned.    We  have  thus  the  following  definition : — 

484.  The  mutual  potential  energy  of  two  bodies  in  any 
relative  position  is  the  amount  of  work  obtainable  from  theii* 
mutual  repulsion,  by  allowing  them  to  separate  to  an  infinite 
distance  asunder.  When  the  bodies  attract  mutually,  as  for 
instance  when  no  other  force  than  gravitation  is  operative,  their 
mutual  potential  energy,  according  to  the  convention  for  zero 
now  adopted,  is  negative,  or  (§  647  below)  their  exhaustion  of 
potential  energy  is  positive. 

485.  The  Potential  at  any  point,  due  to  any  attracting  or 
repelling  body,  or  distribution  of  matter,  is  the  mutual  potential 
energy  between  it  and  a  unit  of  matter  placed  at  that  point. 
But  in  the  case  of  gravitation,  to  avoid  defining  the  potential 
as  a  negative  quantity,  it  is  convenient  to  change  the  sign. 
Thus  the  gravitation  potential,  at  any  point,  due  to  any  mass, 
is  the  quantity  of  work  required  to  remove  a  unit  of  matter 
from  that  point  to  an  infinite  distance. 

486.  Hence  if  V  be  the  potential  at  any  point  P,  and  F, 
that  at  a  proximate  point  Q,  it  evidently  follows  from  the  above 
definition  that  V—  V^  is  the  work  required  to  remove  an  inde- 
pendent unit  of  matter  from  P  to  Q ;  and  it  is  useful  to  note 
that  this  is  altogether  independent  of  the  form  of  the  pat^ 
chosen  between  these  two  points,  as  it  gives  us  a  preliminary 
idea  of  the  power  we  acquire  by  the  introduction  of  this  mode*" 
of  representation. 

Suppose  Q  to  be  so  near  to  P  that  the  attractive  forces 
exerted  on  unit  of  matter  at  these  points,  and  therefore  at  any 
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Potontu.  point  in  the  line  PQ,  may  be  assumed  to  be  equal  and  parallel. 
Then  if  F  represent  the  resolved  part  of  this  force  along  PQ, 
-F.  PQ  is  the  work  required  to  transfer  unit  of  matter  from  P 
to  Q.    Hence 

V^V^^F.PQ, 
Force  in      that  is,  the  attraction  on  unit  of  matter  at  P  in  any  direction 

terms  of  the  '' 

potentiAi.  PQ,  is  the  rate  at  which  the  potential  at  P  increases  per  unit 
of  length  of  PQ. 

Equipoten.  487.  A  surface,  at  every  point  of  which  the  potential  has  the 
'  same  value,  and  which  is  therefore  called  an  Equipotential  Sur- 
face,  is  such  that  the  attraction  is  everywhere  in  the  direction 
of  its  normal.  For  in  no  direction  along  the  surface  does  the 
potential  change  in  value,  and  therefore  there  is  no  force  in 
any  such  direction.  Hence  if  the  attracted  particle  be  placed 
on  such  a  surface  (supposed  smooth  and  rigid),  it  will  rest  in 
any  position,  and  the  surface  is  therefore  sometimes  called  a 
Surface  of  Equilibrium.  We  shall  see  later,  that  the  force 
on  a  particle  of  a  liquid  at  the  free  surface  is  always  in  the 
direction  of  the  normal,  hence  the  term  Level  Surface,  which 
is  often  used  for  the  other  terms  above. 

Relative  in-  488.  If  a  scries  of  cquipotential  surfaces  be  constructed  for 
force  at  values  of  the  potential  increasing  by  equal  small  amounts,  it  is 
pointaof  evident  from  §  486  that  the  attraction  at  any  point  is  inversely 
potential     proportional  to  the  normal  distance  between  two   successive 

Burtaoo 

surfaces  close  to  that  point ;  since  the  numerator  of  the  ex- 
pression for  F  is,  in  this  case,  constant. 

Line  of  489.    A  line  drawn  from  any  origin,  so  that  at  every  point  of 

its  length  its  tangent  is  the  direction  of  the  attraction  at  that 
point,  is  called  a  Line  of  Force ;  and  it  obviously  cuts  at  right 
angles  every  equipotential  surface  which  it  meets. 

These  three  last  sections  are  true  whatever  be  the  law  of 
attraction;  in  the  next  we  are  restricted  to  the  law  of  the 
inverse  square  of  the  distance. 
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490.     If,  through  every  point  of  the  boundary  of  an  infinitely  7^^^  <>' 
small  portion  of  an  equipotential  surface,  the  corresponding  "-jo"* » ^« 
lines  of  force  be  drawn,  we  shall  evidently  have   a  tubular 
surfsbce  of  infinitely  small  section.     The  force  in  any  direction, 
at  any  point  within  such  a  tube,  so  long  as  it  does  not  cut 
through  attracting  matter,  is  inversely  as  the  section  of  the  * 
tube  made  by  a  plane  passing  through  the  point  and  perpen- 
dicular to  the  given  direction.     Or,  more  simply,  the  whole 
force  is  at  every  point  tangential  to  the  direction  of  the  tube, 
and  inversely  as  its  transverse  section:  from  which  the  more 
general  statement  above  is  easily  seen  to  follow. 

This  is  an  immediate  consequence  of  a  most  important 
theorem,  which  will  be  proved  later,  §  492.  The  surface  in- 
tegral of  the  attraction  exerted  by  any  distribution  of  maUer  in 
the  direction  of  the  normal  at  every  point  of  any  closed  surface 
is  4iirM;  where  M  is  the  amount  of  matter  within  the  sv/rface, 
while  the  attraction  is  considered  positive  or  negative  according 
a^  itis  inwards  or  outwards  at  any  point  of  the  surface. 

For  in  the  present  case  the  force  perpendicular  to  the  tubular 
part  of  the  surface  vanishes,  and  we  need  consider  the  ends 
only.  When  none  of  the  attracting  mass  is  within  the  portion 
of  the  tube  considered,  we  have  at  once 

F'GT  —  F'vr'  =  0, 

F  being  the  force  at  any  point  of  the  section  whose  area  is  w. 
This  is  equivalent  to  the  celebrated  equation  of  Laplace — 
App.  B  (a);  and  below,  §  491  (c). 

When  the  attracting  body  is  symmetrical  about  a  point,  the 
lines  of  force  are  obviously  straight  lines  drawn  from  this 
point  Hence  the  tube  is  in  this  case  a  cone,  and,  by  §  469, 
fir  is  proportional  to  the  square  of  the  distance  from  the  vertex. 
Hence  F  is  inversely  as  the  square  of  the  distance  for  points 
external  to  the  attracting  mass. 

When  the  mass  is  symmetrically  disposed  about  an  axis  in 
infinitely  long  cylindrical  shells,  the  lines  of  force  are  evidently 
perpendicular  to  the  axis.  Hence  the  tube  becomes  a  wedge, 
whose  section  is  proportional  to  the  distance  from  the  axis, 
and  the  attraction  is  therefore  inversely  as  the  distance  from 
the  axis. 
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Variation  of     When  the  moss  is  arranged  in  infinite  parallel  planes,  each 
aioDK  a  un«  of  Uniform  density,  the  lines  of  force  are  obviously  perpen- 
dicular to  these  planes;   the  tube  becomes  a  cylinder;  and, 
since  its  section  is  constant,  the  force  is  the  same  at  all  dis- 
tances. 

K  an  infinitely  small  length  I  of  the  portion  of  the  tube 
considered  pass  through  matter  of  density  p,  and  if  oi  be  the 
area  of  the  section  of  the  tube  in  this  part,  we  have 

Ftsr  -  Fm  =  Anrhop. 
This  is  equivalent  to  Poisson's  extension  of  Laplace's  equation 
[§  491  (c)]- 

Potnitiai  181.  In  estimating  work  done  against  a  force  which  varies 
attracting  inversely  as  the  square  of  the  distance  from  a  fixed  point,  the 
mean  force  is  to  be  reckoned  as  the  geometrical  mean  between 
the  forces  at  the  beginning  and  end  of  the  path :  and,  what- 
ever may  be  the  path  followed,  the  effective  space  is  to  be 
reckoned  as  the  difference  of  distances  from  the  attracting  point. 
Thus  the  work  done  in  any  course  is  equal  to  the  product  of 
the  difference  of  distances  of  the  extremities  from  the  attract- 
ing point,  into  the  geometrical  mean  of  the  forces  at  these 
distances;  or,  if  0  be  the  attracting  point,  and  m  its  force 
on  a  unit  mass  at  unit  distance,  the  work  done  in  moving 
a  particle,  of  unit  mass,  from  any  position  P  to  any  other 
position  P',  is 


iOF-OP)^^^^ 


OP^OP"^'   or  Qp-QjP' 


To  prove  this  it  is  only  necessary  to  remark,  that  for  any 
infinitely  small  step  of  the  motion,  the  effective  space  is  clearly 
the  difference  of  distances  from  the  centre,  and  the  working 
force  may  be  taken  as  the  force  at  either  end,  or  of  any  inter- 
mediate value,  the  geometrical  mean  for  instance:  and  the 
preceding  expression  applied  to  each  infinitely  small  step  shows 
that  the  same  rule  holds  for  the  sum  making  up  the  whole  work 
done  through  any  finite  range,  and  by  any  path. 

Hence,  by  §  485,  it  is  obvious  that  the  potential  at  P,  of  a 

mass  m  situated  at  0,  is  zjp ;  and  thus  that  the  potential  of  any 


491.]  STATICS.  33 

mass  at  a  point  P  is  to  be  found  by  adding  the  quotients  of  every  Potential 
portion  of  the  mass,  each  divided  by  its  distance  from  P.  attracting 

'^  •^  point. 

a.  For  the  analytical  proof  of  these  propositions,  consider,  Analytical 
first,  a  pair  of  particles,  0  and  F,  whose  masses  are  m  and  unity,  tionof  the 
and  co-ordinates  ahc,  xt/z.     If  D  be  their  distance  potential. 

2)«  =  (a;-a)'  +  (y-6)'  +  («-c)*. 
The  components  of  the  mutual  attraction  are 

and  therefore  the  work  required  to  remove  P  to  infinity  is 

{x  -  a)  dx -\- (y  —  h)  dy  -^  (z  —  c)dz 


m 


/' 


jD" 


Cdl 


dD 

2 


which,  since  the  superior  limit  is  2)  =  od,  is  equal  to 

m 
D' 

The  mutual   potential   energy  is  therefore,  in  this  case,  the 
product  of  the  masses  divided  by  their  mutual  distance;  and 

therefore  the  potential  at  a;,  y^  z,  due  to  m,  is  -= . 

Again,  if  there  be  more  than  one  fixed  particle  m,  the  same 
investigation  shows  us  that  the  potential  at  xyz  is 

And  if  the  particles  form  a  continuous  mass,  whose  density  at 
a,  b,  els  p,  we  have  of  course  for  the  potential  the  expression 

dadhdc 

P—0-' 


III' 


the  limits  depending  on  the  boundaries  of  the  mass. 

If  we  call   V  the  potential  at  any  point  P  (x,  y,  «),  it  is  Force  at 
evident  (from  the  way  in  which  we  have  obtained  its  value) 
that  the  components  of  the  attraction  on  unit  of  matter  at  P  are 

^       dV     ^       dV     ^        dV 
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Foreeat 
any  point. 


7on»  with- 
in a  homo- 

gOU60U8 

■phera. 


Hence  the  force,  resolved  along  any  curve  of  which  a  is  the  arc, 

-da     ^dy     „dz        (dVda     dVdy     dVdz\ 
"*      ^'d8'^^di'^'^di'"'\didi^dy  ds^  dzdsj 

dV 
^'  da' 

All  this  is  evidently  independent  of  the  question  whether  P  lies 
within  the  attracting  mass  or  not. 

6.  If  the  attracting  mass  be  a  sphere  of  density  p,  and  centre 
a,  6,  c,  and  if  /*  be  within  its  surface,  we  have,  since  the  exterior 
shell  has  no  effect, 

dV     i      j^  x-a 


Bate  of  In* 
creaMofthe 
foroeinany 
direction. 


Laplace's 
equation. 


Hence 
c.     Now  if 


=  girp(a;-a). 

dX  _       d'V_4: 

1^"  da?  "3''^ 


^      d^     f_     ^ 
^  ""  da?""  dx/"""  d^' 


we  have  ^■^  =  ^>  *»  ^^  proved  before,  App.  B  g  (14)  as  a 
particular  case  of  g.    The  proof  for  this  case  alone  is  as  follows : 


danD 


x  —  a 


i>»  '       S?2>'    !)"■       i>' 


and  from  this,  and  the  similar  expressions  for  the  second  differ- 
entials in  y  and  z,  the  theorem  follows  by  summation. 


Hence  as 


dadbde 


[ff  dadb 


and  p  does  not  involve  a;,  y,  «,  we  see  that  as  long  <u  D  does  not 
vcmiah  within  the  limits  of  integrcUfioUy  i.  e.,  as  long  as  P  is  not  a 
point  of  the  attracting  mass 

or,  in  terms  of  the  components  of  the  force, 

^^dY^dZ^ 
dx      dy      dz^   ' 
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If  P  be  within  the  attracting  mass,  suppose  a  small  sphere  Lapkuse's 
to  be  described  so  as  to  contain  P,  Divide  the  potential  into  ^  *^°' 
two  parts,  F,  that  of  the  sphere,  F,  that  of  the  rest  of  the  body. 

The  expression  above  shows  that 

VF,  =  0. 

Also  the  expressions  for  -y-^ ,  etc.,  in  the  case  of  a  sphere  (6) 

give  V*Fj  =  —  4irp, 

where  p  is  the  density  of  the  sphere. 

Hence  as  V=V^-^  F,  Poiawn's 

_•  — .  .  extemioD  of 

v"  F=  -  4irp,  Laplaoe'i 

equfttion. 
which  is  the  general  equation  of  the  potential,  and  includes  the 

case  of  P  being  wholly  external  to  the  attracting  mass,  since 

there  p—.O.     In  terms  of  the  components  of  the  force,  this 

equation  becomes 

dX     dT    dZ     , 

dx^l^^Tz-^''^ 

d.  We  have  already,  in  these  most  important  equations, 
the  means  of  verifying  various  former  results,  and  also  of  adding 
new  ones. 

Thus,  to  find  the  attraction  of  a  hollow  sphere  composed  of  Potential 
concentric  shells,  each  of  uniform  density,  on  an  external  point  amng«d  in 
(by  which  we  mean  a  point  not  part  of  the  mass).     In  this  case  ^beHcai^ 
symmetry  shows  that  F  must  depend  upon  the  distance  from  uniform 
the  centre  of  the  sphere  alone.     Let  the  centre  of  the  sphere  be  ^^^^' 
origLQ,  and  let 

Then  F  is  a  function  of  r  alone,  and  consequently 

dV^dVdr     xdV 
dx      dr  dx     r  dr' 

da^^'r  dr      f^  dr '^  t^  dr" 

,  «.Tr    2<^F     rf*F 

and  V"F=-  -=-+  ^-5-. 

r  chr      d/r 

Hence,  when  P  is  outside  the  sphere,  or  in  the  hollow  space 
within  it,  2dV    ^^q 

r  dr      (fr* ""    * 

3—2 


36 


ABSTBACT  DTNAXICB. 


[491  d. 


Potential 
of  nuktter 
amngedin 
oononntrio 
spherical 
Bheils  of 
noiform 
densitj. 


'\ 


A  first  integral  of  this  is  r*  -^  ==  C. 

^OT  a  point  outside  the  shell  G  has  a  finite  value,  which  is  easily 
seen  to  be  —  If,  where  M  is  the  mass  of  the  shell. 

For  a  point  in  the  internal  cavity  (7  =  0,  because  evidently  at 

dV 
the  centre  there  is  no  attraction — i.e.,  there  r=0,  -7-  =  0  together. 

Hence  there  is  no  attraction  on  any  point  in  the  cavity. 

We  need  not  be  surprised  at  the  apparent  discontinuity  of  this 
solution.  It  is  owing  to  the  discontinuity  of  the  given  distribiUion 
0/ matter.  Thus  it  appears,  by  §  491  c,  that  the  true  general 
equation  of  the  potential  is  not  what  we  have  taken  above,  but 

d'V     ^dV^_^^ 
dr^      r  dr^         '^^ 

where  p,  the  density  of  the  matter  at  distance  r  from  the  centre, 

is  zero  when  r  <  a  the  radius  of  the  cavity :  has  a  finite  value  o-, 

which  for  simplicity  we  may  consider  constant,  when  r  >  a  and 

<  a'  the  radius  of  the  outer  bounding  surface :  and  is  zero,  again, 

for  all  values  of  r  exceeding  a'.     Hence,  integrating  frt>m  r  =  0, 

dV 
to  r  =  r,  any  value,  we  have  (since  r*  -7-  =  0  when  r  ==  0), 

if  if  J  denote  the  whole  amount  of  matter  within  the  spherical 
surface  of  radius  r;  which  is  the  discontinuous  function  of  r 
specified  as  follows  : —  * 

From  r  =  0  to  r  =  a,       r  =  a  to  r  =  a',  r  =  a'  to  r  =  00, 

The  corresponding  values  of  F  are,  in  order, 

4ir(r/3a'"-r' 


-°>  '^-^c'-A 


r-2,rcr(a"-a'),      ^=    3    ^      ^ 

We  have  entered  thus  into  detail  in  this  case^  because  such 

apparent  anomalies  are  very  common  in  the  analytical  solution 

of  physical  questions.     To  make  this  still  more  clear,  we  sub- 

*      .  dV  d^V 

join  a  graphic  representation  of  the  values  of  F,     .   ,  and  3-3- 

dr  air 

for  this  case.     ABQCy  the  curve  for  F,  is  partly  a  straight  line, 

and  has  a  point  of  inflection  at  Q  :  but  there  is  no  discontinuity 


t 
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^Y         Potential 

and  no  abrupt  change  of  direction,     OEFD,  that  for  ^ ,  ia  Jj^^'jo 

oonoentrio 

continuous,  but  its  direction  twice  changes  abruptly.     That  for  JP^^*^ 

d^V  .  .  uniform 

-rj  consists  of  three  detached  portions,  OE^  QH^  KL,  density. 


«.     For  a  mass  disposed  in  infinitely  long  concentric  cylin- Coaxal  riRht 

drical  shells,  each  of  uniform  density,  if  the  axis  of  the  cylinders  uniform 

be  Zy  we  must  evidently  have  V  a  function  of  a?*  +  y*  only.  infinite 

dV  .  ^^""^ 

Hence  -p  =  0,  or  the  attraction  is  wholly  perpendicular  to  the 


•  •. 


axis. 


d^V 


VT=:V.  +  £^=.4ir^ 


Also,  -j-j  =s  0 ;  and  therefore  by  (rf) 

^     IdV 
dr^      r  dr 

Hence  r  -7-  =  C  -  4ir  [f^d/ty 

from  which  conclusions  similar  to  the  above  may  be  dravm. 

f.     If,  finally,   the  mass  be  arranged   in    infinite  parallel 
planes,  each  of  uniform  density,  and  perpendicular  to  the  axiH 
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oix;  the  resultant  force  must  be  parallel  to  this  direction :  that 
is  to  say,  Y=0,  Z^O,  and  therefore 

dX 


dx 


=  i7rp, 


which,  if  p  is  known  in  terms  of  a;,  is  completely  integrable. 
Outside  the  mass,  p—0,  and  therefore 

or  the  attraction  is  the  same  at  all  distances,  a  result  easily 
verified  by  the  direct  methods. 

If  within  the  mass  the  density  is  constant,  we  have 

X=C'-hiwpx; 

and  if  the  origin  be  in  the  middle  of  the  lamina,  we  have, 
obviously,  C'=0.  Hence  if  t  denote  the  thickness,  the  values  of 
X  at  the  two  sides  and  in  the  spaces  beyond  are  respectively 
-  2irp^  and  +  ^wpt     The  difference  of  these  is  iirpt  (§  478). 

dV  . 
g.     Since  in  any  case  --7-  is  the  component  of  the  attrac- 
tion in  the  direction  of  the  tangent  to  the  arc  «,  the  attraction 
wiirbe  perpendicular  to  that  arc  if 

dV 
ds 

or  r=(7. 

This  is  the  equation  of  an  equipotential  surface. 

If  n  be  the  normal  to  such  a  surface,  measured  outwards,  the 
whole  force  at  any  point  is  evidently 

dV 
dn' 

and  its  direction  is  that  in  which  V  increases. 

intemi  of       492.    Let  8  be  any  closed  surface,  and  let  0  be  a  point,  either 
attraction    external  or  internal,  where  a  mass,  m,  of  matter  is  collected. 

oyeraclosed  Turii  ni  •ii*- 

sarfMe.       Let  N  be  the  component  of  the  attraction  of  m  m  the  direction 

of  the  normal  drawn  inwards  from  any  point  P,  of  8,    Then,  if 

da  denotes  an  element  of  8,  and  //  integration  over  the  whole 

of  it, 

flNda- =  ifTrm,  or  =0 (1), 

according  as  0  is  internal  or  external. 


=  0, 
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Case  1,  0  internal.    Let  OPJP^P^...  be  a  straight  line  drawn  intemioc 
in  any  direction  from  (?,  cutting  /S  in  P^,  P,,  P,,  etc.,  and  there-  attraction 
fore  passing  out  at  P,,  in  at  P,,  out  again  at  P,,  in  again  at  P^,  surface. 
and  so  on.     Let  a  conical  surface  be  described  by.  lines  through  to^p^i^n^ 
0,  aU  infinitely  near  OP^P^,,.^  and  let  to  be  its  solid  angle SjJi^'J ^' 
(§  465).     The  portions  of  JjNda  corresponding  to  the  ele- J5Si*i?"* 
ments  cut  from  8  by  this  case  will  be  clearly  each  equal  in 
absolute  magnitude  to  om,  but  will  be  alternately  positive  and 
negative.     Hence  as  there  is  an  odd  number  of  tliem  their 
sum  is  +  fom.    And  the  sum  of  these,  for  all  solid  angles  round 
O  is  (§  466)  equal  to  47rf?i ;  that  is  to  say,  jjNdcr  =  4Trm. 

Case  2,  0  external.    Let  OP.P.P^,..  be  a  line  drawn  from  (?B<miFaient 

*    '    "  toXaplacei 

passing  across  S,  inwards  at  Pp  outwards  at  P,,  and  so  on.  eqaation, 
Drawing,  as  before,  a  conical  surface  of  infinitely  small  solid 
angle,  o,  we  have  still  mm  for  the  absolute  value  of  each  of  the 
portions  of  jjNdc  corresponding  to  the  elements  which  it  cuts 
from  8\  but  their  signs  are  alternately  negative  and  positive: 
and  therefore  as  their  number  is  even,  their  sum  is  zero. 
Hence  ifNda-  =  0. 

From  these  results  it  follows  immediately  that  if  there  be 
any  distribution  of  matter,  partly  within  and  partly  without  a 
closed  surface  8,  and  N  and  da-  be  still  used  with  the  same 
signification,  we  have 

jjNda^^irM (2) 

if  M  denote  the  whole  amount  of  matter  within  S, 

This,  with  M  eliminated  from  it  by  Poisson's  theorem,  §  491  c, 
is  the  particular  case  of  the  analytical  theorem  of  Chap.  i.  App. 
A  (a),  found  by  taking  a=  1,  and  U'^1,  by  which  it  becomes 

O^JJdadU-JJjV^Udxdydz (3). 

For  let  U  be  the  potential  at  (a;,  y,  z),  due  to  the  distribution 
of  matter  in  question.  Then,  according  to  the  meaning  of  d, 
we  have  dU^-N,  Also,  let  p  be  the  density  of  the  matter  at 
(oj,  y,  z).     Then  [§  491  (c)]  we  have 

Hence  (3)  gives 

jjm<r  =  ^Ttjjjfdxdydz  =  ^irM, 


/ 
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Integral  of         493.    If  in  crossing  any  surface  Kwe  find  an  abrupt  change 
attraction    in  the  value  of  the  component  force  perpendicular  to  K,  it 

overftdoMv  . 

■urfaca  follows  from  (2)  that  there  must  be  a  condensation  of  matter 
on  K,  and  that  the  surface-density  of  this  distribution  is  Nj^nr, 
if  N  be  the  diflference  of  the  values  of  the  normal  component  on 
the  two  sides  oi  K\  as  we  see  by  taking  for  our  closed  surface 
8  an  infinitely  small  rectangular  parallelepiped  with  two  of  its 
faces  parallel  to  K  and  on  opposite  sides  of  it.  This  result  was 
found  in  §  478,  in  a  thoroughly  synthetical  manner.  The  same 
result  is  found  by  the  proper  analytical  interpretation  of 
Foisson's  equation 

dX     dY     dZ  ^^^ 
dx       dy      dz  ^" 

It  is  to  be  remarked  that  in  travelling  across  K  abrupt  change 
in  the  value  of  the  component  force  along  any  line  parallel  to 
K  is  forbidden  by  the  Conservation  of  Energy. 

494.  The  theorem  of  Laplace  and  Poisson,  §  492,  for  the 
present  application  most  conveniently  taken  (§  491  c)  in  its 
differential  form 

^^""47^te-^d7+"^j ^^)' 

inrene  is  explicitly  the  solution  of  the  inverse  problem, — given  the 
potential  at  every  point  of  space^  or,  which  is  virtually  the  same, 
given  the  direction  and  magnitude  of  the  resultant  force  at  every 
point  of  space, — it  is  required  to  find  the  distribution  of  matter 
by  which  it  is  produced. 

494  a.     Example.     Let  the  potential  be  given  equal  to  zero 
for  all  space  external  to  a  given  closexl  surface  S,  and  let 

r=<l>{x,  y,  z) (2) 

for  all  space  within  this  surface ;  <^  (x,  y,  z)  being  any  arbitrary 
function  subject  to  no  other  condition  than  that  its  value  is 
zero  at  S^  and  that  it  has  no  abrupt  changes  of  value  within  S. 
Abrupt  changes  in  the  values  of  differential  coefficients, 

dffi      difi     d<f> 
'  dx^    dy^    dz' 
are  not  excluded,  but  are  subject  to  intcrpi^etations,  as  in  §  493, 
if  they  occur. 


problem* 


/ 
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494  b.     The  required  distribution  of  matter  must  include  a  inverse 
surface  distribution  on  S,  because  there  is  abrupt  change  in  the 
value  of  the  normal  component  force  from 

//d<l>'     d^     d<t>'\ 

at  the  inside  of  jS  to  zero  at  the  outside.  Thus,  by  §  493,  and 
by  §  494  (1),  we  have  for  our  complete  solution  (compare  §§  501, 
505,  606,  507  below) 

p  =  0,  for  space  external  to  S 


1   /d<f>'     d<l>'     d<t>\^        ^ 


and  ,  =  _lf^^^^^^ 

^         ^ir\dx'      dy'      dz' J 

for  space  enclosed  by  S. 


(2). 


494  c.  From  §  492  (2),  remembering  that  i\r=  0  outside  of  S, 
we  infer  that  the  total  mass  on  and  within  S  is  zero,  and 
therefore  the  quantity  of  matter  condensed  on  iS'  is  equal  and 
of  opposite  sign  to  the  quantity  enclosed  by  it. 

494  d,  Sub-Example.  Let  the  potential  be  given  equal  to 
zero  for  all  space  external  to  the  ellipsoidal  surface 


and  equal  to 


a 


t 

b' 


^g  +   ^,4-^—1, 


i{'4-i-?) :•■<"■ 


for  the  space  enclosed  by  it :  in  other  words  let  the  potential  be 
zero  wherever  the  value  of  (3)  is  negative,  and  equal  to  the  value 
of  (3)  wherever  it  is  positive. 

494  e.     The  solution  (2)  becomes 
p  =  0. 


<r=  — 


4^' 


wherever  ^  +  ts  +  -« >  1  > 

a:"     y"     «■ 
at  the  surface  — «  +  75  +  -,  =  1 : 

a       0      c 


I  •••(*); 


A        1/1      1      1\  1.  a^    y*    «*    1 

and  P  =  1—  I  ~i  +  r«  +  t  I  wherever  -j  +  r,  +  -5  <  1. 

iK\a      0      <r/  a      0      0 
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problem. 


p  denoting  the  perpendicular  from  the  centre  to  the  tangent 
plane  of  the  ellipsoidal  surface. 

494  f»     Let  g'  be  an  infinitely  small  quantity.     The  equation 


y* 


a  —q 


b' 


d^-q 


=  1 


(5) 


represents  an  ellipsoidal  surface  confocal  with  the  given  one, 
and  infinitely  near  it.  The  distance  between  the  two  surfaces 
infinitely  near  any  point  (05,  y,  z)  of  either  is  easily  proved  to 
be  equal  to  ^  qjp.     Calling  this  t^  we  have,  from  (4), 


<r  =  — 


4ir '  q 


(6). 


Attractioiu 
of  solid 
homoKeno- 
0x18  ellip- 
soid and 
dream- 
scribed 
focaloid  of 
equal  mass 
found 
equal 

Homoeoids 
and 

Focaloids 
defined. 


We  conclude  from   (6)  and  (4)  and  the  theorem  (§  494  c)  of 
masses  that 

494^.  The  attraction  of  a  homogeneous  solid  ellipsoid 
is  the.  same  through  all  external  space  as  the  attraction  of  a 
homogeneous  focaloid*  of  equal  mass  coinciding  with  its 
surface. 


*  To  avoid  complexity  of  diction  we  now  propose  to  introdnee  two  new 
wordfl,  ** focaloid"  and  *' homoeoid,*'  according  to  the  following  definitions : — 

(1)  A  homoeoid  is  an  infinitely  thin  shell  bounded  by  two  similar  surfaces 
similarly  oriented. 

The  one  point  which  is  situated  similarly  relatiyely  to  the  two  similar 
surfaces  of  a  homoeoid  is  called  the  homoeoidal  centre.  Supposing  the  homoeoid 
to  be  a  finite  closed  surface,  the  homoeoidal  centre  may  be  any  internal  or 
external  point.  In  the  extreme  case  of  two  equal  surfaces,  the  homoeoidal  centre 
is  at  an  infinite  distance.  The  homoeoid  in  this  extreme  case  (which  is  interest- 
ing as  representing  the  surface-distribution  of  ideal  magnetic  matter  constituting 
the  free  polarity  of  a  body  magnetized  uniformly  in  parallel  lines)  may  be  called 
a  homoeoidal  couple.  In  every  case  the  thickness  of  the  homoeoid  is  directly 
proportional  to  the  perpendicular  from  the  centre  to  the  tangent  plane  at  any 
point.  When  (the  surface  being  still  supposed  to  be  finite  and  dosed)  the  centre 
is  external,  the  thickness  is  essentially  negative  in  some  places,  and  positive  in 
others. 

The  bulk  of  a  homoeoid  is  the  excess  of  the  bulk  of  the  part  where  the 
thickness  is  positive  above  that  where  the  thickness  is  negative.  The  bulk  of 
a  homoeoidal  couple  is  essentially  zero.  Its  moment  and  its  axis  are  important 
qualities,  obvious  in  their  geometric  definition,  and  useful  in  magnetism  as 
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494  A.  Take  now  a  homogeneous  solid  ellipsoid  and  cli^ide  g^^jj^,^ 
it  into  an  infinite  number  of  focaloids,  numbered  1,  2,  3,  ...  Theorem, 
from  the  surface  inwards.  Take  the  mass  of  No.  1  and  dis- 
tribute it  uniformly  through  the  space  enclosed  by  its  inner 
boundary.  This  makes  no  diflFerence  in  the  attraction  through 
space  external  to  the  original  ellipsoid.  Take  the  infinitesimally 
increased  mass  of  No.  2  and  distribute  it  uniformly  through  the 
space  enclosed  by  its  inner  boundary.  And  so  on  with  Nos.  3, 4, 
&c.,  till  instead  of  the  given  homogeneous  ellipsoid  we  have 
another  of  the  same  mass  and  correspondingly  greater  density 
enclosed  by  any  smaller  confocal  ellipsoidal  surface. 

494 1.    We  conclude  that 

Any  two  confocal  homogeneous    solid  ellipsoids  of  eyuai  Maoiftorin'i 
masses  produce  equal  attraction  through  all  space  external  to 
both. 

This  is  Maclaurin's  splendid  theorem.  It  is  tantamount  to 
the  following,  which  presents  it  in  a  form  specially  interesting 
in  some  respects : 

Any  two  thick  or  thin  confocal  focaloids  of  equal  masses ^  Equtraient 
eocA  homogeneous,  produce  equal  attraction  through  all  space  MacUtnrm's 
external  to  both. 

494 J.     Maclaurin's  theorem  reduces  the  problem  of  finding  Digression 
the  attraction  of  an  ellipsoid*  on  any  point  in  external  space^  traction  of 
(which  when  attempted  by  direct   integration  presents  diffi- 
culties not  hitherto  directly  surmounted,)  to  the  problem  of 

repreflenting  the  magnetio  moment  and  the  magnetic  axis  of  a  piece  of  matter 
uniformly  magnetized  in  parallel  lines. 

(2)  An  elliptic  homoemd  is  an  infinitely  thin  shell  bounded  by  two  con- 
centric similar  ellipsoidal  snrfaoes. 

(3)  A  foealoid  is  an  infinitely  thin  shell  bounded  by  two  confocal  ellipsoidal 
sorfaces. 

(4)  The  terms  "thick  homoeoid"  and  '* thick  foealoid"  may  be  used  in 
the  comparatiyely  rare  cases  (see  for  example  §§  494 1,  519,  522)  when  forms 
satisfying  the  definitions  (1)  and  (3)  except  that  they  are  not  infinitely  thin, 
are  considered. 

*  To  ayoid  circumlocutions  we  call  simply  "  an  ellipsoid  "  a  homogeneous 
solid  ellipsoid. 
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iMgreraion   finding  the  attraction  of  an  ellipsoid  on  a  point  at  its  surface 
tnctipn  of   which,  as  the  limiting  case  of  the  attraction  of  an  ellipsoid  on 
an  internal  point,  is  easily  solved  by  direct  integration,  thus : 

To  And  the  404  k.    Divide  the  whole  solid  into  pairs  of  vertically  opposite 

an  eliipaoid  infinitesimal  cones  or  pyramids,  having  the  attracted  point  P  for 

rior  point.  common  vertex. 

Let  E'PE  be  any  straight  line  through  P,  cut  by  the  surface 
at  K  and  E^  and  let  d(T  be  the  solid  angle  of  the  pair  of  cones 
lying  along  it.  The  potentials  at  P  of  the  two  are  easily  shown 
to  be  ^  PE'do"  and  J  PB'*  cUr,  and  therefore  the  whole  contribu- 
tion of  potential  at  P  by  the  pair  is  J  (P^  +  PE')  d<r. 

Hence,  if  V  denote  the  potential  at  P  of  the  whole  ellipsoid, 
the  density  being  taken  as  unity,  we  have 

r=Jfi{PE'  +  PI!-')da- (7), 

where  //  denotes  integration  over  a  hemisphere  of  spherical 
sur&ce  of  unit  radius. 

Now  if  flc,  y,  «  be  the  co-ordinates  of  P  relative  to  the 
principal  axes  of  the  ellipsoid;  and  I,  m,  n  the  direction 
cosines  of  PE,  we  have,  by  the  equation  of  the  ellipsoid, 

{x  4-  IPEy     (y  +  mPEy     (z  +  mPEy 

a»         "*■  6*  ^  c'         ^    ' 

whence 

When  (os,  y,  z)  is  within  the  ellipsoid  this  equation,  viewed  as 
a  quadratic  in  PE,  has  its  roots  of  opposite  signs ;  the  positive 
one  is  PE,  the  negative  is  -  PE\ 

Now  if  r^  r,  be  the  two  roots  of  ^  +  2/r  -  «  =  0,  we  have 
Hence 


,  1    «*    y*   *• 

where     «=1 — »  — t-. — :> 

a       0      <r 

and        $  =  4f!^y^+!S+^^) 

\  be        c  a        ao  J 


..(8). 
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Now  in  the  //  integration  of  (7),  as  we  see  reePdily  by  taking  Digression 
for  example  one  of  the  hemispheres  into  which  the  whole  sphere  traction  of 
it>und  P  is  cut  bjr  the  plane  through  P  i)erpendicular  to  z,  it  is 


clear  that 


//r-^-» m: 


«•"*■  b''^  c' 


and  therefore  (7)  and  (8)  give 

V  "^  6'  "^  «v 

-//r-^ ('^>- 


where 


a 


404  l.     A  symmetrical  evaluation  of  ^  not  being  obvious, 
we  may  be  content  to  take 

I  =  cos  0,     m  =  sin  0  cos  ^,     n  =  sin  6  sin  <[>, 
and  d<r  — sin  6  dO  d<f>. 

Using  these,  replacing  I,  and  putting 

^  /      77 «^       rr   .    a  ,. 


Jo     iTcos'^^+iTsinV"    Jo     H+Kf  J{HK)' 


Hence 


<>  =  2^  C ^ 1...(13). 

By  (12)  we  know  that  *  is  a  symmetrical  function  of  a,  6,  <?. 
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Digrowioo 
ontheai- 
teMSikmof 
■aeUipfloid. 


To  bring  (12)  to  this  form,  take 

1  = 


a 


J{a*  +  u) 


(UX 


which  reduces  (13)  to 

*  =  ira5c  I    T T i ".(15). 

^0  (a«  +  w)*(6«  +  w)*(c»  +  tt)* 


The  expression  (11)  for  F,  with  (15)  for  %  is  worth  preserving 
for  its  own  sake  and  for  some  applications ;  but  the  following, 
derived  from  it  by  performing  the  indicated  differentiations,  is 
simpler  and  is  generally  preferable  : 

F-.aicf7l-^-/— ^) T-^ ...(16); 

or,  if  M  denote  the  mass  of  the  ellipsoid, 

vJ^Cd^-^ t. ^^        ^^  (17) 

This,  or  (16),  expresses    the  potential   at  any  point  (a;,  y,  z) 
within  the  ellipsoid  (a,  6,  c)  or  on  its  surface. 

494  m.  The  potential  at  any  external  point  is  deduced 
from  (17)  through  Maclaurin's  theorem  [§§  494  %\  simply  by 
substituting  for  a,  &,  c  the  semi-axes  of  the  ellipsoid  oonfocal 
witii  (a,  6,  c),  and  passing  through  x,  y,  zi  these  semi-axes 
are  J{a*  +  q\  tj(b'  +  q),  V  (c*  +  q),  where  q  denotes  the  positive 
root  of  the  equation 


aj"         y"         «• 


a'  +  q     b'-\-q     (^•\-q 
which  is  a  cubic  in  q.     Thus,  for  an  external  pointy  we  find 


(18); 


4  /o  \  ~a*+q-¥u   V+q+u   <?+q+u)  (a»+y+M)*(6»+g+»)* 


(c'+y+u)* 

(19); 


which  may  be  wiitten  shorter  as  follows : 


r^Lfffi--^-/--^) *L_ ^^...(20). 
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494  n.  These  formulas,  (17)  and  (20),  are,  we  believe,  due  Diffrenion 
to  Lejeune  Dirichlet,  who  proves  them  (Crelle's  Jowmaly  1846,  traction  of 
YoL  zxxil)  by  showing  that  they  satisfy  the  equation 

rf"r     ^     d^V  _ 
db^'^  dy"^  dT?"    *'' 


when 


and 


when 


and  that 


«•     y"     «■ 


dx 


d^V 
dy" 


:7:.+  ^r/+^  =  0, 


d£ 


«"    y"    «•    1 
dV    dV    dV 


dx'    di/'    dz 
have  equal  values  at  points  infinitely  near  the  surface 

of     t/'     z' 

outside  and  inside  it.  His  first  step  towards  this  proof  (the 
completion  of  which  we  leave  as  an  exercise  to  our  readers) 
is  the  evaluation  of  dV/ch,  dV/dy,  dV/dz,  In  this  it  is  neces- 
sary to  remark  that^  for  the  external  point,  terms  depending 
on  the  variation  of  ^  as  it  appears  in  (20)  vanish  because  of 
(18):  and  taking  the  results  which  we  then  get  instantly  by 
plain  differentiation,  and  remembering  that  X^  —  dVjdx^  &c., 
we  have,  for  the  principal  components  of  the  resultant  force, 

ZMx  /"*  du 

h  (a«  +  i^)*(6«  +  w)*(c'  +  tt)* 


X= 


2     '-  (a*  + 1^)»  (6«  +  w)' (c* 
j^ZMy 

3Mz  "" 


Z= 


My  r  du 

^    A  (a"  +  w)*  (6«  +  m)*  (c*  +  w)* 

Mz  r du 

2    Jf  (a«  +  tt)*(6'  +  t*)*(c«  +  w)*. 


(21), 


where  7  =  0  when  (a,  y,  z)  is  internal,  and  q  is  the  positive  root 
of  the  cubic  (18),  when  (a?,  y,  z)  is  external. 

Using  (21)  in  (20)  and  (17),  we  see  that 

--    3I£  f*  du 

^=-r       —. n i ,-J(Jrai+ry +-««)...  (22), 

*   Jt  («»'  +  u)*(6»  +  «)*(c'  +  tt)*    '^  ^        /     V     / 
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Digression  494  o.     For  the    case  of  an  internal  point  or  a  point  on 

traction  of  the  surface,  by  putting  q  =  0,  we  fall  back  on  the  original  ex- 

ane   psoi  .  pressions  (16)  for   F,  and   the   proper  differential   coe£Scients 

of  it  for  X,  F,  Z. 

These  results  may  be  written  as  follows : 


x^^^x,    r=^»y,   z=^ez, 


^.(23), 


3 

where  $,  9>  39,  0  are  constants,  of  which  O  is  given  by  (12), 
or  (18),  or  (15),  and  the  others  by  (21)  with  q  =  0;  all 
expressed  in  terms  of  elUptic  integr^s. 

It  follows  that  the  internal  equipotential  surfaces  are  concen- 
tric similar  ellipsoids  with  axes  proportional  to  3"  ,  1J~  ,  ®~*; 
and  that  the  internal  surfaces  of  equal  resultant  force  are  con- 
centric simUar  eUipsoids  with  axes  proportional  to  ft"*,  »"*,  HS^'K 

The  external  equipotentials  are  transcendental  plinthoids  *  of 
an  interesting  character.  So  are  the  equipotentials  partly 
internal  (where  they  are  ellipsoidal)  and  external  (where  they 
are  not  eUipsoidal). 

It  is  interesting,  and  useful  in  helping  to  draw  the  external 
equipotentials,  to  remark  the  following  relations  between  the 
internal  equipotentials,  the  external  equipotentials,  and  the 
surface  of  the  attracting  ellipsoid. 

(1)  The  external  equipotential  V=  G  is  the  envelope  of 
the  series  of  ellipsoidal  surfaces  obtained  by  giving  an  infinite 
number  of  constant  values  to  q  in  the  equation 

a'+u     b'-^-u     c\u)  (a--|-w)i(6»+tt)*(c'+tt)*  "  SM'"^^^' 

(2)  This  envelope  is  cut  by  the  ellipsoidal  surface 


ro 


-«  -.«  ^8 


-    .   y   •  '   =1 ....^), 


a*  +  q'^b''  +  q'^c'  +  q 


*  From  T\iv$o€idTitf  brick-like.  Plintboid,  as  we  now  use  the  term,  denotes  as 
it  were  a  sea- worn  brick ;  any  figure  with  three  rectangular  axes,  and  snrfiaces 
everywhere  convex,  such  as  an  ellipsoid,  or  a  perfectly  symmetrical  bale  of 
cotton  with  slightly  ronnded  sides  and  rounded  edges  and  comers.  One  extreme 
of  plinthoidal  figure  is  a  rectaugular  parallelepiped ;  another  extreme,  just  not 
excluded  by  our  definition,  is  a  figure  composed  of  two  equal  and  similar  right 
rectangular  pyramids  fixed  together  base  to  base,  that  is  a  '*  regular  ootohedron." 
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for  any  particular  value  of  q  in  the  line  along  which  it  is  Digmsion 
touched  by  the  particular  one  of  the  series  of  consecutive  traction  of 

,T        .  ,  If  an  ellipHOid. 

eUipsoidal  surfaces  (/8)  corresponding  to  this  value  of  q. 

(3)  If  the  ellipsoidal  surface  (ff)  be  filled  with  homogeneous 
matter,  the  complete  equipotential  for  any  particular  value  of 
C  is  composed  of  an  interior  ellipsoidal  surface  passing  tan- 
gentially  to  the  external  plinthoidal  (but  not  ellipsoidal)  surface 
across  the  transitional  line  defined  in  (2). 

It  is  easy  to  make  graphic  illustrations  for  the  case  of  ellip- 
soids of  revolution,  by  aid  of  §  527  below* 

494  p.  In  the  case  of  an  elliptic  cylinder,  which  is  im-  Attrartjon 
portant  in  many  physical  investigations,  replace  M  by  iirabc/3,  mtdy  long 
and  put  C  =  00  •  cylmder. 

Thus  we  find 

du  _  4ira^[V(a*+g)-V(y+g)]a! 

(a'  +  «)» (6»  +  «)*  ~         K  -  ^')  n/(«'  +  3) 

4irahx 


X=2wabx 


r — 


V(«'+?)[7(«'+j)+^(6'+?)] 


r-9«Jl,-  r  du  i^U{a'+q)-J{b'  +  q)]v 


4irabf/ 


where 


gr  =  0,  when  :;;i  +  ts  <  1  j 


a' 
and  q  is  the  positive  root  of  the  quadratic 

-i — +^^  =  1,  when-,+  ^>l. 

For  the  case  of  g= 0,  that  is  to  say,  the  case  of  an  internal 
point)  (24)  becomes 


..(24). 


a  +  6  a  a  +  6  o 


(25). 


494  J.    For  the  magnitude  of  the  resultant  force  we  deduce  S^Smio 

surfhoesara 
similar  to 
the  boand- 
_     ^  „       ^  ingiurfcoe. 

VOL.IL 


81 


60  ABSTRACT  DYNAMICS.  [494  q. 

Attnction  and  it  is  remarkable  that  this  is  constant  for  all  points  on 

of  an  infi- 
nitely long  ,  »  a^      V*  1  -L 

elliptic  the  surface  of  the  elliptic  cylinder  -i+T-,  =  l.  and  on  each 

cylinder.  x:  ^  a        Ir 

similar  internal  surfacoi  and  that  its  values  on  different  ones 
of  these  surfaces  are  as  their  linear  magnitudes. 

Potential  in     495  a.    At  any  point  of  zero  force,  the  potential  is  a  maximum 
cannot  have  Or  a  minimvmiy  or  a  **minim^ax"    Now  from  S  492  (2)  it  follows 

amazimum  ^,     ^     ^,  x      ^-   i  ^    r  •  •    • 

orminimnm  that   the  potential  cannot  be  a  maximum    or  a  mmimum 

YalUB;  ,  , 

at  a.  point,  in  free  space.  For  if  it  were  so,  a  closed 
surface  could  be  despribed  about  the  point,  and  indefinitely 
near  it,  so  that  at  every  point  of  it  the  value  of  the  potential 
would  be  less  than,  or  greater  than,  that  at  the  point ;  so  that 
N  would  be  negative  or  positive  all  over  the  surface,  and  there- 
fore fJNdo-  would  be  finite,  which  is  impossible,  as  the  surface 
encloses  none  of  the  attracting  mass. 

18  a  mini-  496  b.  Consider,  now,  a  point  of  zero  force  in  free  space  : — 
point  of  the  potential,  if  it  varies  at  all  in  the  neighbourhood,  must  be 
in  free  a  minimax  at  the  point,  because,  as  has  just  been  proved,  it 
cannot  be  a  maximum  or  a  minimum.  Hence  a  material  parti- 
Samshaw's  cle  placed  at  a  point  of  zero  force  under  the  action  of  any 
unstable  attracting  bodies,  and  free  from  all  constraint,  is  in  unstable 
utemn.      equilibrium,  a  result  due  to  Eamshaw** 

496  c.  If  the  potential  be  constant  over  a  closed  surface  which 
contains  none  of  the  attracting  mass,  it  has  the  same  constant 
value  throughout  the  interior.  For  if  not,  it  must  have  a 
maximum  or  a  mimmum  value  somewhere  within  the  surface, 
which  (§  495,  a)  is  impossible. 

Meanpo-        496.    The  mean  potential  over  any  spherical  surface,  due  to 

jjiphericai  matter  entirely  without  it,  is  equal  to  the  potential  at  its  centre; 

tSuisits    *  tl^eorem  apparently  first  given  by  Gauss.    See  also  Cambridge 

centre.       Mathematical  Journal,  Feb.  1845  (Vol.  IV.  p.  225).    It  is  one  of 

the  most  elementary  propositions  of  spherical  harmonic  analysis, 

applied  to  potentials,  found  by  applying  App.  B.  (16)  to  the 

formtdaa  of  §  639,  below.    But  the  following  proof  taken  from 

the  paper  now  referred  to  is  noticeable  as  independent  of  the 

harmonic  expansion. 

*  Cambridge  Phil.  Trans,  ^  March,  1839. 
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Let)  in  Chap.  i.  App.  A«  (a),  aS^  be  a  spherical  surface,  of  Mean  po- 
radius  a ;  and  let  U  be  the  potential  at  (x,  y,  z\  due  to  matter  a  ipbenoa 
altogether  external  to  it;  let   U'  be  the  potential  of  a  uniteqiudto 
of  matter  uniformly  distributed  through  a  smaller  concentric  ^t^ '^  ' 

spherical  surface ;  so  that,  outside  S  and  to  some  distance  within 

1 
it,  CT's- ;  and  lastly,  let  a  =  1.  The  middle  member  of  App.  A 

T 


(a)  (1)  becomes 


-  fJdUda  -  jjjU'VUdxdydz, 


which  is  equal  to  zero,  since  ^'^'=0  for  the  whole  internal 
space,  and  (§  492)  fJdUda'  =  0,  Equating  therefore  the  third 
member  to  zero  we  have 

JJdaUdU'^fJfUV^U'dxdydz. 

m 

Now  at  the  surface,  ^S",  dU'  =  — ; ;  and  for  all  points  external 

to  the  sphere  of  matter  to  which  U'  is  due,  V*U'  =  0,  and  for  all 
internal  points  V'W^  —  iwp'j  if  p'  be  the  density  of  the  matter. 
Hence  the  preceding  equation  becomes 

^  fJUdir  =  iirfJfp'Udxdydz. 

"Let  now  the  density  p'  increase  without  limit,  and  the  spherical 
space  within  which  the  triple  integiul  extends,  therefore  become 
infinitely  smaU.  If  we  denote  by  U^  the  value  of  U  at  its  centre, 
which  is  also  the  centre  of  S,  we  shall  have 

jJjp'Udxdydz^  UJfJpdxdydz=-  U.. 
Hence  the  equation  becomes 

which  was  to  be  proved. 

The  following  more  elementary  proof  is  preferable: — 
imagine  any  quantity  of  matter  to  be  uniformly  distributed 
over  the  spherical  surface.  The  mutual  potential  (§  647  below) 
of  this  and  the  external  mass  is  the  same  as  if  the  matter  were 
condensed  from  the  spherical  surface  to  its  centre. 

497.    If  the  potential  of  any  masses  has  a  constant  value,  F,  jnieorcmof 
through  any  finite  portion,  if,  of  space,  unoccupied  by  matter, 
it  is  equal  to  Fthrough  every  part  of  space  which  can  be  reached 

4^-2 
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Theorem  of  in  any  way  without  passing  through  any  of  those  masses:  a 
pro?ei.  very  remarkable  proposition,  due  to  Qauss,  proved  thus: — ^If 
the  potential  differ  from  V  in  space  contiguous  to  K,  we  may, 
from  any  point  G  within  K,  as  centre,  in  the  neighbourhood  of 
a  place  where  the  potential  differs  from  V,  describe  a  spherical 
surface  not  large  enough  to  contain  any  part  of  any  of  the 
.  attracting  masses,  nor  to  include  any  of  the  space  external 
to  K  except  such  as  has  potential  all  greater  than  V,  or  all 
less  than  V.  But  this  is  impossible,  since  we  have  just  seen 
(§  496)  that  the  mean  potential  over  the  spherical  surface 
must  be  V.  Hence  the  supposition  that  the  potential  differs 
from  V  in  any  place  contiguous  to  K  and  not  including  masses, 
is  false. 

498.  Similarly  we  see  that  in  any  case  of  symmetry  round 
an  axis,  if  the  potential  is  constant  through  a  certain  finite 
distance,  however  short,  along  the  axis,  it  is  constant  through- 
out the  whole  space  that  can  be  reached  from  this  portion  of 
the  axis,  without  crossing  any  of  the  masses.  (See  §  546,  below.) 

^5S»m.  *®9-  I^*  ^  ^  ^^y  fii^ite  portion  of  a  surface,  or  a  complete 
closed  surfiEtce,  or  an  infinite  surface ;  and  let  E  be  any  point 
on  8.  (a)  It  is  possible  to  distribute  matter  over  i9  so  as  to 
produce,  over  the  whole  of  8,  potential  equal  to  F{E)^  any 
arbitrary  function  of  the  position  of  E.  (6)  There  is  only 
one  whole  quantity  of  matter,  and  one  distribution  of  it,  which 
can  do  this. 

In  Chap.  I.  App.  A.  if)  (e),  etc.,  let  a  =  1.    By  (e)  we  see  that 
there  is  one,  and  that  there  is  only  one,  solution  of  the  equation 

V£r=0 

for  all  points  not  belonging  to  S,  subject  to  the  condition  that  U 
shall  have  a  value  arbitrarily  given  over  the  whole  of  S*  Con- 
tinuing to  denote  by  U  the  solution  of  this  problem,  and  con- 
sidering first  the  case  of  ;S^  an  open  shell,  that  is  to  say,  a  finite 
portion  of  curved  surface  (including  a  plane,  of  course,  as  a  por-^ 
ticular  case),  let,  in  Chap,  l  App.  A.  (a),  U'  be  the  potential  at 
{Xy  t/f  z)  due  to  a  distribution  of  matter,  having  m  (Q)  for  density 
at  any  point,  Q,  Let  the  triple  integration  extend  throughout 
infinite  space,  exclusive  of  the  infinitely  thin  shell  S,   Although 
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in  the  inyestigation  referred  to  [App.  A.  (a)]  the  triple  integral  Green's 
extended  only  through  the  finite  space  contained  within  a  closed 
surface,  the  same  process  shows  that  we  have  now,  instead  of 
the  second  and  third  members  of  (1)  of  that  investigation,  the 
following  equated  expressions  :- 

JjdaU'  {[dU]  -  {dU)}  -  JfJdxdydzUV'U 
=  SfdirU{[dU']  -  (dU')}  -  JjjdxdydzUV^U' 

where  [dCTj  denotes  the  rate  of  variation  of  U  on  either  side  of 
S^  infinitely  near  Ej  reckoned  per  unit  of  length  from  S;  and 
{dU)  denotes  the  rate  of  variation  of  U  infinitely  near  U,  on  the 
other  side  of  S,  reckoned  per  unit  of  length  towards  S;  and 
[dU']y  (pU')  denote  the  same  for  U\  Now  we  shall  suppose  the 
matter  of  which  U'  is  the  potential  not  to  be  condensed  in  finite 
quantities  on  any  finite  areas  of  Sy  which  will  make 

and  the  conditions  defining  U  and  U'  give,  throughout  the  space 
of  the  triple  integral, 

V^U=  0,  and  V'  27'  =  -  iira ; 

m  denoting  the  value  of  m  {Q)  when  Q  is  the  point- (a;,  y,  z). 
Hence  the  preceding  equation  becomes 

Jfd(TU'{[dU]'-{dU)}  =  i7rfJfdxdydzmU (1). 

Let  now  the  matter  of  which  V  is  the  potential  be  equal  in 
amount  to  unity  and  be  confined  to  an  infinitely  small  space 
round  a  point  Q.    We  shall  have 

fffdxdydzmU=  U{Q)  fjjmdzdydz=  U{Q), 
if  we  denote  the  value  of  U  at  {Q)  by  U  {Q): 

also  ^'=£Q' 

Hence  (1)  becomes 

S!m^!E),,.^^^gy (2). 

Hence  a  distribution  of  matter  over  S.  having  reduced  to 

the  proper 
1  general 

^{[dU]-{dU)}  (3)       ^ISZ-^ 


equatkm. 


for  density  at  the  point  JS,  gives  U  as  its  potential  at  (x,  y,  z). 
We  conclude,  therefore,  that  it  is  possible  to  find  one,  but  only 
one,  distribution  of  matter  over  S  which  shall  produce  an  arbi- 
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trarily  given  potential,  F(E),  over  the  whole  of  8'y  and  in  (2) 
-we  have  the  solution  of  this  problem,  when  the  problem  of  find- 
ing U  to  fulfil  the  conditions  stated  above,  has  been  solved. 

If  aS'  is  any  finite  closed  surface,  any  group  of  surfaces,  open  or 
closed,  or  an  infinite  surface,  the  same  conclusions  clearly  hold. 
The  triple  integration  used  in  the  investigation  must  then  be 
separately  carried  out  through  all  the  portions  of  space  separated 
from  one  another  by  Sy  or  by  portions  of  S, 

If  the  solution,  p,  of  the  problem  has  been  obtained  for  the  case 
in  which  the  arbitrary  function  is  the  potential  at  any  point  of  S^ 
due  to  a  unit  of  matter  at  any  point  P  not  belonging  to  S^  that 

is  to  say,  for  the  case  of  F  (E)  =-ppi  the  solution  of  the  general 

problem  was  shown  by  Green  to  be  deducible  from  it  thus : — 

U^jjpF{E)cUr (4).^ 

The  proof  is  obvious :  For  let,  for  a  moment,  p  denote  the  super- 
ficial density  required  to  produce  U^  then  jp!  denoting  the  value 
of  p  for  any  other  element^  E\  of  S^  we  have 

Hence  the  preceding  double  integral  becomes 

SJcUrpJSd^-Jr^,  or  {Jdayfjd<r-j:-^. 
But,  by  the  definition  ^f  p, 

//'^A=FP <^>' 

and  therefore 

ffpF(E)d<r  =  JSda'^ (6). 

The  second  member  of  this  is  equal  to  27,  according  to  the 
definition  of  p. 

The  expression  (46)  of  App.  B.,  from  which  the  spherical  har- 
monic expansion  of  an  arbitrary  function  was  derived,  is  a  case 
of  the  general  result  (4)  now  proved. 

Isolation  of      600.     It  is  important  to  remark  that,  if  S  consist,  in  part,  of 

dowdpor-  a  closed  surface,  Q,  the  determination  of  U  within  it  will  be 

surfMw.       independent  of  those  portions  of  8,  if  any,  which  lie  without 

it;  and,  vice  versa,  the  determination  of  U  through  external 
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space  will  be  independent  of  those  portions  o{S,  if  any,  which  iniAtioiior 
lie  within  Q.    Or  if  jSf  consist,  in  part,  of  a  surface  Q,  ex-  closed  por- 
tending  infinitely  in  all  directions,  the  determination  of  JJvatt^od, 
through  all  space  on  either  side  of  Q,  is  independent  of  those 
portions  of  8,  if  any,  which  lie  on  the  other  side.    This  follows 
from  the  preceding  investigation,  modified  by  confining  the 
triple  integration  to  one  of  the  two  portions  of  space  separated 
completely  from  one  another  by  Q. 

601.    Another  remark  of  extreme  importance  is  this: — ^IfQ»w*« 

*'  problein ; 

F(E)  be  the  potential  at  E  of  any  distribution,  M,  of  matter,  »ppiied  toa 
and  if  iSf  be  such  as  to  separate  perfectly  any  portion  or  portions  Ijjl^ridtr*' 
of  space,  H,  from  all  of  this  matter ;  that  is  to  say,  such  that  j^'il^on?^ 
it  is  impossible  to  pass  into  H  firom  any  part  of  if  without  J^jJ**"'^" 
crossing  8;  then,  throughout  H,  the  value  of  U  will  be  the 
potential  of  if. 

For  if  Kdenote  this  potential,  we  have,  throughout  ff,V'V=0; 
and  at  every  point  of  the  boundary  of  ZT,  V=F(E).  Hence, 
considering  the  theorem  of  Chap.  i.  App.  A  (c),  for  the  space  ff 
alone,  and  its  boundary  alone,  instead  of  S,  we  see  that,  through 
this  space,  V  satisfies  the  conditions  presciibed  for  U,  and  there- 
fore, through  this  space,  U=V. 

8olved  Examples,  (1)  Let  if  be  a  homogeneous  solid  ellip- 
soid ;  and  let  8  be  the  bounding  sur&ce,  or  any  of  the  external 
ellipsoidal  surfaces  confocal  with  it.  The  required  surface- 
density  is  proved  in  §  494  ^  to  be  inversely  proportional  to 
the  perpendicular  from  the  centre  to  the  tangent-plane ;  or, 
which  is  the  same,  directly  proportional  to  the  distance  between 
8  and  another  confocal  ellipsoid  surface  infinitely  near  it.  Iii 
other  words,  the  attraction  of  a  focaloid  (§  494  g,  foot-note)  of  viiioaiijr  ^ 
homogeneous  matter  is,  for  all  points  external  to  it,  the  same  theorem, 
as  that  of  a  homogeneous  solid  of  equal  mass  bounded  by  any 
confocal  ellipsoid  interior  to  it. 

(2)    Let  if  be  an  elliptic  homoeoid  (§494(^,  foot-note)  ofsutptio, 
homogeneous    matter:    and  let  8  be  any  external  confocal  an  ezampie 

®  •'  ,  belongingto 

ellipsoidal  surface.     The    required  surface-density  is  proved  the  reduci- 
in  §  519  below  to  be  directly  proportional   to  the  Parpen- •^ws.^of 
dicular  from  the  centre  to  the  tangent-plane;  and,  which  isprobiem. 
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Graen't  the  Same,  directlj  proportional  to  the  distance  between  S  and 
a  similar  concentric  ellipsoidal  surface  infinitely  near  it.  In 
other  words,  the  attractions  of  confocal  infinitely  thin  elliptic 
homoeoids  of  homogeneous  matter  are  the  same  for  all  external 
points,  if  their  masses  are  equal 

Complex         602.    To  illustrate  more  complicated  applications  of  §  501, 
oI»60L      let  8  consist  of  three  detached  surfaces,  8^,  8^,  S^,  bs  in  the 

diagram,  of  which  8^,  8^  are  closed,  and  /S,  is  an  open  shell,  and  if 

F{E)  be  the  potential  due  to  M,  at  any  point,  E,  of  any  of  these 

portions  of  8;  then  throughout 
jffj,  and  -ffj,  the  spaces  within 
iSj  and  without  S^y  the  value  of 
U  is  simply  the  potential  of  M. 
The  value  of  U  through  -ST,  the 
remainder  of  space,  depends,  of 
course,  on  the  character  of  the 
composite  surface  8,  and  is  a 

case  of  the  general  problem  of  which  the  solution  was  proved 

to  be  possible  and  single  in  Chap.  i.  App.  A. 

• 

General  603.    From  §  500  follows   the   grand  proposition: — It  is 

electric       possible  to  find  one,  but  no  other  than  one,  distribution  of  maMer 
pottiibie      over  a  surface  8  which  shall  produce  over  8,  and  throughout  all 
minate.       spocs  H  Separated  by  8  from  every  part  of  My  the  same  potential 
as  any  given  mass  M. 

Thus,  in  the  preceding  diagram,  it  is  possible  to  find  one, 
and  but  one,  distribution  of  matter  over  8^^  8^^  8^  which  shall 
produce  over  8^  and  through  H^  and  E^  the  same  potential 
as  M. 

The  statement  of  this  proposition  most  commonly  made  is : 
It  is  possible  to  distribute  mutter  over  any  surface,  8,  completely 
enclosing  a  mass  M,  so  as  to  produce  the  same  potential  a^  M 
through  all  space  outside  8;  which,  though  seemingly  more 
limited,  is,  when  interpreted  with  proper  mathematical  com- 
prehensiveness, equivalent  to  the  foregoing. 

simuituie-       604.  If  8  cousist  of  several  closed  or  infinite  surfaces,  8,,  8^,  8., 

OU8  electrio 

inflaeiic«-s    respectively  separating  certain  isolated  spaces  H^,  H^,  S,,  from 
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H^  the  remainder  of  all  space,  and  if  F  {E)  be  the  potential  soiMnited 
of  masses  m^,  m,,  m,,  lying  in  the  spaces  JTj,  jB",,  JT,;  the  por-  tfiinoon. 
tiona  of  V  due  to  8^,  S„  S^,  respectively  will  throughout  H  be  f^"*^ 
equal  respectively  to  the  potentials  of  m^,  m,,  m,,  separately. 
For  as  we  have  just  seen,  it  is  possible  to  find  one,  but  only 


one,  distribution  of  matter  over  8^  which  shall  produce  the 
potential  of  m^,  throughout  all  the  space  iTp  H^y  H^,  etc.,  and 
one,  but  only  one,  distribution 
over  8^  which  shall  produce  the 
potential  of  w,  throughout  JET, 
H^,  j5^,  etc.;  and  so  on.  But 
these  distributions  on  8^,  8^, 
etc.,  jointly  constitute  a  distri- 
bution producing  the  potential 
F{E)  over  every  part  of  5!,  and 
therefore  the  sum  of  the  potentials  due  to  them  all,  at  any 
point,  fulfils  the  conditions  presented  for  U.  This  is  therefore 
(§  503)  the  solution  of  the  problem. 

505.  Considering  still  the  case  in  which  F(E)  is  prescribed  JSJo?^^® 
to  be  the  potential  of  a  given  mass,  Jf :  let  iS^  be  an  equipotential  p,S3biem; 
surface  enclosing  M,  or  a  group  of  isolated  surfaces  enclosing 
all  the  parts  of  M,  and  each  equipotential  for  the  whole  of  M. 
The  potential  due  to  the  supposed  distribution  over  8  will  be 
the  same  as  that  of  M,  through  all  external  space,  and  will 
be  constant  (§  497)  through  each  enclosed  portion  of  space.  Its 
resultant  attraction  will  therefore  be  the  same  as  that  of  M  on 
all  external  points,  and  zero  on  all  internal  points.  Hence  we 
see  at  once  that  the  density  of  the  matter  distributed  over  it. 
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R 

Bedndbio    to  produce  F(E),  is  equal  to  7—  where  B  denotes  the  resultant 

CMeof  vir 

problem;     forco  of  M,  at  the  point  E, 

We  have  [dU]  =  -  i?  and  (a[7)  =  0.     XTsing  this  in  §  500  (2), 
we  find  the  preceding  formula  for  the  required  surfkoe-densiiy. 

{gited  to_       606.    Considering  still  the  case  of  §§  501,  505,  let  8  be  the 
^^        equipotential  not  of  M  alone,  as  in  §  505,  but  of  M  and  another 
ofefeSrio    ^**^  ^  Completely  separated  by  it  from  M;  so  that  V+v  =  C 
influenoe.    at  fl^,  if  F  and  V  denote  the  potentials  of  M  and  m  respectively. 
The  potential  of  the  supposed  distribution  of  matter  on  S, 
which,  (§  501),  is  equal  to  F  through  all  space  separated  from  M 
by  8,  is  equal  to    0—v  hi  8y  and  therefore  equal   to   C7— t; 
throughout  the  space  separated  from  971  by  8. 

Thus,  passing  from  potentials  to  attractions,  we  see  that  the 
resultant  attraction  of  8  alone,  on  all  points  on  one  side  of  it 
is  the  same  as  that  of  if;  and  on  the  other  side  is  equal  and 
opposite  to  that  of  m.  The  most  direct  and  simple  complete 
statement  of  this  result  is  as  follows : — 

If  masses  m,  m',  in  portions  of  space,  H,  H',  completely 
separated  from  one  another  by  one  continuous  surface  8,  whether 
closed  or  infinite,  are  known  to  produce  tangential  forces  equal 
and  in  the  same  direction  at  each  point  of  8,  one  and  the  same 
distribution  of  matter  over  8  will  produce  the  force  of  m 

throughout  H\  and  that  of  m   throughout  H.    The  density  of 

p 

this  distribution  is  equal  to  ;j—  ,  if  J3  denote  the  resultant  force 

due  to  one  of  the  masses,  and  the  other  with  its  sign  changed. 
And  it  is  to  be  remarked  that  the  direction  of  this  resultant 
force  is,  at  every  point,  E,  of  8^  perpendicular  to  8,  since  the 
potential  due  to  one  mass,  and  the  other  with  its  sign  changed, 
is  constant  over  the  whole  of  8. 

Examples.  607.  Green,  in  first  publishing  his  discovery  of  the  result 
stated  in  §  505,  remarked  that  it  shows  a  way  to  find  an  in- 
finite variety  of  closed  surfaces  for  any  one  of  which  we  can 
solve  the  problem  of  determining  the  distribution  of  matter 
over  it  which  shall  produce  a  given  uniform  potential  at  each 
point  of  its  surfSa^ce,  and  consequently  the  same  also  throughout 
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its  interior.    Thus,  an  example  which  Green  himself  gives,  let  Badneibie 
Jif  be  a  uniform  bar  of  matter,  AA\    The  equipotential  surfaces  Green's . 
round  it  aie,  as  we  have  seen  above  (§  481  c),  prolate  ellipsoids  ezampiei. 
of  revolution,  each  having  A  and  A'  for  its  foci ;  and  the  re- 
sultant force  at  any  point  P  was  found  to  be 


the  whole  mass  of  the  bar  being  denoted  by  m,  and  its  length 

by  2a;  A'P  +  AP  by  21;  and  the  perpendicular  from  the 

centre  to  the  tangent  plane  at  P  of  the  ellipsoid,  by  p.    We 

conclude  that  a  distribution  of  matter  over  the  surface  of  the 

ellipsoid,  having 

1         mp 

for  density  at  P,  produces  on  all  external  space  the  same  re- 
sultant force  as  the  bar,  and  zero  force  or  a  constant  potential 
through  the  internal  space.  This  is  a  particular  case  of  the 
Elxample  (2)  §  501  above,  founded  on  the  general  result  regard- 
ing ellipsoidal  homoeoids  proved  below,  in  §§  519,  520,  521. 

608.  As  a  second  example,  let  M  consist  of  two  equal  par- 
ticles, at  points  J,  F.    If  we  take  the  mass  of  each  as  unity, 

1         1 

the  potential  at  P  is  jp'^  rp *  *^^  therefore 

is  the  equation  of  an  equipotential  surface ;  it  being  understood 
that  negative  values  of  IP  and  I'P  are  inadmissible,  and  that 
any  constant  value,  from  oo  to  0,  may  be  given  to  G.  The 
curves  in  the  annexed  diagram  have  been  drawn,  from  this 
equation,  for  the  cases  of  C  equal  respectively  to  10,  9,  8,  7,  6, 
5,  4-5,  4-3,  4-2,  41,  4,  *-9,  3-8,  37,  35,  3,  25,  2 ;  the  value  of 
//'  being  unity. 

The  corresponding  equipotential  surfaces  are  the  surfaces 
traced  by  these  curves,  if  the  whole  diagram  is  made  to  rotate 
round  IF  as  axis.  Thus  we  see  that  for  any  values  of  0  less 
than  4  the  equipotential  surface  is  one  closed  surface.   Choosing 
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any  one  of  these  surfaces,  let  R  denote  the  resultant  of  forces 
1     ._.      1 


matter  be  distributed  over  this  Buriace,  with  density  at  P  equal 
to  7— ,  its  attraction  on  any  internal  point  will  be  zero ;  and  on 
any  external  point,  will  be  the  same  as  that  of  /  and  F. 

609.  For  each  value  of  C  greater  than  4,  the  equipotential 
surface  consists  of  two  detached  ovals  approximating  (the  last 
three  or  four  in  the  diagram,  very  closely)  to  spherical  surfaces, 
■with  centres  lying  between  the  points  /  and  /',  but  approxi- 
mating more  and  more  closely  to  these  points,  for  larger  and 
lai^er  values  of  C. 

Considering  one  of  these  ovals  alone,  one  of  the  series  en- 
closing /',  for  instance,  and  distributing  matter  over  it  according 

to  the  same  law  of  density,  7-,  we  have  a  shell  of  matter 

which  exerts  (§  507)  on  external  points  the  same  force  as  I';  and 
on  internal  points  a  force  equal  and  opposite  te  that  of  /. 
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610.  As  an  example  of  exceedingly  great  importance  in  the  gtooihic 
theory  of  electricity^  let  M  consist  of  a  positive  mass,  m,  con- 
centrated at  a  point  I,  and  a 
negative  mass,  —  m\  at  jT;  and 
let  i9  be  a  spherical  surface 
cutting  //',  and  //'  produced 
in  points  A^  A,^  such  that 
lAiAF  ::IA,irA/.'.m:m\ 
Then,  by  a  well-known  geo- 
metrical proposition,  we  shall  have  IE  :  I'E  ::  m  :  m';  and 

therefore 

m  ^  m' 

IE^TE' 

Hence,  by  what  we  have  just  seen,  one  and  the  same  distribu- 
tion of  matter  over  8  will  produce  the  same  force  as  m'  through 
all  external  space,  and  the  same  as  m  through  all  the  space 

within  8.    And,  finding  the  resultant  of  the  forces  j^  in  EI, 

and  j,^  in  TE  produced,  which,  as  these  forces  are  inversely 

as  JJ^to  TE,  is  (§  256)  equal  to 

m       jjf         vrfir     1 
JETTE      '  ^^     m'     Zg»' 

we  conclude  that  the  density  in  the  shell  at  E  is 

mm'    J^ 
47rm'  •/£•• 

That  the  shell  thus  constituted  does  attract  external  points  as 
if  its  mass  were  collected  at  jT,  and  internal  points  as  a  certain 
mass  collected  at  /,  was  proved  geometrically  in  §  474  above. 

611.  If  the  spherical  surface  is  given,  and  one  of  the  points, 

CA* 
I,  F,  for  instance  J,  the  other  is  found  by  taking  CI'^-Yfr'  > 

and  for  the  mass  to  be  placed  at  it  we  have 

FA         CA         CF 

Hence  if  we  have  any  number  of  particles  m^  fit,,  etc.,  at  points 
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sieoMo  /, ,  /j,  etc.,  situated  without  S,  we  may  find  in  the  same  way 
corresponding  internal  points  //,  /,',  etc.,  and  masses  m/,  m^\ 
etc.;  and,  by  adding  the  expressions  for  the  density  at  E  given 
for  each  pair  by  the  preceding  formula,  we  get  a  spherical  shell 
of  matter  which  has  the  property  of  acting  on  all  external  space 
with  the  same  force  as  —  m/,  —  m/,  etc.,  and  on  all  internal 
points  with  a  force  equal  and  opposite  to  that  of  m^,  m,,  etc. 

612.  An  infinite  number  of  such  particles  may  be  given, 
constituting  a  continuous  mass  M;  when  of  course  the  corre- 
sponding internal  particles  will  constitute  a  continuous  mass, 
—  M',  of  the  opposite  kind  of  matter ;  and  the  same  conclusion 
will  hold.  If  8  is  the  surface  of  a  solid  or  hollow  metal  ball 
connected  with  the  earth  by  a  fine  wire,  and  M  an  external 
influencing  body,  the  shell  of  matter  we  have  determined  is 
precisely  the  distribution  of  electricity  on  8  called  out  by  the 
influence  of  M:  and  the  mass  —if',  determined  as  above,  is 
called  the  Electric  Image  of  M  in  the  ball,  since  the  electric 
action  through  the  whole  space  external  to  the  ball  would  be 
unchanged  if  the  ball  were  removed  and  —  M'  properly  placed 
in  the  space  left  vacant.  We  intend  to  return  to  this  subject 
under  Electricity. 

■ 

Tnuii-.  613.    Irrespectively  oT  the  special  electric  application,  this 

byredpro-  method  of  images  gives  a  remarkable  kind  of  transformation 
Teotors.  which  is  often  useful  It  suggests  for  mere  geometry  what 
has  been  called  the  transformation  by  reciprocal  radius- vectors ; 
that  is  to  say,  the  substitution  for  any  set  of  points,  or  for  any 
diagram  of  lines  or  surfaces,  another  obtained  by  drawing  radii 
to  them  from  a  certain  fixed  point  or  origin,  and  measuring  off 
lengths  inversely  proportional  to  these  radii  along  their  direc- 
tions. We  see  in  a  moment  by  elementary  geometry  that  any 
line  thus  obtained  cuts  the  radius-vector  through  any  point  of 
it  at  the  same  angle  and  in  the  same  plane  as  the  line  firom 
which  it  is  derived.  Hence  any  two  lines  or  surfaces  that  cut 
one  another  give  two  transformed  lines  or  surfaces  cutting  at 
the  same  angle:  and  infinitely  small  lengths,  areas,  and  volumes 
transform  into  others  whose  magnitudes  are  altered  respectively 
in  the  ratios  of  the  first,  second,  and  third  powers  of  the  distances 
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of  the  latter  from  the  origin,  to  the  same  powers  of  the  distances  Tmna- 
of  the  former  from  the  same.    Hence  the  lengths,  areas,  and  by  redpro- 
volumes  in  the  transformed  diagram,  corresponding  to  a  setTecton. 
of  given  equal  infinitely  small  lengths,  areas,  and  volumes,  how- 
ever situated,  at  different  distances  from  the  origin,  are  in- 
versely as  the  squares,  the  fourth  powers  and  the  sixth  powers 
of  these  distances.     Further,  it  is  easily  proved  that  a  straight 
line  and  a  plane  transform  into  a  circle  and  a  spherical  surface, 
each  passing  through  the  origin;   and  that,  generally,  circles 
and  spheres  transform  into  circles  and  spheres. 

614.  In  the  theory  of  attraction,  the  transformation  of 
masses,  densities,  and  potentials  has  also  to  be  considered. 
Thus,  according  to  the  foundation  of  the  method  (§  512),  equal 
masses,  of  infinitely  small  dimensions  at  different  distances 
from  the  origin,  transform  into  masses  inversely  as  these  dis- 
tances, or  directly  as  the  transformed  distances :  and,  therefore, 
equal  densities  of  lines,  of  surfaces,  and  of  solids,  given  at  any 
stated  distances  from  the  origin,  transform  into  densities  directly 
as  the  first)  the  third,  and  the  fifth  powers  of  those  distances; 
or  inversely  as  the  same  powers  of  the  distances,  from  the 
origin,  of  the  corresponding  points  in  the  transformed  system. 

615.  The  statements  of  the  last  two  sections,  so  far  as  Oeneni 
proportions  alone  are  concerned,   are  most  conveniently  ex-^nSSS 
pressed  thus : — 

Let  P  be  any  point  whatever  of  a  geometrical  diagram,  or 
of  a  distribution  of  matter,  0  one  particular  point  (''the 
origin  '^},  and  a  one  particular  length  (the  radius  of  the  '*  reflect- 
ing sphere  ").  In  OP  take  a  point  F\  corresponding  to  P,  and 
for  any  mass  m,  in  any  infinitely  small  part  of  the  given  dis- 
tribution, place  a  mass  m';  fulfilling  the  conditions 

Then  if  L,  A,  V,  p{L\  p(A),  p{V)  denote  an  infinitely  small 
length,  area,  volume,  linear-density, .  surface-density,  volume- 
density  in  the  given  distribution,  infinitely  near  to  P,  or 
anywhere  at  the  same  distance,  r,  from  0  as  P,  and  if  the 
corresponding  elements  in-  the  transformed   diagram   or  dis- 
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[515. 

tribution  be  denoted  in  the  same  way  with  the  addition  of 
accents,  we  have 


a' 


V 


a 


p'{L)^^p(L)^^p{L);  p'{A)  =  ^,p{A)^^,p{A); 


a' 


r» 


The  usefuhiess  of  this  transformation  in  the  theory  of  electricity, 
and  of  attraction  in  general,  depends  entirely  on  the  following 
theorem : — 

Aimiioation      616.    (Theorem,) — Let  <f>  denote  the  potential  at  P  due  to 
potentiaL    the  given  distribution,  and  ^'  the  potential  at  P'  due  to  the 
transformed  distribution :  then  shall 

Let  a  mass  m  collected  at  I  be  any  part  of  the  given  dis- 
tribution, and  let  m  at  /' 
P  be  the  corresponding  part 

in  the  transformed  distri- 
bution.    We  have 

a'^or.oi==or.op, 

^  jj  Y      ^^d  therefore 

^  ^  ^        OIxOF  ::  OF  :  0/'; 

which  shows  that  the  triangles  JPO,  FTO  are  similar,  so  that 
IP  :  FT  ::  J  01. OP  :  J  OP. OP  ::  OLOP:a\ 


We  have  besides 


and  therefore 


m  :  m!  ::  01  :  a, 


—   •    ^     ..      .  nn 


Hence  each  term  of  ^  bears  to  the  corresponding  term  of  ^' 
the  same  ratio ;  and  therefore  the  sum,  ^,  must  be  to  the  sum> 
^\  in  that  ratio,  as  was  to  be  proved. 


shell 

re- 
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617.    As  an  example,  let  the  given  distribution  be  con-  jjj^j^*^'^ 
fined  to  a  spherical  surface,  and  let  0  be  its  centre  and  a  its  ^^^"^ 
radius.    The  transformed  distribution  is  the  same.    Bufc  the 
space  within  it  becomes  transformed  into  the  space  without 
it.    Hence  if  (f>  be  the  potential  due  to  any  spherical  shell  at 
a  point  Py  within  it,  the  potential  due  to  the  same  shell  at  the 

point  P*  in  OP  produced  till  OP'  =  jYp  >  is  equal  to  ^^p/  ^ 

(which  is  an  elementary  proposition  in  the  spherical  harmonic 
treatment  of  potentials,  as  we  shall  see  presently).  Thus,  for 
instance,  let  the  distribution  be  uniform.  Then,  as  we  know 
there  is  no  force  on  an  interior  point,  <^  must  be  constant ;  and 
therefore  the  potential  at  P',  any  external  point,  is  inversely 
proportional  to  its  distance  from  the  centre. 

Or  let  the  given  distribution  be  a  uniform  shell,  8,  and  let  0  Unifbrn 
be  any  eccentric  or  any  external  point.  The  transformed  dis-  ^"^^^ 
tribution  becomes  (§§  513,  514)  a  spherical  shell,  8\  with 
density  varying  inversely  as  the  cube  of  the  distance  from  0. 
If  0  is  within  8^  it  is  also  enclosed  by  8^,  and  the  whole  space 
within  8  transforms  into  the  whole  space  without  8^.  Hence 
(§  516)  the  potential  o{  8  at  any  point  without  it  isinversely 
as  the  distance  from  0,  and  is  therefore  that  of  a  certain  quan- 
tity of  matter  collected  at  0.  Or  if  0  is  external  to  8,  and 
consequently  also  external  to  8',  the  space  within  8  transforms 
into  the  space  within  8'.  Hence  the  potential  of  8'  at  any 
point  within  it  is  the  same  as  that  of  a  certain  quantity  of 
matter  collected  at  0,  which  is  now  a  point  external  to  it. 
Thus,  without  taking  advantage  of  the  general  theorems 
(§§  499,  506),  we  fall  back  on  the  same  results  as  we  inferred 
from  them  in  §  510,  and  as  we  proved  synthetically  earlier 
(§§  471,  474,  475).  It  may  be  remarked  that  those  synthetical 
demonsti-ations  consist  merely  of  transformations  of  Newton's 
demonstration,  that  attractions  balance  on  a  point  within  a 
uniform  shell.  Thus  the  first  of  them  (§  471)  is  the  image  of 
Newton's  in  a  concentric  spherical  surface ;  and  the  second  is 
its  image  in  a  sphisrical  surface  having  its  centre  external  to 
the  shell,  or  internal  but  eccentric,  according  as  the  first  or  the 
second  diagram  is  used. 

VOL.  IL  5 
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Unifonn  618.  We  shall  give  just  one  other  application  of  the  theorem 
eooen^.^"*  of  §  516  at  present,  but  much  use  of  it  will  be  made  later,  in 
fleeted!"      the  theory  of  Electricity. 

Let  the  given  distribution  of  matter  be  a  uniform  solid 
sphere,  B,  and  let  0  be  external  to  it.  The  transformed  system 
will  be  a  solid  sphere,  ^,  with  density  varying  inversely  as 
the  fifth  power  of  the  distance  from  0,  a  point  external  to  it. 
The  potential  of  B  is  the  same  throughout  external  space  as 
that  due  to  its  mass,  m,  collected  at  its  centre,  G.  Hence  the 
potential  of  B'  through  space  external  to  it  is  the  same  as  that 
of  the  corresponding  quantity  of  matter  collected  at  C\  the 
transformed  position  of  C.  This  quantity  is  of  course  equal 
to  the  mass  of  B".  And  it  is  easily  proved  that  (7  is  the  posi- 
tion of  the  image  of  0  in  the  spherical  surface  of  B'.  We 
conclude  that  a  solid  sphere  with  density  varying  inversely 
as  the  fifth  power  of  the  distance  from  an  external  point,  0, 
attracts  any  external  point  as  if  its  mass  were  condensed  at 
the  image  of  0  in  its  external  surface.  It  is  easy  to  verify 
this  for  points  of  the  axis  by  direct  integration,  and  thence  the 
general  conclusion  follows  according  to  §  490. 

Second  in-       619.     One   Other  application  of  Green's  great  theorem  of 

tion"?^     §  503,  showing  us  a  way  to  find  the  potential  and  the  resultant 

eiiiiMoid.     force  at  any  point  within  or  without  an  elliptic  homoeoid,  from 

which  we  are  led  to  a  second  very  interesting  solution  of  the 

problem  of  finding    the  attraction   of  an  ellipsoid  differing 

greatly  from  that  of  §  494,  we  shall  now  give. 

An  elliptic  homoeoid  exercises  no  force  on  internal  points. 

EUiptic  To  prove  this,  let  the  infinitely  thin  spherical  shell  of  §  462, 

eiinrtaBen)  imagined  as  bounded  by  concentric  spherical  surfaces,  be  dis- 
intenul  >  torted  (§§  158,  160)  by  simple  extensions  and  compressions 
in  three  rectangular  directions,  so  as  to  become  an  elliptic 
homoeoid.  In  this  distorted  form,  the  volumes  of  all  parts  are 
diminished  or  increased  in  the  proportion  of  the  volume  of  the 
ellipsoid  to  the  volume  of  the  sphere;  and  (§  158)  the  ratio  of 
the  lines  HP,  PK  is  unaltered.  Hence  the  elements  IH,  KL^ 
still  attract  P  equally  ;  and  therefore,  as  in  §  462,  we  conclude 
that  the  resultant  force  on  an  internal  point  is  zero. 


point: 
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It  follows  immediately  that  the  attraction  on  any  point  theorem 
in  the  hollow  space  within  a  homoeoid  not  infinitely  thin  isNowton. 
zero.    This  proposition  is  due  originally  to  Newton. 

620.    In  passing  it  may  be  remarked  that  the  distribution  of  Dutribu- 
electricity  on  an  ellipsoidal  conductor,  undisturbed  by  electric  electricity 

./•  .t  1  I'*"!  j^-xj^i      onellip- 

influence,  is  thus  proved  to  be  m  simple  proportion  to  tneeoidaioon- 
thickness  of  a  homoeoid  coincident  with  its  surface,  and  there- 
fore (§  494,  foot-note)  directly  proportional  to  the  perpendicular 
from  the  centre  to  the  tangent  plane. 

521.  From  §  519  and  §  478  it  follows  that  the  resultant  Force 
force  on  an  external  point  anywhere  infinitely  near  the  homoeoid  an  elliptic 
is  perpendicular  to  the  surface,  and  is  equal  to  4?^,  if  t  denote  found. 
the  thickness  of  the  shell  in  that  neighbourhood  (its  density 
being  taken  as  unity).  It  follows  also  from  §  519  that  the 
potential  is  constant  throughout  the  interior  of  the  homoeoid 
and  over  its  surface.  Hence  the  distance  from  this  surface 
to  another  equipotential  infinitely  near  it  outside  is  inversely 
proportional  to  t;  and  therefore  (§  494)  this  second  surface 
is  ellipsoidal  and  confocal  with  the  first.  By  supposing  the 
proper  distribution  of  matter  (§  505)  placed  on  this  second 
surface  to  produce  over  it,  and  through  its  interior,  its  uniform 
potential,  we  see  in  the  same  way  that  the  third  equipotential 
infinitely  near  it  outside  is  ellipsoidal  and  confocal  with  it ; 
and  similarly  again  that  a  fourth  equipotential  is  an  ellipsoidal 
surface  confocal  with  the  third,  and  so  on.  Thus  we  conclude 
that  the  equipotentials  external  to  the  original  homoeoid  are 
the  whole  series  of  external  confocal  ellipsoidal  surfaces. 

622.    From  this  theorem  it  follows  immediately  that  any  Digression, 
two  confocal   homoeoids  of  equal  masses  produce  the  same  proof  of 

1  T_    ii  A      1    r  1  •      /       Maclanrin'a 

attraction  on  all  points  external  to  both.    And  from  this  (as  theorem. 

pointed  out  by  Chasles,  Journal  de  VEcole  Polytechmique^  25*** 
Cahier,  Paris,  1837)  follows  immediately  Maclaurin's  theorem 
thus : — Consider  two  thick  homoeoids  having  the  outer  surfaces 
confocal,  and  also  their  inner  surfaces  confocal.  Divide  one 
of  them  into  an  infinite  number  of  similar  homoeoids;  and 
divide  the  other  in  a  corresponding  manner,  so  that  each  of 
its  homoeoidal  parts  shall  be  confocal  with  the  corresponding 

5—2 
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DigranioB.  0116  of  the  first.    These  two  thick  homoeoids  produce  the  same 

proof  of.  ^  force  on  any  point  external  to  both.    Now  let  the  hollow  of 

theorem,     one  of  them,  and  therefore  also  the  hollow  of  the  other,  become 

infinitely  small ;  we  have  two  solid  confocal  ellipsoids,  and  it  is 

proved  that  they  exert  the  same  force  on  all  points  external 

to  both. 

623.  A  beautiful  geometric  proof  of  the  theorem  of  §  521 
due  to  Chasles,  is  given  below,  §  532.  The  proof  given  in 
§  521  is  from  Thomson's  "Electrostatics  and  Magnetism" 
(§  812,  reprinted  from  CanilK  Math.  Jour.,  Feb.  1842). 
The  theorem  itself  is  due  to  Poisson,  who  proved  (in  the  Con- 
naissanoe  des  Temps  for  1837,  published  in  1834*)  that  the 
resultant  force  of  a  homoeoid  on  an  external  point  is  in  the 
direction  of  the  interior  axis  of  the  tangential  elliptic  cone 
through  the  attracted  point  circumscribed  about  the  homoeoid ; 
for  it  is  a  known  geometrical  proposition,  easily  proved,  that 
the  three  axes  of  the  tangential  cone  are  normal  to  the  three 
confocal  surfaces,  ellipsoid,  hjrperboloid  of  one  sheet,  and  hyper- 
boloid  of  two  sheets,  through  its  vertex. 

524.  The  magnitude  of  the  resultant  force  is  equal  to  47rT, 
where  t  denotes  the  thickness  of  the  confocal  homoeoid  equal  in 
bulk  to  the  given  homoeoid. 

Habitude  To   express  the   magnitude  and   direction  symbolically,  let 

tion  of     '  ohc  be  the  semi-axes  of  the  given  homoeoid,  and  a^y  those  of  the 

of  en?ptic  cou focal  one  through  P  the  attracted  point ;  and  let  p^  t  and 

on"xternal  '^y  f  he  the  perpendiculars  from  the  centre  to  the  tangent  planes, 

preSsed*'  ftJ^d  the  thicknesses,  at  any  point  of  the  given  homoeoid,  and  at 

analytically.  ^^^  ^^-^^^  p  ^^  ^^  ^^^^^     rpj^^  volumes  of  the  two  homoeoids 

are  respectively 

4:iraI)ct/Pf  and  iTrafiyr/m; 
hence 

*"=*'^^'^ 0)' 

and  therefore  the  resultant  force  is 

^ aPyp'^ 'J ^  ^' 

•  See  Todhunter's  History  of  the  Mathematical  Theories  of  Attraction  and 
the  Figure  of  the  Earthy  Vol.  ii.  Articles  1S91— 1415. 
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Supposing  tbe  rectangular  co-ordinates  of  the  attracted  point  Biwnitude 
xiiz  ffiven ;  to  find  a^y  we  have  tion  of 

^    ®          '                   '^'  attraction 

a«  =  a-  +  X;    jS-^fe'  +  X;   /  =  c'+X (3),      g^^JSSS 

,  .  .  .  on  external 

where  X  is  the  positive  root  of  the  equation  point,  ex- 

pressed 

Q^  ^  tf  analytically. 

+  A^+::^.=i W^ 


a'  +  X     y  +  X     c*  +  X 

these  equations  expressing  the  condition  that  the  two  ellipsoidal 
surfaces  are  conf  ocaL 


To.  complete  the  analytical  expression  remark  that 

wx     vsy     'ssz 


a 


s  » 


)8"    y» 


(5) 


are  the  direction-cosines  of  the  line  of  the  resultant  force. 

525.     To  find  the  potential  at  any  point  remark  that  the  Potential  of 
difference  of  potentials  at  two  of  the  external  equipotential  sur-  bomoeoid 
faces  infinitely  little  distant  from  one  another  is  (§  486)  equal  to  ertera^or 
the  product  of  the  resultant  force  at  any  point  into  the  distance  found, 
between  the  two  equipotentials  in  its  neighbourhood.     Hence, 
taking  the  potential  as  zero  at  an  infinite  distance  (§  485),  we 
fibad  by  summation  (a  single  integration)  the  potential  at  any 
point  external  to  the  given  homoeoid.     19  ow  let 

x^^y    y^\dy,    z^\d% 

be  the  co-ordinates  of  the  two  points  infinitely  near  one  another, 
on  two  confocal  surface&  The  distance  between  the  two  surfaces 
in  the  neighbourhood  of  this  point  is 

^+iT:rT^y  +  .«TT^^ (6). 


a'  +  X  6"  +  X^     c^  +  X 

Let  now  the  squares  of  the  semi-axes  of  these  surfaces  be 
a*  +  X*J<iX;    6"+X*J(;X;     (?^\^^\. 

Now  by  differentiation  of  (4)  we  have 
/  axfo        ydy    ^    %dz\ 

^W  +  X    6»  +  X  V4-x; 

Hence  (6)  becomes  ^r— . 
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Potential  o!  Hence,  and  by  §  525  above,  and  by  (2)  of  §  524  we  have 

an  elliptic 

homoeoid  _r^   a 

internal  "^*T  V 

tound.  Hence,  and  by  (3)  of  §  524, 

v  =  -2ir I  T J J- (9), 

where  oo  denotes  that  the  constant  is  so  assigned  as  ix>  render 
the  value  of  the  integral  zero  when  X  =  oo . 

Synthesis  of  526.  Having  now  found  the  potential  of  an  elliptic  homoeoid, 
homoeoids.  and  its  resultant  force  at  any  point  external  or  internal,  we 
can,  by  simple  integration,  find  the  potential  and  the  resultant 
force  of  a  homogeneous  ellipsoid,  or  of  a  heterogeneous  ellipsoid 
with,  for  its  surfaces  of  equal  density,  similar  concentric  ellip- 
soidal surfaces.  To  do  this  we  have  only  to  divide  the  ellipsoid 
into  elliptic  homoeoids,  and  find  the  potential  of  each  by  (9), 
and  the  potential  of  the  whole  by  summation ;  and  again  find 
the  rectangular  components  of  the  force  of  each  by  (2)  and  (5) ; 
and  from  this  by  summation*  the  rectangular  components  of 
the  required  resultant. 

Let  abc  be  the  semi-axes  of  the  whole  ellipsoid.  Let  Oa,  Ob,  Ocy 
be  the  semi-axes  of  the  middle  surface  of  one  of  the  interior 
homoeoids;  and 

{6d.^de)a,     {6^\de)h,    {e^\d6)c 

those  of  its  outer  and  inner  bounding  surfaces.  From  the 
general  definition  of  a  homoeoid,  elliptic  or  not,  it  follows  imme- 
diately that  tip  =  dOIO.  Let  now  p,  a  given  function  of  ^,  be  the 
density  of  the  ellipsoid  in  the  homoeoidal  stratum  corresponding 
to  0,  Hence  by  (9)  remembering  that  the  density  there  was 
taken  as  unity,  and  putting  da,  Ob,  Oc  in  place  of  a,  5,  c,  we  find 
for  the  potential  of  the  homoeoid  0  ^  \dO  the  following  expres- 
sion, 

_^ 

.(6V+C)*(6V4.£)*(^V  +  £)* 

*  Chasles,  "Noavelle  solution  da  probldme  de  Tattraction  d'on  ellipsoi'de 
h^t^og^ne  Bur  un  point  ext^rieur"  (LiouviUe's  Journal,  Deo^  1840).  Also  W. 
Thomson,  "  On  the  Uniform  Motion  of  Heat  in  Solid  Bodies,  and  its  connection 
with  tho  Mathematical  Theory  of  Electricity,  Electrostatics  and  Magnetism," 
§  21 — 24.    (Bepiinted  from  Cambridge  MatJiemattcal  Journal,  Feb.  1842.) 


-2irabc0'pd0  ( 1 ^^—i i (10), 
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where  { is  introduced  as  the  variable  of  the  definite  integration,  Synthesisof 

___  oonoontno 

because  X  is  presently  to  be  made  a  function  of  6,     Hence  if  B  bomoeoids. 
denote  the  potential  of  the  whole  ellipsoid,  we  have 

v^^-^nahcC  e^pde  r i— ^^ — I r (11), 

where  X  is  a  function  of  0  given  bj  the  equation 

^a»  +  X'*'^6"  +  X"^6VTX'"    ^     ^' 

The  expression  (11)  in  simplified  by  introducing,  instead  of  0 
or  X,  another  variable  X/^.     Calling  this  u,  so  that 

X=tf«u (13), 

we  have  by  (12) 

B'^-J^+j^-,^  (U). 

By  differentiation  of  (12)  we  have  'Fotontiai 

And  from  (13)  rftt  =  ^  [^  -  «]  rf  (S^. 
Whence,  on  using  (14),  we  find 

Then  changing  the  variable  of  integration  in  the  function  under 
the  second  integral  sign  in  (11)  from  £  to  £/^,  and  writing  u  for 
tl6^^  we  find  by  means  of  these  transformations, 

; (15), 

where  q  is  the  positive  root  of  the  equation 

-^+rr^  +-A  =  1  (16). 

For  the  case  of  uniform  density  in  which  we  may  put  p=  1, 
this  becomes  simplified  by  integration  by  parts,  thus : 


aiu 


=  (7T-,f^<«)'^«-rcTi-^<«>- 
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Putting  for  C  successively  o*,  6*,  c*,  using  the  result  properly  in 
(15),  and  taking  account  of  (16),  and  putting 

^irabc^M  (17), 

we  find 

(18), 

which  agrees  with  §  494  above. 

Just  as  we  have  found  (15),  we  find  from  (2),  (5),  (13),  and  (14), 
the  following  expression  for  the  o^compononts  of  the  resultant 
force  and  the  symmetricals  for  the  y-  and  ^-components : 

^jMx  r _^ 

2     A  (a'  +  w)«(6"  +  w)*(c'  +  w)* 

where  p,  a  function  of  0,  is  reduced  to  a  function  of  u  by  (14). 

For  the  case  of  a  homogeneous  ellipsoid  (p=  1),  these  results 
become  (20)  and  (21)  of  §  494.  As  there  they  were  for  external 
points  deduced  by  aid  of  Maclaurin's  theorem  from  the  attraction 
of  an  ellipsoid  on  a  point  at  its  suiface,  so  now  when  proved  other- 
wise they  contain  a  proof  of  Maclaurin's  theorem.  This  we  see 
in  a  moment  by  putting  u  =  to  +  g  in  the  integrals,  which  makes 
the  limits  t9  =  0  and  w  =  co , 

527.  In  the  case  of  a  homogeneous  ellipsoid  of  revolution 
the  integrals  expressing  the  potential  and  the  force-components 
(which  for  a  homogeneous  ellipsoid,  in  general,  are  elliptic  inte- 
grals) are  reduced  to  algebraic  and  trigonometrical  forms,  thus : 
let  6  =  c  and  «  =  0. 

We  have 

y=^-^f  —^^—^-l{X.^Yy) (20). 

*  U  (6*  +  tt)  (a*  +  w)* 


~  2   ^Jq  (6'+«)»(a'+tt)* 


(21). 


To  reduce  these  put 


(22): 
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which  reduces  the  three  int^rak  to  2/(6'-a')*.  jrff/(l-?)*, 

2/(6'-  o»)».  jf'(«/<l  -e)\  and  2/{V-a')*.  j^dil (l-O*  J  «^ 
makes  the  limits  in  each  of  them 


«-»'»«V?^- 


We  thus  find 


Fbtential 
and  attrao- 


r ?^tan-"    /*^*-J(Xx+ry)   (23),     tZ^ 


2(6'-.a")*l  V  a"  +  3' 


6'  +  ^ 


} 


elUiMoid 
revolution: 


»  ....(24),       oblate: 


where,  for  any  external  point,  q  is  the  positive  root  of  the 
equation 

«-4-,%-<-r' <''^' 

a;  and  y  denoting  the  co-ordinates  of  the  attracted  point  respeo- 
tivelj  along  and  perpendicidar  to  the  axis  of  revolution,  and 
for  any  internal  point  or  for  points  on  the  surface  q  =  0. 

Formulas  (23)  and  (24)  realized  for  the  case  of  a  >  (  become 

^  ZM      .       ^/(a■  - 6")  +  s/ (a"  +  7)     j.^r    .  xr  v         /o^v 


(27). 


(a*  -  by  ^  ~         x/i^'  +  ?) 

y_     3J/y      f(a'-6')^(aVg)*    ,     J(ft'-y) +V(«'+g)| 
2(a*-6*)»i        *'+?  V(6'  +  9)        / 

The  Btracturo  of  these  expressions  (23),  (24),  (26),  (27),  is 
elucidated,  and  calculation  of  results  from  them  is  facilitated 
by  taking 

•^=  s/^''  ««d  V(6'-a')=r (28), 


and  again       e* 


and  V(«*  -*")  =  «. 


(29); 
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proUtte.       which  reduces  them  to  the  following  alternative  forms : — 


^=2r 


taa-/-  J  (Xx  +  Ty)  =  ^log  ^  }±J  -i{Xx+  Fy)  ...(30), 


r= 


27^ 


(31). 


Then,  for  determining  f  ov  e^  in  the  case  of  an  external  point, 
(25)  becomes 

y'(x'  +  y^.)  =  r',  and  «•(«:•+  j^.)  =*«. (32). 

In  the  case  of  an  internal  point  we  have 

628.  The  investigation  of  the  attraction  of  an  ellipsoid 
which  was  most  popular  in  England  40  to  50  years  ago  re- 
sembled that  of  §  494  above,  in  finding  the  attraction  of  an 
internal  point  by  direct  integration,  substantially  the  same  as 
that  of  §  494,  and  deducing  from  the  result  the  attraction  of 
an  external  point  by  a  special  theorem. 

Third  in-  But  the  theorem  then  popularly  used  for  the  purpose  was 
0^)16*,*°'^  not  Maclaurin's  theorem,  which  was  little  known,  strange 
a^  racion    ^  ^^  ^^  England  at  that  time;  it  was  Ivory's  theorem,  much 

*^  less  beautiful  and  simple  and  directly  suitable  for  the  purpose 

than  Maclaurin's,  but  still  a  very  remarkable  theorem,  curiously 
different  from  Maclaurin's,  and  in  one  respect  more  important 
and  comprehensive,  because,  as  was  shown  by  Poisson,  it  is 
not  confined  to  the  Newtonian  Law  of  Attraction,  but  holds 
for  force  varying  as  any  function  of  the  distance.  Before  enun- 
ciating Ivory's  theorem,  take  his  following  definition  : — 

Comspond-  629.  Corresponding  points  on  two  confocal  ellipsoids  are 
on'eonfocai  any  two  poiuts  which  coincide  when  either  ellipsoid  is  deformed 
deOoML      by  a  pure  strain  so  as  to  coincide  with  the  other. 

^rtSi^^*  In  connection  with  this  definition,  it  is  interesting  to  remark 
of^oDfoSi   that  each  point  on  the  surface  of  the  changing  ellipsoid  de- 
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scribes  an  orthogonal  trajectory  of  the  intermediate  series  of  eiiipMids  is 
confocal  ellipsoids  if  the  distortion  specified  in  the  definition  any  point  of 
is  produced  continuously  in  such  a  manner  that  the  surface  distorted 
of  the  ellipsoid  is  always  confocal  with  its  original  figure.  aoid: 

To  prove  this  proposition,  which  however  is  not  necessary  for  proof, 
our  present  purpose,  let  aibc  be  the  semi-axes  of  the  ellipsoid  in 
one  configuration,  and  J{cf  +  h),  J{j/  +  A),  J{c*  +  h)  in  another. 
If  xyz  be  the  co-ordinates  of  any  point  P  on  the  surface  in  the 
first  configuration,  its  co-ordinates  in  the  second  configuration 
will  be 

.-M^,     y^^,     *^^(fl±A) (32). 

a  ^       0  c  ^     ' 

When  h  is  iufinitely  small  the  difierences  of  the  co-ordinates  of 
these  points  are 

Hence  the  direction-cosines  of  the  line  joining  them  are  propor- 
tional to  xja^y  y/b%  z/c'^  and  therefore  it  coincides  with  the 
normal  to  the  two  infinitely  nearly  coincident  surfaces. 

530.    The  property  of  corresponding  points   (essential  for  ivory's 
Ivory's  theorem,  and  for  Chasles',  §  632  below)  is  this  : —  porreapond- 

ing  points. 

If  P,  P'  be  any  two  points  on  one  ellipsoid,  and  Q,  Q'  the 
corresponding  points  on  any  confocal  ellipsoid,  PQ'  is  equal 
toP'Q. 

To  prove  this,  let  xyz  be  the  co-ordinates  of  P,  and  sc'yV 
those  of  P'.     Taking  (32)  as  the  co-ordinates  of  Q,  we  find 

-^-wy2^+«-(i*^)**.. 

Now  because  (x,  y,  z)  is  on  the  ellipsoidal  surface  (a,  b,  e),  we 

have 

»•     y-     2-    , 

Hence  the  preceding  becomes 
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This  is  symmetrical  in  respect  to  xyz  and  x'y'z\  and  so  the 
proposition  is  proved. 

ivoiy'i  681.    The  following  is  Ivory's  Theorem : — Let  JP'  and  P  be 

corresponding  points  on  the  surfaces  of  two  homogeneous  con- 
focal  ellipsoids  (a,  ft,  c)  (a\  h\  c') ;  the  a;-component  of  the 
attraction  of  the  ellipsoid  abo  on  the  point  P  is  to  the  a:-com- 
ponent  of  the  attraction  of  the  ellipsoid  aVc  on  the  point  P  as 
ic  is  to  Vd. 

prored.  Let  x^y^z  be  the  co-ordinates  of  P,  the  attracted  point ; 

n    (i  Vf  i       9>      co-ordinates  of  any  point  of  the  mass  ; 

„       D  f,      distance  between  the  two  points ; 

„  F(D)  d^drfd^  be  the  attraction  of  the   elemental  mass 
d^drfd^  at  (f,  17,  £),  on  (x,  y,  z); 

Let  X  be  the  a><K>mponent  of  the  attraction  of  the  whole  ellip- 
soid (a,  b,  c)  on  (aj,  y,  z). 

We  have 

X=jjjdidridiF{Df--^  =  jjjd^ 

^  Ijdrjdt  j- F  (D)  dD. 
Now  F(I>)  being  any  function  of  2),  let 


I' 


and  let  S,  G  be  the  positive  and  negative  ends  of  the  bar  drfd^ 
of  the  ellipsoid,  that  is  to  say,  the  points  on  the  positive  and 
negative  sides  of  the  plane  yoz  in  which  the  surface  of  the 
ellipsoid  is  cut  by  the  line  parallel  to  ox,  having  iq^  for  its  other 
co-ordinates.  The  proper  limits  being  assigned  to  the  i>-integra- 
tion  in  the  formula  for  X  above  being  assigned,  we  find 


^j^dndi{i{EP)-,KGP)}. 


Now  let  E'G'  be  points  on  a  oonfocal  ellipsoidal  surface 
(a ,  h\  0')  through  P,  corresponding  to  E  and  G  on  the  surface  of 
the  given  ellipsoid  (a,  5,  c)\  and  let  P  be  the  point  on  the  first 
ellipsoidal  sur&ce  corresponding  to  P  on  the  second.  The  y-  «- 
oo-ordinates  common  to  E'G'  are  i<espectively  h'lh .  17  and  cjc.  {; 
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and  by  lemma  EP^B'P^  and  GP^  ffF.  Hence  if  we  change 
from  vi^,  as  Tariables  for  the  double  integration  in  the  preceding 
formula  for  X^  to  rlHy  we  find 

which  is  Ivory's  theorem. 

532.  Two  confocal  homoeoids  of  equal  masses  being  given,  Chadfi' 
the  potential  of  the  first  at  any  point,  P,  of  the  surface  of  the  ^^^^ 
second,  ii^  equal  to  that  of  the  second   at  the   corresponding  ****J^*° 
point,  P',  on  the  surface  of  the  first.  homoooida. 

Let  E  be  any  element  of  the  first  and  E'  the  corresponding 
element  of  the  second.  The  mass  of  each  element  bears  to  the 
mass  of  the  whole  homoeoid  the  same  ratio  as  the  mass  of  the 
corresponding  element  of  a  uniform  spherical  shell,  from  which 
either  homoeoid  may  be  derived,  bears  to  the  whole  mass  of 
the  spherical  shell.  Hence  the  mass  of  E  is  equal  to  the  mass 
of  E' ;  and  by  Ivory's  lemma  (§  530)  PE  =  FE.  Hence  the 
proposition  is  true  for  the  parts  of  the  potential  due  to  the 
corresponding  elements,  and  therefore  it  is  due  for  the  entire 
shells. 

This  beautiful  proposition  is  due  to  Chasles.    It  holds,  what-  Proof  of 
ever  be  the  law  of  force.     From  it,  for  the  case  of  the  inverse  theorem 
square  of  the  distance,  and  firom  Newton's  Theorem  for  this  attraction 
case  that  the  force  is  zero  within  an  elliptic  homoeoid,  or,  which  homoeoid. 
is  the  same,  that  the  potential  is  constant  through  the  interior, 
it  follows  that  the  external  equipotential  surfaces  of  an  elliptic 
homoeoid  are  confocal  ellipsoids,  and  therefore  that  the  attrac- 
tion on  an  external  point  is  normal  to  a  confocal  ellipsoid 
passing  through  the  point;  which  is  the  same  conclusion  as  that 
of  §  521  above. 

533.  An    ingenious    application    of   Ivory's    theorem,    by  Law  of  at- 
Dubamel,  must  not  be  omitted  here.     Concentric  spheres  are  when^a  uni- 
a  particular  case  of  confocal  ellipsoids,  and  therefore  the  at-<»!niheii^* 
traction  of  any  sphere  on  a  point  on  the  surface  of  an  internal  tuition  on  an 
concentric  sphere,  is  to  that  of  the  latter  upon  a  point  in  the  point. 
surface  of  the  former  as  the  squares  of  the  radii  of  the  spheres. 

Now  if  ike  law  of  attraction  he  such  that  a  homogeneous  spherical 
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shell  of  uniform  thickness  exerts  no  attraction  on  an  internal  point, 
the  action  of  the  larger  sphere  on  the  internal  point  is  reduced 
to  that  of  the  smaller.  Hence  the  smaller  sphere  attracts 
points  on  its  surface  and  points  external  to  it,  with  forces 
inversely  as  the  squares  of  their  distances  from  its  centre. 
Hence  the  law  of  force  is  the  inverse  square  of  the  distance,  as  is 
easily  seen  by  making  the  smaller  sphere  less  and  less  till  it 
becomes  a  mere  particle.  This  theorem  is  due  originally  to 
Cavendish. 

534.  {Definition)  If  the  action  of  terrestrial  or  other  gravity 
on  a  rigid  body  is  reducible  to  a  single  force  in  a  line  passing 
always  through  one  point  fixed  relatively  to  the  body,  whatever 
be  its  position  relatively  to  the  earth  or  other  attracting  mass, 
that  point  is  called  its  centre  of  gravity,  and  the  body  is  called 
centrobaric  a  centrobaric  body. 

One  of  the  most  startling  results  of  Green's  wonderful 
theory  of  the  potential  is  its  establishment  of  the  existence  of 
centrobaric  bodies ;  and  the  discovery  of  their  properties  is 
not  the  least  curious  and  interesting  among  its  very  various 
applications. 

634  a.  If  a  body  (B)  is  centrobaric  relatively  to  any  one 
attracting  mass  (A),  it  is  centrobaric  relatively  to  every  other : 
and  it  attracts  all  matter  external  to  itself  as  if  its  own  mass 
were  collected  in  its  centre  of  gravity  *. 

Let  0  be  any  point  so  distant  from  B  that  a  spherical  surface 
described  from  it  as  centre,  and  not  containing  any  pait  of  B, 
is  large  enough  entirely  to  contain  A.  Let  A  be  placed  within 
any  such  spherical  surface  and  made  to  rotate  about  any  axis, 
OK,  through  0,  It  will  always  attract  £  in  a  line  through  G, 
the  centre  of  gravity  of  B.  Hence  if  every  particle  of  its  mass 
be  uniformly  distributed  over  the  circumference  of  the  circle 
that  it  describes  in  this  rotation,  the  mass,  thus  obtained,  will 
also  attract  5  in  a  line  through  (?.  And  this  will  be  the  case 
however  this  mass  is  rotated  round  0 ;  since  before  obtaining 
it  we  might  have  rotated  A  and  OK  in  any  way  round  0,  hold- 


properties 

of  centres 

baric 

bodies. 


*  Thomson,  Proc.  R,  S.  E,,  Feb.  1864. 
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inff  tbem  fixed  relatively  to  one  another.    We  have  therefore  Proiwties 
found  a  body,  A,  symmetrical   about  an  axis,  OK,  relatively ^c 
to  which  B  is  necessarily  centrobaric.     Now,    0  being  kept 
fixed,  let  OK,  carrying  A'  with  it,  be  put  successively  into  an 
infinite  number,  n,  of  positions  uniformly  distributed  round  0 ; 
that  is  to  say,  so  that  there  are  equal  numbers  of  positions  of 

1 

OK  in  all  equal  solid  angles  round  0 :  and  let  -  part  of  the 

mass  of  A'  be  left  in  each  of  the  positions  into  which  it 
was  thus  necessarily  carried.  B  will  experience  from  all  this 
distribution  of  matter,  still  a  resultant  force  through  0.  But 
this  distribution,  being  symmetrical  all  round  0,  consists  of 
uniform  concentric  shells,  and  (§  471)  the  mass  of  each  of  these 
shells  might  be  collected  at  0  without  changing  its  attraction 
on  any  particle  of  B,  and  therefore  without  changing  its  re- 
sultant attraction  on  B.  Hence  B  is  centrobaric  relatively  to 
a  mass  collected  at  0;  this  being  any  point  whatever  not 
nearer  than  within  a  certain  limiting  distance  from  B  (accord- 
ing to  the  condition  stated  above).  That  is  to  say,  any  point 
placed  beyond  this  distance  is  attracted  by  ^  in  a  line  through 
O ;  and  hence,  beyond  this  distance,  the  equipotential  surfaces 
of  B  are  spherical  with  0  for  common  centre.  B  therefore 
attracts  points  beyond  this  distance  as  if  its  mass  were  collected 
at  0 :  and  it  follows  (§  497)  that  it  does  so  also  through  the 
whole  space  external  to  itself.  Hence  it  attracts  any  group 
of  points,  or  any  mass  whatever,  external  to  it,  as  if  its  own 
mass  were  collected  at  G. 

534  b.    Hence  §§  497,  492  show  that— 

(1)  The  centre  of  gravity  of  a  centrobaric  body  necessarily  lies 
in  its  interior;  or  in  other  words,  can  only  be  reached  from 
external  space  by  a  path  cutting  through  some  of  its  mass.    And 

(2)  No  centrobaric  body  can  consist  of  parts  isolated  from  one 
another,  each  in  space  external  to  all :  in  other  words,  the  outer 
boundary  of  every  centrobaric  body  is  a  single  closed  surface. 

Thus  we  see,  by  (a),  that  no  symmetrical  ring,  or  hollow 
cylinder  with  open  ends,  can  have  a  centre  of  gravity ;  for  its 
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Properties   centre  pf  gravity,  if  it  had  one,  would  be  in  its  axis,  and  there- 
of centro-  1      • 
^no         fore  external  to  its  mass. 

bodiee. 

634  c.  If  any  mass  whatever.  My  and  any  singh  surface^  8, 
completely  enclosinff  it  he  giveuy  a  distrilmtion  of  any  given 
amount,  M\of  mutter  on  this  surface  may  be  found  which  shall 
make  the  whole  centrobaric  with  its  centre  of  gravity  in  any 
given  position  ( G)  within  that  surface. 

The  condition  here  to  be  fulfilled  is  to  distribute  M'  over  fif, 
so  as  by  it  to  produce  the  potential 

EG 

any  point,  E,  o{  S;  V  denoting  the  potential  of  M  at  this 
point.  The  possibility  and  singleness  of  the  solution  of  this 
problem  were  proved  above  (§  499).  It  is  to  be  remarked, 
however,  that  if  M'  be  not  given  in  sufficient  amount,  an  extra 
quantity  must  be  taken,  but  neutralized  by  an  equal  quantity 
of  negative  matter,  to  constitute  the  required  distribution  on  8. 
The  case  in  which  there  is  no  given  body  M  to  begin  with 
is  important ;  and  yields  the  following  : — 

Centrobaric  634  d,  A  given  quantity  of  mutter  muy  he  distributed  in  one 
way,  but  in  only  one  way,  over  any  given  closed  surface,  so  as  to 
constitute  a  centrobaric  body  with  its  centre  of  gravity  at  any 
given  point  within  it 

Thus  we  have  already  seen  that  the  condition  is  fulfilled  by 
making  the  density  inversely  as  the  cube  of  the  distance  from 
the  given  point,  if  the  surface  be  spherical.  From  what  was 
proved  in  §§  501,  506  above,  it  appears  also  that  a  centrobaric 
shell  may  be  made  of  either  half  of  the  lemniscate  in  the 
diagram  of  §  508,  or  of  any  of  the  ovals  within  it,  by  distributing 
matter  with  density  proportional  to  the  resultant  force  of  m  at  / 
and  m'  at  /';  and  that  the  one  of  these  points  which  is  within 
it  is  its  centre  of  gravity.  And  generally,  by  drawing  the 
equipotential  surfaces  relatively  to  a  mass  m  collected  at  a 
point  7,  and  any  other  distribution  of  matter  whatever  not 
surrounding  this  point;  and  by  taking  one  of  these  surfaces 
which  encloses  /  but  no  other  part  of  the  mass,  we  learn,  by 
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Green's  general  theorem^  and  the  special  proposition  of  §  506,  Centrobaric 
how  to  distribute  matter  over  it  so  as  to  make  it  a  centrobaric 
shell  with  I  for  centre  of  gravity. 

634  e.  Under  hydrokinetics  the  same  problem  will  be  solved 
for  a  cube,  or  a  rectangular  parallelepiped  in  general,  in  terms 
of  converging  series ;  and  under  electricity  (in  a  subsequent 
volume)  it  will  be  solved  in  finite  algebraic  terms  for  the 
surface  of  a  lens  bounded  by  two  spherical  surfaces  cutting 
one  another  at  any  sub-multiple  of  two  right  angles,  and  for 
either  part  obtained  by  dividing  this  surface  in  two  by  a  third 
spherical  surface  cutting  each  of  its  sides  at  right  angles. 

634/.     MaUer  may  he  distributed  in  an  in^nite  number  q/'centrobano 
ways  throughout  a  given  closed  space,  to  constitvie  a  centrobaric  ^  ^ 
body  with  its  ceMre  of  gravity  at  any  given  point  within  it 

For  by  an  infinite  number  of  surfaces,  each  enclosing  the 
given  point,  the  whole  space  between  this  point  and  the  given 
closed  surface  may  be  divided  into  infinitely  thin  shells ;  and 
matter  may  be  distributed  on  each  of  these  so  as  to  make  it 
centrobaric  with  its  centre  of  gravity  at  the  given  point.  Both 
the  forms  of  these  shells  and  the  quantities  of  matter  distributed 
on  them,  may  be  arbitrarily  varied  in  an  infinite  variety  of 
ways. 

Thus,  for  example,  if  the  given  closed  surface  be  the  pointed  Propertieg 
oval  constituted  by  either  half  of  the  lemniscate  of  the  diatrram  banc 

....  bodies. 

of  §  508,  and  if  the  given  point  be  the  point  I  withm  it,  a 
centrobaric  solid  may  be  built  up  of  the  interior  ovals  with 
matter  distributed  over  them  to  make  them  centrobaric  shells 
as  above  (§  531).  From  what  was  proved  in  §  518,  we  see 
that  a  solid  sphere,  with  its  density  varying  inversely  as  the 
fifth  power  of  the  distance  from  an  external  point,  is  centro- 
baric, and  that  its  centre  of  gravity  is  the  image  (§  512)  of 
this  point  relatively  to  its  surface. 

634  or.    The  centre  of  gravity  of  a  centrobaric  body  composed  Theeentre 

»  .        .  .     .  M  .  .  -I-,  .         of  gravity 

of  true  gravitating  matter  is  its  centre  of  inertia.    I  or  a  centre-  (if  it  exi«i) 

.  ...  istheoontre 

baric  body,  if  attracted  only  by  another  infinitely  distant  body,  of  inertia, 
or  by  matter  so  distributed  round  itself  as  to  produce  (§  499) 
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The  centra  uniform  foFce  in  parallel  lines  throughout  the  space  occupied 
(ifft^it)  by  it,  experiences  (§  528)  a  resultant  force  always  through  its 
of  inertia,  centre  of  gravity.  But  in  this  case  this  force  is  the  resultant 
of  parallel  forces  on  all  the  particles  of  the  body,  which  (see 
Properties  of  Matter,  below)  are  rigorously  proportional  to 
their  masses :  and  in  §  561  it  is  proved  that  the  resultant  of 
such  a  system  of  parallel  forces  passes  through  the  point  defined 
in  §  230,  as  the  centre  of  inertia. 

biirS^SSVw  ^^'  ^^^  moments  of  inertia  of  a  centrobaric  body  are 
■vmmetriaa  ^^^^  round  all  axes  through  its  centre  of  inertia.  In  other 
ccntreof  words  (§  285),  all  these  axes  are  principal  axes,  and  the  body 
R»ri^.       jg  kinetically  symmetrical  round  its  centre  of  inertia. 

Let  it  be  placed  with  its  centre  of  inertia  at  a  point  0  (origin 
of  co-ordinates),  within  a  closed  surface  having  matter  so  dis- 
tributed over  it  (§  499)  as  to  have  xyz  [which  satisfies  ^*{xyz)=0'\ 
for  potential  at  any  point  (x,  y,  z)  within  it.  The  resultant  action 
on  the  body  is  (§  528)  the  same  as  if  it  were  collected  at  0;  that 
is  to  say,  zero :  or,  in  other  words,  the  forces  on  its  difiercnt  parts 
must  balance.  Hence  (§  551,  i.,  below)  if  p  be  the  density  of  the 
body  at  («,  y,  z) 

j  11  yzpdxdydz^  Of        ljlzxpdxdydz  =  0,        jjjxi/pdxdydz^O. 

Hence  OX,  OYy  OZ  are  principal  axes;  and  this,  however  the 
body  is  turned,  only  provided  its  centre  of  gravity  is  kept  at  0. 

To  prove  this  otherwise,  let  V  denote  the  potential  of  the 
given  body  at  (a,  y,  «);  u  any  function  of  x,  y,  «;  and  w  the 
triple  integral 

MdudV     dudV     dudV\ 
dx  dx      dy  dy      1a  ^)        ^  *' 

extended  through  the  interior  of  a  spherical  surface,  S,  enclosing 
all  of  the  given  body,  and  having  for  centre  its  centre  of  gravity. 
Then,  as  in  Chap.  i.  App.  A,  we  have 


w 


=  {{duVda-  JlJVv'udxdydz 
-  jjdVudo'  -  lljuV  Vdxdydz. 
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But  if  m  be  the  whole  mass  of  the  given  body,  and  a  the  radius  Propertieti 
of  S,  we  have,  over  the  whole  sorfiice  of  S.  banc 

bodien. 

r=— ,  and  8F=--.. 
a  a 

Also  [§  491c]  V'F  =  -4irp, 

vanishing  of  course  for  all  points  not  belonging  to  the  mass  of 
the  given  body.     Hence  from  the  preceding  we  have 

4jr  jljttpdxdydz  =  — ^  Ikd^  +  w)  (io- -  j I IVv'ydxdydz. 

Let  now  u  be'any  function  fulfilling  V^u  =  0  through  the  whole 
space  within  S ;  so  that»  by  §  492,  we  have  lldud<r  =  0,  and  by 


§  496,  I  luda  =  iwa'u^f  if  u^  denote  the  value  of  u  at  the  centre 
of  S,     Hence 

]updxdydz  =  mu^. 

Let,  for  instance,  u  =  y«.     We  have  u^  =  0,  and  therefore 

lyzpdxdydz  =  0, 


///* 


f 


as  we  found  above.     Or  let  u  =  (a*  +  y^  -  (as"  +  «^,  which  gives 
tt^  =  0 ;  and  consequently  proves  that 

I / naj"  +  «*)  pdxdydz  =  \\\{7?  +  y^ pdoodydzy 

or  the  moment  of  inertia  round  OF  is  equal  to  that  round  OX, 
verifying  the  conclusion  inferred  from  the  other  result. 

636.    The  spherical  harmonic  analysis,  which  forms  the  sub-  origin  of 

A  1*  /^i  111-  •••11^  spherical 

ject  of  an  Appendix  to  Chapter  i.,  had  its  ongin  m  the  theory  hwmonic 
of  attraction,  treated  with  a  view  especially  to  the  figure  of  the  ^^£j;f** 
earth;  having  been  first  invented  by  Legendre  and  Laplace  for  pi*«»- 
the  sake  of  expressing  in  converging  series  the  attraction  of 
a  body  of  nearly  spherical  figura   It  is  also  perfectly  appropriate 
for  expressing  the  potential,  or  the  attraction,  of  an  infinitely 
thin  spherical  shell,  with  matter  distributed  over  it  according  to 
any  arbitrary  law.    Tliis  we  shall  take  first,  being  the  simpler 
application. 

6—2 
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[636. 


Origin  of 
spherioal 
harmonio 
analjsuiof 
Legendre 
and  La- 
place. 


Let  sCy  pf  z  he  the  co-ordinates  of  P,  the  point  in  question, 
reckoned  from  0  the  centre,  as  oiigin  of  co-ordinates :  p  and  p 
the  values  of  the  density  of  the  spherical  surface  at  points  E  and 
E'y  of  which  the  former  is  the  point  in  which  it  is  cut  by  OP,  or 
this  line  produced :  da  an  element  of  the  surface  at  JS\  a  its 
radius.     Then,  V  being  the  potential  at  P,  we  have 


fp'd(/ 
FP' 


But,  by  B  (48) 

^^  =  -  |l  +  2  0,  Q' I  when  P  is  internal. 


(1). 


and 


=  -|l  +  S(2,^^j|    „       „     external, 


(2) 


where  Q^  is  the  biaxal  surface  harmonic  of  (^,  E').    Hence,  if 

p'  =  iS,  +  ^j  +  ^,  +  <kc (3) 

be  the  harmonic  expansion  for  p,  we  have,  according  to  B  (52), 
fg    S^    /r\i] 


and 


V^iirall^r\  (~  y\  when  Pis  internal, 


4ira« 


{?2iTT©)    "      "    ^^*^"^^' 


(4). 


If,  for  instance,  p  =  /S'«,  we  have 


and 


F=  -iin  ip-^  inside, 
a*  *  2»  +  1 


r= — r=T-  A.     ^  outside. 


/*»    2i+l 


Thus  we  conclude  that 
Application      637.    A  spberical  harmonic   distribution  of  density  on  a 

of  spherical        i*i  i*  i  ••-!  i*>iiii 

harmonio  sphencai  surface  produces  a  similar  and  similarly  placed 
spberical  harmonic  distribution  of  potential  over  every  con- 
centric spherical  surface  through  space,  external  and  internal; 
and  so  also  consequently  of  radial  component  force.  But  the 
amount  of  the  latter  diflfers,  of  course  (§  478),  by  4nrp,  for  points 
infinitely  near  one  another  outside  and  inside  the  surface,  if  p 
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denote  the  density  of  the  distribution  on  the  surface  between  AppUoation 

*'  ox  spherical 

them.  harmonic 

If  B  denote  the  radial  component  of  the  force,  we  have 

aood  I  (5). 

4W(t  +  l)5,     ,., 
=    f**'     2i  +  l    '"'^^ 

Hence,  if  r  =  a,  we  have 

S  (outside)  -  E  (inside)  =  4tl^S^  =  4ir/). 

638.  The  potential  is  of  course  a  solid  harmonic  through 
space,  both  internal  and  external ;  and  is  of  positive  degree  in 
the  internal,  and  of  negative  in  the  external  space.  The  ex- 
pression for  the  radial  component  of  the  force,  in  each  division 
of  space,  is  reduced  to  the  same  form  by  multiplying  it  by  the 
distance  from  the  centra 

639.  The  harmonic  development  gives  an  expression  in 
converging  series,  for  the  potential  of  any  distribution  of  matter 
through  space,  which  is  useful  in  some  applications. 

Let  Xy  f/j  z  he  the  co-ordinates  of  P,  the  attracted  point,  and 
a/,  y',  s^  those  of  P'  any  point  of  the  given  mas&  Then,  if  p' 
be  the  density  of  the  matter  at  P',  and  V  the  potential  at  F,  we 
have 


F=  ([[  pdx'df/d2^ 


(6). 


The  most  convenient  view  we  can  take  as  to  the  space  through 
which  the  integration  is  to  be  extended  is  to  regard  it  as  infinite 
in  all  directions,  and  to  suppose  p'  to  be  a  discontinuous  function 
of  x\  i/y  fi^y  vanishing  through  all  space  imoccupied  by  matter. 


Now  by  App.  B.  (w)  we  have 
and  =l{l+le.(^]     „    r'<rj 


....(7). 
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Application 
ot  sphericfU 
haimonio 
uia)78i& 


Potential  of 
a  distant 
body. 


SubsUtuting  this  in  (6)  we  have 

+ f  f  (///)<?.^^^^ + ^.  uinQy'p'dx'dy'dz]  ...(8), 

where  (///)  denotes  integration  through  all  the  space  external  to 
the  spherical  surface  of  radius  r,  and  [///]  integi-ation  through 
the  interior  space. 

This  formula  is  useful  for  expressing  the  attraction  of  a  mass 
of  any  figure  on  a  dustant  point  in  a  single  converging  series. 
Thus  when  OP  is  greater  than  the  greatest  distance  of  any  part 
of  the  body  from  0,  the  first  series  disappears,  and  the  expression 

becomes  a  single  converging  series,  in  ascending  powers  of  -  : — 
r=  I  {fJfp'da^dyW+jljJJQ/'p'd^dt/d^] (9). 


If  we  use  the  notation  of  B.  (u)  (53),  this  becomes 
^=1  [iJJpdx'dy'dz'-^  %r'^JfJp'H,[{x,  y, «),  {x\  y',  z')]dx'di/'dz^ ..(10), 
and  we  have,  by  App.  B.  {v')  and  (to), 

XX  +  yy'  +  aw' 


where  cos  $  = 

From  this  we  find 


rr 


lI,^xx'-^yy'+zz';H^^^[{xx%yy*+zzy'i{af'^y'+^^^^ 

and  so  on. 

Let  now  M  denote  the  mass  of  the  body ;  and  let  0  be  taken 
at  its  centre  of  gravity.     We  shall  have 

JJfp'dx'di/dz'  =  if ;  and  jfjp'H^dxdy'dz'  =  0. 

Further,  let  OX,  OY,  OZ  be  taken  as  principal  axes  (^  281, 282), 

so  that  jjjp'y'z'd(x^dyW  =  0,  etc., 

and  let  A,  B,  0  be  the  moments  of  inertia  round  these  axes. 
This  will  give 

///•H^'(i«'di^d«'=J{(3x«-r«)///p'x^(fa:'i2^d/  +  etc4  =J{(3x«-r»)[i(^  , 


(18); 
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Hence  neglecidnff  terms  of  the  third  and  higher  orders  of  small  Potential  or 

-^  a  distant 

quantities  T powers  of  -),  we  have  the  following  approximate 
expression  for  the  potential : — 

As  one  example  of  the  usefulness  of  this  result,  we  may  mention 
the  investigation  of  the  disturbance  in  the  moon's  motion  pro- 
duced by  the  non-sphericity  of  the  earth,  and  of  the  reaction  of 
the  same  disturbing  force  on  the  earth,  causing  lunar  ntUcUion 
and  precession,  which  will  be  explained  later. 

Differentiating,  and  retaining  only  terms  of  the  first  and  second 
degrees  of  approximation,  we  have  for  the  components  of  the 
mutual  force  between  the  body  and  a  unit  particle  at  {x,  y,  z), 

Y=eic.,       Z=eto. 
whence 

Comparing  these  with  Chap.  ix.  below,  we  conclude  that 

640.  The  attraction  of  a  distant  particle,  P,  on  a  rigid  body  ^^*5;^5\^J,g 
if  transferred  (according  to  Poinsot's  method  explained  below, gj» ^"^»"' 
§555)  to  the  centre  of  inertia,  /,  of  the  latter,  gives  a  couple 
approximately  equal  and  opposite  to  that  which  constitutes  the 
resultant  eflfect  of  centrifugal  force,  if  the  body  rotates  with  a 
certain  angular  velocity  about  IP.  The  square  of  this  angular 
velocity  is  inversely  as  the  cube  of  the  distance  of  P,  irre- 
spectively of  its  direction;  being  numerically  equal  to  three 
times  the  reciprocal  of  the  cube  of  this  distance,  if  the  unit 
of  mass  is  such  as  to  exercise  the  proper  kinetic  unit  (§  225) 
force  on  another  equal  mass  at  unit  distance.  The  general 
tendency  of  the  gravitation  couple  is  to  bring  the  principal  axis 
of  least  moment  of  inertia  into  line  with  the  attracting  point. 
The  expressions  for  its  components  round  the  principal  axes 
will  be  used  in  Chap.  ix.  (§  825)  for  the  investigation  of  the 
phenomena  of  precession  and  nutation  produced,  in  virtue  of 
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Attraction   the  earth's  non-sphericity,  by  the  attractions  of  the  sun  and 

of  a  particle  .-i   i  i  .  ^  i     •  j         j 

onadiiitant  moon.  They  are  available  to  estimate  the  retai-dation  produced 
by  tidal  friction  against  the  earth's  rotation,  according  to  the 
principle  explained  above  (§  276). 

641.  It  appears  from  what  we  have  seen  that  the  amount 
of  the  gravitation  couple  is  inversely  as  the  cube  of  the  distance 
between  the  centre  of  inertia  and  the  external  attracting  point : 
and  therefore  that  the  shortest  distance  of  the  line  of  the  re- 

gtodpto  of  Bultant  force  from  the  centre  of  inertia  varies  inversely  as  the 
Picnowd in  ^^^^^^^^^  ^^  ^^^  attracting  point.  We  thus  see  how  to  a  first 
mwitheory  approximatxon  every  rigid  body  is  centrobaric  relatively  to  a 
Slnf«        distant  attracting  point 

of  gravity. 

642.  The  real  meaning  and  value  of  the  spherical  harmonic 
method  for  a  solid  mass  will  be  best  understood  by  considering 
the  following  application  : — 

Let  P  =  ^{r)S, (15) 

where  F(r)  denotes  any  function  of  r,  and  S^  a  surface  spherical 
harmonic  function  of  order  i,  with  coefficients  independent  of  r. 
Substituting  accordingly  fbr  p  in  (8),  and  attending  to  B.  (52) 
and  (16),  we  find 

r  =  ^^  |r*  J V*^»  J^(r')(//+r— * r  ^**'F{r')dr\  ...(16). 

Fbtentiaiof  643.  As  an  example,  let  it  be  required  to  find  the  potential 
with  har-    of  a  solid  Sphere  of  radius  a,  having  matter  distributed  through 

nonic dig-     .  ,.  ^^  ^  t  '     i*  >        -tt 

tribution  of  it  according  to  solid  harmomc  function  V,, 

density.  °  * 

That  is  to  say,  let 

p  =»  r  =  7*S ,  when  r<a, 

and  p'-O  „     rxi. 

Hence  in  the  preceding  formula  F  (r)  =  r*  from  r  =  0  to  r  =  a, 
and  F{r)  =  0,  when  r>ai  and  it  becomes 


(17). 


""*     °(2t+l){2i  +  3)  -p^  "        "  "*«"»»'• 

This  result  may  also  be  obtained  by  the  aid  of  the  algebraical 
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formula  B.  (12)  thus,  on  the  same  principle  as  the  potential  of  a  F&tontkaof 
uniform  spherical  shell  was  found  in  §  491  (cQ.  with  bw- 

monio  dis- 
We  have  by  §  491  (c)  danri^y!"  ^ 


V*r=-4irr„  whenr<a, 
and  =0  ..     r>a 


9y 


]} (18)- 


But  by  taking  m  =  2  in  B.  (12)  we  have 

y'(rT.)  =  3(2f+3)r., 
and  therefore  the  aolution  of  the  equation 

V\V — 4»r. 

^  »^=-^'2(S3)-^ <1^)' 

where  U  is  any  function  whatever  satisfying  the  equation 

through  the  whole  interior  of  the  sphere.   By  choosing  U  and  the 

external  values  of  F  so  as  to  make  the  values  of  V  equal  to  one 

another  for  points  iufinitely  near  one  another  outside  and  inside 

dV 
the  bounding  surface,  to  fulfil  the  same  condition  for  -j- »  and 

to  make  F  vanish  when  r  =  oo ,  and  when  r  =  0,  we  find 


a? 


2(2*+ 1)' 

and  obtain  the  expression  of  (17)  for  F  external.     For  in  the 

y 
first  place,  F  external  and  U  must  clearly  be  A  -j^ ,  and  B  F,, 

where  A  and  B  are  constants :  and  the  two  conditions  give  the 
equations  to  determine  them. 

544.  From  App.  B.  (52)  it  follows  immediately  that  any  potential  or 
function  of  a?,  y,  z  whatever  may  be  expressed,  through  the  har^S"* 
whole  of  space,  in  a  series  of  surface  harmonic  functions,  each 
having  its  coeflScients  functions  of  the  distance  (r)  from  the 
origin.  Hence  (16),  with  /S,  placed  under  the  sign  of  integra- 
tion for  r',  gives  the  harmonic  development  of  the  potential 
of  any  mass  whatever ;  being  the  result  of  the  triple  integra- 
tions indicated  in  (8)  of  §  539,  when  the  mass  is  specified  by 
means  of  a  harmonic  series  expressing  the  density. 


series. 
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ufSirare^o?  ^^'  '^^  most  important  application  of  the  harmonic  de- 
the  earth,  velopment  for  solid  spheres  hitherto  made  is  for  investigating, 
in  the  Theory  of  the  Figure  of  the  Earth,  the  attraction  of  a 
finite  mass  consisting  of  approximately  spherical  layers  of 
matter  equally  dense  through  each,  but  varying  in  density 
from  layer  to  layer.  The  result  of  the  general  analytical 
method  explained  above,  when  worked  out  in  detail  for  this 
case,  is  to  exhibit  the  potential  as  the  sum  of  two  parts,  of 
which  the  first  and  chief  is  the  potential  due  to  a  solid  sphere, 
Ay  and  the  second  to  a  spherical  shell,  B.  The  sphere,  -4,  is 
obtained  by  reducing  the  given  spheroid  to  a  spherical  figure 
by  cutting  away  all  the  matter  lying  outside  the  proper  mean 
spherical  surface,  and  filling  the  space  vacant  inside  it  where 
the  original  spheroid  lies  within  it,  without  altering  the  density 
anywhere.  The  shell,  £,  is  a  spherical  surface  loaded  with 
equal  quantities  of  positive  and  negative  matter,  so  as  to  com- 
pensate for  the  transference  of  matter  by  which  the  given 
spheroid  was  changed  into  A.  The  analytical  expression  of 
all  this  may  be  written  down  immediately  from  the  preceding 
formulae  (§§  536,  537) ;  but  we  reserve  it  until,  under  hydro- 
statics and  hydrokinetics,  we  shall  be  occupied  with  the  theory 
of  the  Figure  of  the  Earth,  and  of  the  vibrations  of  liquid 
globes. 

CMeofthe  646.  The  analytical  method  of  spherical  harmonics  is  very 
•ymmetri-  Valuable  for  several  practical  problems  of  electricity,  magnetism, 
an  axis.  and  electro-magnetism,  in  which  distributions  of  force  sym- 
metrical round  an  axis  occur :  especially  in  this ;  that  if  the 
force  (or  potential)  at  every  point  through  some  finite  length 
along  the  axes  be  given,  it  enables  us  immediately  to  deduce 
converging  series  for  calculating  the  force  for  points  through 
some  finite  space  not  in  the  axes.     (See  §  498.) 

0  being  any  conveniently  chosen  point  of  reference,  in  the 
axis  of  symmetry,  let  us  have,  in  series  converging  for  a  portion 
AB  of  the  axis, 

tr=a,  +  -^  +  a,r+^  +  a,r"+^  +  eta (a), 

where  U  is  the  potential  at  a  point,  Q,  iu  the  axis,  specified  by 
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OQ  =  r,    Then  if  F  be  the  potential  at  any  point  P,  specified  hj  OueofMw 
OP=r  and  QOF  =  &,  and,  as  in  App.  B.  (47),  Q.,  $«i...  denote  qymmetri- 
the  axial  surface  harmonics  of  $,  of  the  successive  integral  orders,  an  azia. 
we  must  have,  for  all  values  of  r  for  which  the  series  converges, 

F=a,  +  ^»  +  («.r+^)«.  +  (a.r»  +  ^)e.  +  etc. (b), 

provided  P  can  be  reached  from  Q  and  all  points  ot  AB  within 
some  finite  distance  from  it  however  small,  without  passing 
through  any  of  the  matter  to  which  the  force  in  question  is  due, 
or  any  space  for  which  the  series  does  not  converge.  For 
throughout  this  space  (§  498)  V—V  must  vanish,  if  F'  be  the 
value  of  the  sum  of  the  series;  since  V-V  is  [App.  B.  (g)] 
a  potential  function,  and  it  vanishes  for  a  finite  portion  of  the 
axis  containing  Q, 

The  series  (b)  is  of  course  convergent  for  all  values  of  r  which 
make  (a)  convergent,  since  the  ultimate  ratio  Qt^i-^Qi  for  in- 
finitely great  values  of  i,  is  unity,  as  we  see  from  any  of  the 
expressions  for  these  functions  in  App.  B. 

In  general,  that  is  to  say  unless  0  be  a  singular  pointy  the 
series  for  U  consists,  according  to  Maclaurin's  theorem,  of  ascend- 
ing integral  powers  of  r  only,  provided  r  does  not  exceed  a  certain 
limit.  In  certain  classes  of  cases  there  are  singular  points,  such 
that  if  0  be  taken  at  one  of  them,  U  will  be  expressed  in  a  series 
of  powers  of  r  with  fi-actional  indices,  convergent  and  real  for 
all  finite  positive  values  of  r  not  exceeding  a  certain  limit.  The 
expression  for  the  potential  in  the  neighbourhood  of  0  in  any 
such  case,  in  terms  of  solid  spherical  harmonics  relatively  to  0 
as  centre,  will  contain  harmonics  [App.  B.  (a)]  of  fractional 
degrees. 

Examples — (I.)    The  potential  of  a  circular  ring  of  radius  a.  Examples, 
and  linear  density  p,  at  a  point  in  the  axis,  distant  by  r  from  the  tiaiofciraii- 
centre: —  ^^* 

tr=-^^^ (1). 

/  r*     1  3  r*  \ 

Hence     U  =  2wpll  -  Ji  +  H-j-i- etc.j  when  r<a  ....(2), 

and  t7= ^(  1  -  i  -5  +;r~r"4~  ®*^- )  when  r>a  ...(3),      ■ymmetn- 

T      \  r       Z.±  r  J  calabouk 


auaxu. 
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Potential 
symmetri* 
cal about 
anazlA. 


(II.)  of  cir- 
cular  diac. 


from  which  we  have 

F=2irp(l.J^©.  +  |;|J(?,-eta)wheiir<a..(4), 

and       F  =  2irp0^J^e,  +  ^p6,-etaj  when  r>a..(5). 

(IL)  Multiplying  (1)  by  da,  and  integrating  with  reference 
to  a  from  a  =  0  as  lower  limit,  and  now  calling  U  the  potential 
of  a  circular  disc  of  uniform  surface  density  p,  and  radius  a,  at 
a  point  in  its  axis,  we  find 

[7=27rp{(a-  +  r')*-r}, 
r  being  positive. 

Hence,  expanding  first  in  ascending,  and  secondly  in  descend- 
ing powers  of  r,  for  the  cases  of  r  <  a  and  r  >  a,  we  find 

J      TT     o      fi^'     1.1a*/,      1.1.3a'  .    )      , 

and      F=  2irpJJ  - -^^ (?,+^-j-^^ (?,-etc. I  when  r>a. 

It  must  be  remarked  that  the  first  of  these  expressions  is  only 
continuous  from  ^  =  0  to  6  =  ^rty  and  that  from  O  =  ^vto  0  =  ir 
the  first  term  of  it  must  be  made 

+  ^irprQ^,  instead  of  -  2wf>rQ^, 

(III.)  Again,  taking  -j-  of  the  expression  for  U  in  (II.),  and 

now  calling  U  the  potential  of  a  disc  of  infinitely  small  thickness 

e  with  positive  and  negative  matter  of  surface  density  -  on  its 

c 


two  sides,  we  have 


'^l       (a'  +  r')*) 


Potential  in 
the  neigh- 
bourhood of 
a  circular 
galvano- 
meter coiL 


(a'  +  r^y 

[obtainable  also  from  §  477  (e),  by  integrating  with  reference  to 
X,  putting  r  for  x,  and  p  for  pc].     Hence  for  this  case 

7*»^       1.3r» 

and     r=  2irp  U^Qi- g ^  ^* ^» "*" ®^)  ^^®^  ^^^ 

The  first  of  these  expressions  also  is  discontinuous ;  and  when  6 


r=27rp(l--'^Q^  +  ^-,Q^^:^^,Q,+  etc!^whmr<a, 
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ia>^w  and  <  ir,  its  first  term  must  be  taken  as  -  2vp  instead 
of  2irp. 

647.  If  two  systems,  or  distributions  of  matter,  Jf  and  Jf',  Exhaustion 
given  in  spaces  each  finite,  but  infinitely  far  asunder,  be  allowed  en^." 
to  approach  one  another,  a  certain  amount  of  work  is  obtained 
by  mutual  gravitation:  and  their  mutual  potential  energy 
loses,  or  as  we  may  say  suffers  exhaustion,  to  this  amount: 
which  amount  will  (§  486)  be  the  same  by  whatever  paths  the 
changes  of  position  are  eflFected,  provided  the  relative  initial 
positions  and  the  relative  final  positions  of  all  the  particles  are 
given.  Hence  if  w^,  m,,...  be  particles  of  M;  m\,  m'^,... 
particles  of  M';  v\,  v',,...  the  potentials  due  to  Jf '  at  the 
points  occupied  by  wij,  m^,...;  v^,  t;,,...  those  due  to  M  at 
the  points  occupied  by  m\,  m',,...;  and  E  the  exhaustion  of 
mutual  potential  energy  between  the  two  systems  in  any  actual 
configurations ;  we  have 

This  may  be  otherwise  written,  if  p  denote  a  discontinuous 
function,  expressing  the  density  at  any  point,  {x,  y,  z)  of  the 
mass  My  and  vanishing  at  all  points  not  occupied  by  matter  of 
this  distribution,  and  if  p'  be  taken  to  specify  similarly  the  other 
mass  M'.    Thus  we  have 

E  =  Jfjpv'dxdydz  =  jj^pvdxdydK, 

the  int^rals  being  extended  through  all  space.     The  equality  of 
the  second  and  third  members  here  is  verified  by  remarking  that 

lpdpcd;yd;)i 


-III'- 


if  D  denote  the  distance  between  (a;,  y,  z)  and  (^aj,  ^,  ^),  the 
latter  being  any  point  of  space,  and  ,p  the  value  of  p  at  it.  A 
corresponding  expression  of  course  gives  t/:  and  thus  wo  find  one 
sextuple  integral  to  express  identically  the  second  and  third 
members,  or  the  value  of  E,  as  follows: — 


^=  {{{{{{fif'^^^^'^^^y^^ 


648.    It  is  remarkable  that  it  was  on  the  consideration  of  Green's 
an  analytical  formula  which,  when  properly  interpreted  with  ™* 
reference  to  two  masses,  has  precisely  the  same  signification  as 
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mlShod       *^®  preceding  expressions  for  E^  that  Green  founded  hia  whole 
structure  of  general  theorems  regarding  attraction. 

In  App.  A.  (a)  let  a  be  constant,  and  let  U^  TJ'  be  the 
potentials  at  (sc,  y^  z)  of  two  finite  masses,  M,  M\  finitely  distant 
ftoxa  one  another :  so  that  if  p  and  p'  denote  the  densities  of  M 
and  M'  respectively  at  the  point  (as,  y,  z),  we  have  [§  491  (c)] 

V^  =  -4irp,     VC^'  =  -4V. 

It  must  be  remembered  that  p  vanishes  at  every  point  not  form- 
ing part  of  the  mass  M :  and  so  for  p  and  M'.  In  the  present 
merely  abstract  investigation  the  two  masses  may,  in  part  or  in 
whole,  jointly  occupy  the  same  space:  or  they  may  be  merely 
imagined  subdivisions  of  the  density  of  one  real  mass.  Then, 
supposing  aS'  to  be  in6nitely  distant  in  all  directions,  and  observ- 
ing that  UdU'  and  V'dU  are  small  quantities  of  the  order  of  the 
inverse  cube  of  the  distance  of  any  point  of  S  from  M  and  M'^ 
whereas  the  whole  area  of  S  over  which  the  surface  integrals  of 
App.  A  (a)  (1)  are  taken  as  infinitely  great,  only  of  the  order  of 
the  square  of  the  same  distance,  we  have 

JJdSU'dV  =  0,  and  ffdSUdU'  =  0. 
Hence  (a)  (1)  becomes 

S  dF  +  ^  -diT  "*"  5F  '^Jd'dydz^iwff/pXrd^ydz^^/ffp'Udxdydz  ; 

showing  that  the  first  member  divided  by  4ir  is  equal  to  the 
exhaustion  of  potential  energy  accompanying  the  approach  of 
the  two  masses  from  an  infinite  mutual  distance  to  the  relative 
position  which  they  actually  occupy. 

Without  supposing  S  infinite,  we  see  that  the  second  member 
of  (a)  (1),  divided  by  4ir,  is  the  direct  expression  for  the  ex- 
haustion of  mutual  energy  between  M'  and  a  distribution  con- 
sisting of  the  |>art  of  M  within  S  and  a  distribution  over  S,  of 

density  j-dU';  and  the  third  member  the  corresponding  ex- 
pression for  if  and  derivations  from  M\ 

SxhMisUon      649.    If,  instead  of  two  distributions,  M  and  M'j  two  par- 
niieny.       ticlos,   m.,  HI,  alone  be   given;    the   exhaustion    of   mutual 

in  allowing 
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potential  energy  in  allowing  them  to  come  together  from  in-  «mden». 
finity,  to  any  distance  D  (1,  2)  asunder,  is  ^^^uot* 


/>(1,2)- 


If  now  a  third  particle  m,  be  allowed  to  come  into  their  neigh- 
bourhood, there  is  a  further  exhaustion  of  potential  energy 
amounting  to 

ijciTs)  ^  :D(2r3)  • 

By  considering  any  number  of  particles  coming  thus  necessarily 
into  position  in  a  group,  we  find  for  the  whole  exhaustion  of 
potential  energy 

where  m,  m'  denote  the  masses  of  any  two  of  the  particles,  D  Bxhau^ion 
the  distance  between  them,  and  SS  the  sum  of  the  expressions  energy, 
for  all  the  pairs,  each  pair  taken  only  once.     If  v  denote  the 
potential  at  the  point  occupied  by  m,  of  all  the  other  masses, 
the  expression  becomes  a  simple  sum,  with  as  many  terms  as 
there  are  masses,  which  we  may  write  thus — 

the  fiEu^tor  |  being  necessary,  because  Xmv  takes  each  such  term 
as  -..'  *  twice  over.  If  the  particles  form  an  ultimately  con- 
tinuous mass,  with  density  p  at  any  point  (a?,  y,  z),  we  have  only 
to  write  the  sum  as  an  integral ;  and  thus  we  have 

E^^jjjpvdxdydz 

as  the  exhaustion  of  potential  energy  of  gravitation  accpmpany- 
ing  the  condensation  of  a  quantity  of  matter  from  a  state  of 
infinite  diffusion  (that  is  to  say,  a  state  in  which  the  density 
is  everywhere  infinitely  small)  to  its  actual  condition  in  any 
finite  body. 

An  important  analytical  transformation  of  this  expression  is 
suggested  by  the  preceding  interpretation  of  App.  A.  (a);  by 
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ExhAustion 
of  potential 
energy. 


a«ttRS*8 

method. 


which  we  find* 


E 


d^     d^ 


or 


-rJ//(; 

^  =  ^  jjjE'dxdydz, 


-^dxdydz, 


if  E  denote  the  resultant  force  at  (a,  y,  «),  the  integration  being 
extended  through  all  space. 

Detailed  interpretations  in  connexion  with  the  theory  of  energy, 
of  the  remainder  of  App.  A.,  with  a  constant,  and  of  its  more 
general  propositions  and  formulse  not  involving  this  restriction, 
especially  of  the  minimum  problems  with  which  it  deals,  are  of 
importance  with  reference  to  the  dynamics  of  incompressible 
fluids,  and  to  the  physical  theory  of  the  propagation  of  electric 
and  magnetic  force  through  space  occupied  by  homogeneous  or 
heterogeneous  matter ;  and  we  intend  to  return  to  it  when  we 
shall  be  specially  occupied  with  these  subjects. 

650.  The  beautiful  and  instructive  manner  in  which  Gauss 
independently  proved  Green  s  theorems  is  more  immediately 
and  easily  intei^pretable  in  terms  of  energy,  according  to  the 
commonly-accepted  idea  of  forces  acting  simply  between  par- 
ticles at  a  distance  without  any  assistance  or  influence  of  inter- 
posed matter.  Thus,  to  prove  that  a  given  quantity,  Q,  of 
matter  is  distributable  in  one  and  only  one  way  over  a  given 
single  finite  surface  8  (whether  a  closed  or  an  open  skell),  so  as 
to  produce  equal  potential  over  the  whole  of  this  surface,  he 
shows  (1)  that  the  integral 

has  a  minimum  value,  subject  to  the  condition 

where  p  is  a  function  of  the  position  of  a  point,  P,  on  8,  p  its 
value  at  P\  and  do-  and  d<r'  elements  of  8  at  these  points :  and 
(2)  that  this  minimum  is  produced  by  only  one  determinate 
distribution  of  values  of  p.  By  what  we  have  just  seen  (§  549) 
the  first  of  these  integrals  is  double  the  potential  energy  of  a 

*  Niohors  Eneyclopadia,  2d  Ed.  1860.    Mugnetism,  Dynamical  Belations  of. 
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distribution  over  8  of  an  infinite  number  of  infinitely  small  ^^^^ 
mutually  repelling  particles :  and  hence  this  minimum  problem 
is  (§  292)  merely  an  analytical  statement  of  the  problem  to 
find  how  these  particles  must  be  distributed  to  be  in  stable 
equilibrium. 

Similarly,  Gauss's  second  minimum  problem,  of  which  the  Bquiu- 
preceding  is  a  particular  case,  and  which  is,  to  find  /:>  so  as  to  repeiiinK 

make  encloaed 

//  (i  V  —  n)  p  do-  imoiltS' 

.    .  -1*1.  surface. 

a  mimmum,  subject  to 

Jfpd<T=  Q, 

where  ft  is  any  given  arbitrary  function  of  the  position  of  P, 

and 

/da 


'=1\-PW' 


is  merely  an  analytical  statement  of  the  question : — how  must 
a  given  quantity  of  repelling  particles  confined  to  a  surface  S 
be  distributed  so  as  to  make  the  whole  potential  energy  due  to 
their  mutual  forces,  and  to  the  forces  exerted  on  them  by  a 
given  fixed  attracting  or  repelling  body  (of  which  ft  is  the 
potential  at  P),  be  a  minimum  ?  In  other  words  (§  292),  to  find 
how  the  movable  particles  will  place  themselves,  under  the 
influence  of  the  acting  forces. 


VOL.  11. 


CHAPTER  VII. 


STATICS   OF  SOLIDS  AND   FLUIDS. 


Rigid  body.  661.  We  Commence  with  the  case  of  a  rigid  body  or  system, 
that  is,  an  ideal  substance  continuously  occupying  a  given  solid 
figure,  admitting  no  change  of  shape,  but  free  to  move  transla- 
tionally  and  rotationally.  It  is  sometimes  convenient  to  regard 
a  rigid  body  as  a  group  of  material  particles  maintained  by 
mutual  forces  in  definite  positions  relatively  to  each  other,  but 
free  to  move  relatively  to  other  bodies.  The  condition  of  perfect 
rigidity  is  approximately  fulfilled  in  natural  solid  bodies,  so  long 
as  the  applied  forces  are  not  suflSciently  powerful  to  break  them 
or  to  distort  them,  or  to  condense  or  rarefy  them  to  a  sensible 
extent.  To  find  the  conditions  of  equilibrium  of  a  rigid  body 
under  the  influence  of  any  number  of  forces,  we  follow  the 
example  of  Lagrange  in  using  the  principle  of  work  (§  289) 
and  take  advantage  of  our  kinematic  preliminary  (§  197). 

E<^uiii-  662.     First  supposing  the  body  to  be  perfectly  free  to  take 

free  rigid     any  motion  possible  to  a  rigid  body: — Give  it  an  infinitesimal 

translation  in  any  direction,  and  an  infinitesimal  rotation  round 

any  line, 

I.  In  respect  to  the  translational  displacement,  the  work 
done  by  the  applied  forces  is  equal  to  the  product  of  the 
amount  of  the  displacement  (being  the  same  for  all  the  points 
of  application)  into  the  algebraic  sum  of  the  components  of 
the  forces  in  its  direction.  Hence  for  equilibrium  (§  289)  the 
sum  of  these  components  must  be  zero. 
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11.    In  respect  to  rotational  displacement  the  work  done  Equiii- 
by  the  forces  is  (§  240)  equal  to  the  product  of  the  infinitesimal  free  rigid 
angle  of  rotation  into  the  sum  of  the  moments  (§  231)  of  the 
forces  round  the  axis  of  rotation.   Hence  for  equilibrium  (§  289) 
the  sum  of  these  moments  must  be  zero. 

Since  (§  197)  every  possible  motion  of  a  rigid  body  may  be 
compounded  of  infinitesimal  translations  in  any  directions,  and 
rotations  round  any  lines,  it  follows  that  the  conditions  necessary 
and  sufficient  for  equilibrium  are  that  the  sum  pf  the  com- 
ponents of  the  forces  in  any  direction  whatever  must  be  zero, 
and  the  sum  of  the  moments  of  the  forces  round  any  axis 
whatever  must  be  zero. 

Let  Xp  T^f  Z^  be  the  components  of  one  of  the  forces,  and 
«,,  y,,  «,  the  co-ordinates  of  its  point  of  application  relatively 
to  three  rectangular  axes.  Taking  successively  these  axes  for 
directions  of  the  infinitesimal  translations,  and  axes  of  the 
in6nitesimal  rotations,  we  find,  as  necessary  for  equilibrium,  the 
following  equations : — 

2(X.)  =  0.    S(F,)  =  0,    S(^,)  =  0 (1), 

S(^.y.-r.«,)  =  0,  5(Jr,«.-^.aH)=0,  S(7.a:,-X.yO  =  0...(2). 

Of  the  latter  three  equations  the  first  members  are  respectively 
the  sums  of  the  moments  round  the  three  axes  of  co-ordinates,  of 
the  given  forces  or  of  the  components  Xj,  Fj,  Z^^  (fea,  which  "we 
take  for  them. 

553.  It  is  interesting  and  important  to  remark  that  the  Important 
evanescence  of  the  sum  of .  components  in  any  direction  what- 
ever is  secured  if  it  is  ascertained  that  the  sums  of  the  com- 
ponents in  the  directions  of  any  three  lines  not  in  one  plane 
are  each  nil ;  and  that  the  evanescence  of  the  sum  of  moments 
round  any  axis  whatever  is  secured  if  it  is  ascertained  that  the 
sums  of  the  moments  round  any  three  axes  not  in  one  plane  are 
each  nil. 

Let  (^  m,  n),  (Vy  w',  »'),  {V\  m",  n")  be  the  direction  cosines  proved. 
of  three  lines  not  in  one  plane,  a  condition  equivalent  to  non- 
evanescence  of  the  determinant  I  wi'w"— &c.     Let  F^  F\  F"  be 
the  sums  of  components  of  forces  along  these  lines.   We  have 
F  =1  S(X,)  +  w  S(r,)  +  w  S(^,)] 
^'=r5(X,)  +  m'S(F0+w'S(-^,)[ (3). 

7—2 
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Eqnili-  If  each  of  these  is  zero,  each  of  the  components  SX,  SF,  'XZ 

free  rigid  must  be  zero,  as  the  determinant  is  not  zero.     The  correspond- 

^'  ing  proposition  is  similarly  proved  for  the   moments,  because 

(§  233)  moments  of  forces  round  diOferent  axes  follow  the  same 
laws  of  composition  and  resolution  as  forces  in  different  direc- 
tions. 

» 

bnumof  ^^     ^^^  equilibrium  when  the  body  is  subjected  to  one, 

«>nynjjj«d  two,  three,  four,  or  five  degrees  of  constraint,  equations  to  be 
fulfilled  by  the  applied  forces,  to  ensure  equilibrium,  correspond- 
ingly reduced  in  number  to  five,  four,  three,  two  or  one,  are 
found  with  the  greatest  ease  by  giving  direct  analytical  expres- 
sion to  (§  289),  the  principle  of  work  in  equilibrium. 

Let  db,  p,  Zy  tD-,  p,  o-  be  components  of  the  translational  velocity 
of  a  point  0  of  the  body,  and  of  the  angular  velocity  of  the 
body;  and  (§  201)  let 

Adb-i'B^  +  Cz  +  Gm  +  Ep  +  Iar^O'i 

il';^  +  J5'y  +  (7'i  +  (?'tcr  +  jEr'p  +  /'<r  =  ol  (4)^ 

&c.,  &c.,  j 

be  one,  two,  three,  four,  or  ^ye  equations,  representing  the  con- 
straints.   The  work  done  by  the  applied  forces  per  unit  of  time  is 


ct^{X,)^yi(7,)  +  z%(Z,) 


{Z,y,-Y,z,)-^pi{X,z,-.Z,x,)^<r%{Y,x,^X,y,)r^^^^ 
or  Xx+  Yy  +  Zz  +  Lzff  +  Mp  +  Na- (5'), 

where  X,  F,  Z,  L,  if,  iV  denote  the  sums  that  appear  in  (5), 
that  is  to  say,  the  sums  of  the  components  of  the  given  forces 
parallel  to  the  axes  of  co-ordinates,  and  the  sum  of  their  mo- 
ments round  these  lines. 

This  amount  of  work,  (5),  must  be  zero  for  all  values  of 
jfr,  y,  Zf  m,  p,  a  which  satisfy  equation  or  equations  (4).  Hence, 
by  Lagrange's  method  of  indeterminate  multipliers,  we  find 

S(X0  +  Xi4  +  X'^'+...  =01 

2(rj  +  X5  +  X'j5'  +  ...  =0 

S(-^,)+X(7  +  X'(7'+...  =0 

l,{Z,y, -  Y,z,)  +  X(? 4-  yO'  +  ...  -  0 
2(X,2,  - Z,x,)-hXE+  wn'+ ...  =  0 

2(F,a;,-X,yO+  ^  +  ^'^'  +  ...  =  0  J 


(6); 


-•  •    *  "    ! 

•     ^    »    *• 
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and  the  elimination  of  X,  X',...  from  these  six  equations  gives  Equiii- 
the  correspondingly  reduced  number  of  equations  of  equilibrium  oonXainod 
among  the  applied  forces.  "*^  ^^' 

To  illustrate  the  use  of  these  equations  suppose,  for  example,  Example. 
the  number  of  constraints  to  be  two,  and  all  except  four  of  streints^r— 
the  applied  forces  be  given :  the  six  equations  (5)  determine  equa5on«  of 
these  four  forces,  and  allow  us  if  we  desire  it  to  calculate  the  foimd;"**" 
two  indeterminate  multipliers  X,  X',     The  use  of  finding  the 
values  of  these  multipliers  is  that 

\A,  \5,  \C,  \0,  Xfl;  \I 

are  the  components  and  the  moments  of  the  reactions  of  the  and  the  two 
first  constraining  body  or  system  on  the  given  body,  and  termining 

\'A\  X'^,  \'G\  XG\  v^,  \r  rtmte" 

forces  called 

are  those  of  the  second.  "*   action. 

666.     When  it  is  desired  only  to  find  the  equations  of  equili-  Equations 
brium,  not  the  constrainincr  reactions,  the  easiest  and  most  direct  iibr?um 
way  to  the  object  is,  to  first  express  any  possible  motion  of  the  expregsion 
body  in  terms  of  the   five,  four,  three,  two  or  one  freedoms  straining 
(§§  197i  200)  left  to  it  by  the  one,  two,  three,  four  or  five  con- 
straints to  which  it  is  subjected.     The  description  in  §  102  of 
the  most  general  motion  of  a  rigid  body  shows  that  the  most 
general  result  of  five  constraints,  or  the  most  general  way  of 
allowing  just  one  freedom,  to  a  rigid  body,  is  to  give  it  guidance 
equivalent  to  that  of  a  nut  on  a  fixed  screw  shaft.     If  we  unfix 
this  shaft  and  give  it  similar  guidance  to  allow  it  one  freedom, 
the  primary  rigid  body  has  two  freedoms  of  the  most  general 
kind.     Its   double   freedom   may   be   resolved   in   an   infinite 
number  of  ways  (besides  the  one  way  in  which  it  is  thus  com-  . 
pounded)  into   two   single   freedoms.     Triple,  quadruple,  and 
quintuple  freedom  may  be  similarly  arranged  mechanically. 

666.  The  conditions  of  equilibrium  of  a  rigid  body  with 
single,  double,  triple,  quadruple  or  quintuple  freedom,  when 
each  of  the  constituent  freedoms  is  given  in  the  manner  speci- 
fied in  §  553,  are  found  by  writing  down  the  equation  or  equa- 
tions expressing  that  the  applied  forces  do  no  work  when  the 
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body  moves  simply  according  to  any  one  alone  of  the  given 
freedoms.  We  shall  take  first  the  case  of  a  single  freedom  of 
the  most  general  kind. 

Equiii-  Let  s*  be  the  axial  motion  per  radian  of  rotation ;  so  that 

foroesap-    0  =  80)  expresscs  the  relation  between  axial  translational  velo- 

plied  tOE*.  *  i-.i  ^^  ^  •  T      ,      rrTT-  "L 

nut  on  a  city,  and  angular  velocity  m  the  possible  motion.  Let  izA  be 
fixed  screw,  the  axis  of  the  screw,  and  N^  the  nearest  point  to  it  in  L^  M^, 
the  line  of  P^,  a  first  of  the  applied  forces.  Let  i,  be  the  incli- 
nation of  L^  M^  to  HK^  and  a^  the  distance  of  N^  from  HK. 
At  any  point  in  L^M^,  most  conveniently  at  the  point  JV,, 
resolve  P^  into  two  components,  P,  cosij,  parallel  to  the  axis  of 
freedom,  and  Pj  sin  \  perpendicular  to  it.  The  foriher  compo- 
nent does  work  only  on  the  axial  component  of  the  motion,  the 
latter  on  the  rotational;  and  the  rate  of  work  done  by  the 
two  together  is 

Work  done  ^0>  P,  COS  i,  +  06)  P,  sin  i\. 

byagingle  .     ^ 

force  on  a    Henco,  if  2  deuotcs  summation  for  all  the  given  forces,  the 

nut,tummg  '  ...  . 

scpew*^    equation  of  equilibrium  to  prevent  them  from  taking  advantage 
of  the  first  freedom  is 

Equation  of  8%P^  COS  i^  +  ^<^iPi  sin  i^  =  0 (7) ; 

equili- 

fo"cOTap-  or,  in  words,  the  step  of  the  screw  multiplied  into  the  sum  of  the 
iiuton^a*  axial  components  must  be  equal  to  the  sum  of  the  moments  of 
screw.        the  force  round  the  axis  of  the  screw. 

The  direction  taken  as  positive  for  the  moments  in  the 
preceding  statement  is  the  direction  opposite  to  ,the  rotation 
which  the  nut  would  have  if  it  had  axial  motion  in  the  direc- 
tion taken  as  positive  for  those  axial  components.- . 

657.  The  equations  of  equilibrium  when  there  are  two  or  more 
freedoms,  are  merely  (7)  repeated  with  accents  to  denote  the 
elements  corresponding  to  the  several  guide-screws  other  than 
the  first.  Thus  if  s,  s,  s\  &c.,  denote  the  screw-steps ;  a^,  a/, 
a/',  &c.,  the  shortest  distances  between  the  axes  of  the  screws 
and  the  line  of  P^;  i^,  ?y,  i/',  &c.,  the  inclinations  of  this  line  to 
the  axes ;  and  a,,  a,',  &c.,  and  f,,  i^',  &c.,  corresponding  elements 

*  The  quantity  s  thus  defined  we  shall,  for  brevity,  henceforth  call  the 
screw-step. 
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for  the  line  of  the  second  force,  and  so  on ;  we  have,  for  the 
equations  of  equilibrium, 

«2PjC03tj  +2a,PjSint\     =0 
8'tP^  cos  %;  +  la;P^  sin  i/  =  0 
8"XP,  cos  i/'  +  Xa;'P,  sin  i/'  =  0 
&c.,        &c., 

The  equations  of  constraint  being,  as  in  §  553,  (4), 


(8). 


Ax  +By  +Cz  +6sr  +Hp  +  I<r  =0 
A'x .+  By  ■^Ci  +  G'w  +  H'p  +  7V  =  0 


(9). 


The  same 

analytically 

and  in 

termgof 

rectan|nilar 

oo-ordi- 

nateii. 


suppose,  for  example,  these  equations  to  be  four  in  number. 
Take  two  more  equations 

CUV  -Vhy  -{-cz  +grisr  -f  Ap  +tV  =  o)  )  ,-^v 

ax  +  h'y  +  c'z  ^-g'vr  +  Kp  +  %a  =  w'  J ^ 

where  a,  J, ...  and  a',  &',.••  are  any  arbitrarily  assumed  quanti- 
ties :  and  from  the  six  equations  (9)  and  (10)  deduce  the  fol- 
lowing : 


tar  =  (5u>  +  <!B V,    p  =  W<«)  +  |^V,    <r=I<i) 


+  ®  V,  I 
+  XV,  J 


(11); 


where  9,  W,...  and  8L',  IS',...  are  known,  being  the  determi- Two gene- 
nantal  ratios  found  in  solving  (9)  and  (10).     Thus'  the  six  rect-  ponent 
angular  component  velocities  are   expressed   in   terms  of  two  oorrespond- 
generalized  component  velocities  <o,  o>',  which,  in  virtue  of  the  freedoms, 
four  equations  of  constraint  (9),  suffice  for  the  complete  specifi- 
cation of  whatever  motion   the  constraints  leave  permissible. 
In  terms  of  this  notation  we  have,  for  the  rate  of  working  of 
the  applied  forces, 


Xx+Ty^Zz-^L'Oj^  Mp^Ntr 

=(ax+»r+®ir+ffiz+?9Jf4-iir)o) 
4  (a'x+i3'r+®'z+ffl'z+?e'jf+i'ir)a)'j 


(12). 


This  must  be  nil  for  every  permitted  motion  in  order  that  the 
forces  may  balance.     Hence  the  equations  of  equilibrium  are 

and  ai'.r+»'y+c'ir+ffl'/.  +  s?'ii/+rir=oj ^   ^' 
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Two  Rpne-  Similarly  with  one,  or  two,  or  three,  or  five  (instead  of  our  ex- 

raliMKiooin-  ,    ,  , 

iionent  ample  of  four)  constraining  equations  (9),  we  find  ^ve,  or  four, 

oorivspond-  or  three,  or  one  equation  of  equilibrium  (13).     These  equations 

frevdoms.  express  obviously  the  same  conditions  as  those  expressed  by  (8); 

the  firat  of  (13)  is  identical  with  the  first  of  (8),  the  second  of 
(13)  with  the  second  of  (8),  and  so  on,  provided  co,  cd',...  cor- 
respond to  the  same  components  of  freedom  as  the  several  screws 
of  (8)  respectively.  The  equations  though  identical  in  substance 
are  very  different  in  form.  The  purely  analytical  transformation 
from  either  form  to  the  other  is  a  simple  enough  piece  of  ana- 
lytical geometry  which  may  be  worked  as  an  exercise  by  the 
student,  to  be  done  separately  for  the  first  of  (8)  and  the  first 
of  (13),  just  as  if  there  were  but  one  freedom. 

Bquiiibrant      668.     Any  system  of  forces  which  if  applied  to  a  rigid  body 
wit.  would  balance  a  given  system  of  forces  acting  on  it,  is  called  aa 

equilibrant  of  the  given  system.  The  system  of  forces  equal 
and  opposite  to  the  equilibrant  may  be  called  a  resultant  of  the 
given  system.  It  is  only,  however,  when  the  resultant  system 
is  less  numerous,  or  in  some  respect  simpler,  than  the  given 
system  that  the  term  resultant  is  convenient  or  suitable.  It  is 
used  with  great  advantage  with  respect  to  the  resultant  force 
and  couple  (§  559  g,  below)  to  which  Poinsot's  method  leads,  or 
to  the  two  resultant  forces  which  mathematicians  before  Poinsot 
had  shown  to  be  the  simplest  system  to  which  any  system  of 
forces  acting  on  a  rigid  body  can  in  general  be  reduced.  It  is 
only  when  the  system  is  reducible  to  a  single  force  that  the 
term  "  resultant  *'  pure  and  simple  is  usually  applied. 

669.  As  a  most  useful  commentary  on  and  illustration  of 
the  general  theory  of  the  equilibrium  of  a  rigid  body,  which  we 
have  completed  in  §§  552 — 557,  and  particularly  for  the  pur- 
pose of  finding  practically  convenient  resultants  in  a  very 
simple  and  clear  manner,  we  may  now  with  advantage  intro- 
duce the  beautiful  method  of  Couples,  invented  by  Poinsot. 

Couples.  In  §  234  we  have  already  defined  a  couple,  and  shown  that 

the  sum  of  the  moments  of  its  forces  is  the  same  about  all 
axes  perpendicular  to  its  plane.  It  may  therefore  be  shifted  to 
any  new  position  in  its  own  plane,  or  in  any  parallel  plane. 
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without  alteration  of  its  effect  on   the   rigid   body  to  which  Couples, 
it  is  applied.      Its  arm   may  be  turned   through  any  angle 
in  the  plane  of  the  forces,  and  the  length  of  the  arm  and  the 
magnitudes  of  the  forces  may  be  altered  at  pleasure,  without 
changing  its  effect — ^provided  the  motnent  remain   unchanged. 
Hence  a  couple  is  conveniently  specified  by  the  line  defined. as 
its  "axis"  in  §  234.     According  to  the  convention  of  §  234  the 
axis  of  a  couple  which  tends  to  produce  rotation  in  the  direc- 
tion contrary  to  the  motion  of  the  hands  of  a  watch,  /^ 
must  be  drawn  through  the  front  of  the  watch  and 
vice  versd.    This  may  easily  be  remembered  by  the 
help  of  a  simple  diagram  such  as  we  give,  in  which 
the  arrow-heads  indicate  the  directions  of  rotation, 
and  of  the  axis,  respectively. 

559  b.     It  follows  from  §§  233,  234,  that  couples  are  to  be  Composi- 
compounded  or  resolved  by  treating  their  axes  by  the  law  of  coupitss. 
the  parallelogram,  in  a  manner  identical  with  that  which  we 
have  seen  must  be  employed  for  linear  and  angular  velocities, 
and  forces. 

Hence  a  couple  &,  the  direction  cosines  of  whose  axis  are 
X,  fi,  V,  is  equivalent  to  the  three  couples  G\y  Gfi,  Gv  about  the 
axes  of  Xy  y,  z  respectively. 

659  c.     If  a  force,  jP,  act  at  any  point,  -4,  of  a  body,  it  may  Foroe  re- 
be  transferred  to  any  other  point,  B,    Thus:  by  the  principle  of  foroe  and ^ 
superposition  of  forces,  introduce  at  B,  in  the  line  through  ii;^"^®- 
parallel  to  the  given  force  F,  a  pair  of  equal  and  opposite  forces 
i^and  —F.    Then  jP  at  -4,  and  ^  F  at  B,  form  a  couple,  and 
there  remains  F  dX  B, 

From  this  we  have,  at  once,  the  conditions  of  equilibrium  Application 
of  a  rigid  body  already  investigated  in  §  552.     For,  each  force  briuln  of" 
may  be  transferred  to  any  assumed  point  as  origin,  if  we  intro-  "*^       ^* 
duce  the  corresponding  couple.     And  the  forces,  which  now  act 
at  one  point,  must  equilibrate  according  to  the  principles  of 
Chap.  VI. ;  while  the  resultant  couple,  and  therefore  its  com- 
ponents about  any  three  lines  at  right  angles  to  each  other,  must 
vanish. 
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Poroeare-  ^^^  ^'  Hence  forces  represented,  not  merely  in  magnitude 
E^the^es  ^^^  direction,  but  in  lines  of  action,  by  the  sides  of  any  closed 
ofapoiygon.  p^iygQ^  whether  plane  or  not  plane,  are  equivalent  to  a  single 
couple.  For  when  transferred  to  any  origin,  they  equilibrate, 
by  the  Polygon  of  Forces  (§§  27,  256).  When  the  polygon  is 
plane,  twice  its  area  is  the  moment  of  the  couple ;  when  not 
plane,  the  component  of  the  couple  about  any  axis  is  twice  the 
area  of  the  projection  on  a  plane  perpendicular  to  that  axis.  The 
resultant  couple  has  its  axis  perpendicular  to  the  plane  (§  236) 
on  which  the  projected  area  is  a  maximum. 

Poroeepro-  559  e.  Lines,  perpendicular  to  the  sides  of  a  triangle,  and 
and  p^rMii-  passing  through  their  middle  points,  meet ;  and  their  mutual 
the  8ide«  of  inclinations  are  equal  to  the  changes  of  direction  at  the  comers, 

ft  triangle.     .  ,,.  . 

m  travelhng  round  the  triangle.  Hence,  if  at  the  middle  points 
of  the  sides  of  a  triangle,  and  in  its  plane,  forces  be  applied  all 
inwards  or  all  outwards;  and  if  their  magnitudes  be  proportional 
to  the  sides  of  the  triangle,  they  are  in  equilibrium.  The  same 
is  true  of  any  plane  polygon,  as  we  readily  see  by  dividing  it 
into  triangles.  And  if  forces  equal  to  the  areas  of  the  faces  be 
applied  perpendicularly  to  the  faces  of  any  closed  polyhedron,  at 
their  centres  of  inertia,  all  inwards  or  all  outwards,  these  also 
will  fonn  an  equilibrating  system;  as  we  see  by  considering  the 
evanescence  of  (i)  the  algebraic  sum  of  the  projections  of  the 
areas  of  the  faces  on  any  plane,  and  of  (ii)  the  algebraic  sum  of 
the  volumes  of  the  rings  described  by  the  faces  when  tKe  solid 
figure  is  made  to  rotate  round  any  axis,  these  volumes  being 
reckoned  by  aid  of  Pappus'  theorem  (§  569,  below). 

composi-  559  f,  A  couple  and  a  force  in  a  given  line  inclined  to  its 
force  and  plane  may  be  reduced  to  a  smaller  couple  in  a  plane  perpen- 
dicular to  the  force,  and  a  force  equal  and  parallel  to  the  given 
force.  For  the  couple  may  be  resolved  into  two,  one  in  a  plane 
containing  the  direction  of  the  force,  and  the  other  in  a  plane 
perpendicular  to  the  force.  The  force  and  the  component 
couple  in  the  same  plane  with  it  are  equivalent  to  an  equal 
force  acting  in  a  parallel  line,  according  to  the  converse  of 
§  559  c. 
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559  g.    We  have  seen  that  any  set  of  forces  acting  on  Composi- 
a  rigid  body  may  be  reduced  to  a  force  at  any  point  and  a  any  set  of 
couple.    Now  (§  559/)  these  may  be  reduced  to  an  equal  force  ^°?^^*j 
acting  in  a  definite  line  in  the  body,  and  a  couple  whose  plane  is 
perpendicular  to  the  force,  and  which  is  the  least  couple  which, 
with  a  single  force,  can  constitute  a  resultant  of  the  given  set  of 
forces.     The  definite  line  thus  found  for  the  force  is  called  the 
Central  Axis.   It  is  the  line  about  which  the  sum  of  the  moments  Central 

.  aiM. 

of  the  given  forces  is  least. 

With  the  notation  of  §§  552,  553,  let  us  suppose  the  origin  to 
be  changed  to  any  point  a?',  y\  z'.  The  resultant  force  has  still 
the  components  2  (X),  X(T),  5  {Z),  or  El,  i?wi,  Bn,  parallel  to 
the  axes.     But  the  couples  now  are 

^[^(!/'t/)-y{z-z%  i[X{z-z'yZ{x-x)l  S[r(a^x')-X(y-2/')]; 

or 

G\-R{ny''mz%  GyL-R{l7f -nar)y  Gv - E {ma/ -  ly"). 

The  conditions  that  the  resultant  force  shall  be  perpendicular  to 
the  plane  of  the  resultant  couple  are 

GX-Rjny'-mz')  _  Gfi,-E  {Iz'-nx')  ^  Gv ^ E (ma/ -  ly") 
I  ^  m  n  ' 

These  two  equations  among  a/,  y\  z'  are  the  equations  of  the 
central  axis. 

We  find  the  same  two  equations  by  investigating  the  con- 
ditions that  the  resultant  couple 

may  be  a  minimum  subject  to  independent  variations  of  a/, 

560.     By  combining  the  resultant  force  with  one  of  the  Reduction 
forces  of  the  resultant  couple,  we  have  obviously  an  infinite  forces. 
number  of  ways  of  reducing  any  set  of  forces  acting  on  a  rigid 
body  to  two  forces  whose  directions  do  not  meet.     But  there  is 
one  case  in  which  the  result  is  symmetrical,  and  which  is  there- 
fore worthy  of  special  notice. 

Supposing  the  central  axis  of  the  system  has  been  found,  Symmetri- 
draw  a  line,  AA\  at  right  angles  to  it  through  any  point  G  of 
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it,  and  make  CA  equal  to  GA.  For  JJ,  acting  along  the  central 
axis,  substitute  (by  §  561)  \R  at  each  end  of  AA\  Then, 
choosing  this  line  AA'  as  the  arm  of  the  couple,  and  calling  it 

a,  we  have  at  one  extremity  of  it,  two  forces,  —  perpendicular 

to  the  central  axis,  and  \R  parallel  to  the  central  axis.     Com- 

pounding  these  we  get  two  forces,  each  equal  to  f|i?  +  — ,  1  , 

through  A  and  A  respectively,  perpendicular  to  AA\  and 
inclined  to  the  plane  through  AA  and  the  central  axis,  at 

angles  on  the  two  sides  of  it  each  equal  to  tan"*  p- . 

661.  A  very  simple,  but  important,  case,  is  that  of  any 
number  of  parallel  forces  acting  at  dififerent  points  of  a  rigid 
body. 

Here,  for  equilibrium,  obviously  it  is  necessary  and  sufl&cient 
that  the  algebraic  sum  of  the  forces  be  nil ;  and  that  the  sum  of 
their  moments  about  any  two  axes  perpendicular  to  the  com- 
mon direction  of  the  forces  be  also  nil. 

This  clearly  implies  (§  553)  that  the  sum  of  their  moments 
about  any  axis  whatever  is  nil. 

To  express  the  condition  in  rectangular  coordinates,  let 
Pj,  P„  &c.  be  the  forces;  (aj^  y^,  «j),  (a:,,  y,,  zj,  <fec.  points  in 
their  lines  of  action;  and  /,  m,  n  the  direction  cosines  of  a 
line  parallel  to  them  all.  The  general  equations  [§  552  (1),  (2)] 
of  equilibrium  of  a  rigid  body  become  in  this  case, 

«P=0,    wSP  =  0,    nSP  =  0; 
n%Py  -  rn^Pz  «  0,     t%Pz  -  n^Px  =  0,     ml^Px  -  GPy  =  0. 

These  equations  are  equivalent  to  but  three  independent  equa- 
tions, which  may  be  written  as  follow^  : 


2P  =  0, 


%Px     %Py     ^Pz 


I 


171 


n 


(1). 


If  the  given  forces  are  not  in  equilibrium  a  single  force  may 
be  found  which  shall  be  their  resultant.  To  prove  this  let, 
if  possible,   a  force  -7?,  in  the  direction  (^,  «i,  n),  at  a  point 
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(x,  y,  i)  equilibrate  the  given  foi-ces.      By  (1)  we  have,  for  Compoei- 
the  conditions  of  equilibrium  of-Ji,  P^,  P,,  &c.,  parallel 

^  =  2P (2), 

and 

%Px^Rx     ^Py-Ry     ^Pz-Rz 


I 


m  n 


(3). 


Equation  (2)  determines  i?,  and  equations  (3)  are  the  equa- 
tions of  a  straight  line  at  any  point  of  which  a  force  equal  to 
-i?,  applied  in  the  direction  (/,  w,  n),  will  balance  the  given 
system. 

Suppose  now  the  direction  (^,  tw,  n)  of  the  given  forces  to  be 
varied  while  the  magnitude  P^,  and  one  point  (fic,,  y,,  2,)  in  the 
line  of  application,  of  each  force  is  kept  unchanged.  We  see  by 
(3)  that  one  point  (i,  y,  z)  given  by  the  equations 

-      SPa:      -     SPy      .     %Pz  ,,, 

"^  =  -5-'    ^  =  -5-  '    "=-]«-  W' 

is  common  to  the  lines  of  the  resultants. 

The  point  (S,  y,  z)  given  by  equations  (4)  is  what  is  called 
the  centre  of  the  system  of  parallel  forces  P^  at  (a?,,  y^,  z^^  P^ 
at  (a?,,  y^,  «J,  &c. :  and  we  have  the  proposition  that  a  force  in 
the  line  through  this  point  parallel  to  the  lines  of  the  given 
forces,  equal  to  their  sum,  is  their  resultant.  This  proposition 
is  easily  proved  synthetically  by  taking  the  forces  in  any  order 
and  finding  the  resultant  of  the  first  two,  then  the  resultant  of 
this  and  the  third,  then  of  this  second  force,  and  so  on.  The  line 
of  the  first  subsidiary  resultant,  for  all  varied  directions  of  the 
given  forces,  passes  through  one  and  the  same  point  (that  is  the 
point  dividing  the  line  joining  the  points  of  application  of  the 
first  two  forces,  into  parts  inversely  as  their  magnitudes). 
Similarlj  we  see  that  the  second  subsidiary  resultant  passes 
always  through  one  determinate  point :  and  so  for  the  third, 
and  so  on  for  any  number  of  forces. 

662.     It  is  obvious,  from  the  formulas  of  §  230,  that  if  masses  Centoeof 
proportional  to  the  forces  be  placed  at   the  several  points  of 
application  of  these  forces,  the  centre  of  inertia  of  these  masses 
will  be  the  same  point  in  the  body  as  the  centre  of  parallel 
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^viT?'  forces.  Hence  the  reactions  of  the  different  parts  of  a  rigid 
body  against  acceleration  in  parallel  lines  are  rigorously  re- 
ducible to  one  force,  acting  at  the  centre  of  inertia.  The  same 
is  true  approximately  of  the  action  of  gravity  on  a  rigid  body 
of  small  dimensions  relatively  to  the  earth,  and  hence  the 
centre  of  inertia  is  sometimes  (§  230)  called  the  Centre  of 
Gravity.  But,  except  on  a  centrobaric  body  (§  534),  gravity  is 
in  general  reducible  not  to  a  single  force  but  to  a  force  and 
couple  (§  559  g) ;  and  the  force  does  not  pass  through  a  point 
fixed  relatively  to  the  body  in  all  the  positions  for  which  the 
couple  vanishes. 

Parallel  663.     In  one  case  the  proposition  of  §  561,  that  the  system 

fOPOGS 

whoje  ,  has  a  single  resultant  force,  must  be  modified ;  that  is  the  case 
Bum  is  zero,  in  which  the  algebraic  sum  of  the  given  forces  vanishes.  In 
this  case  the  resultant  is  a  couple  whose  plane  is  parallel  to  the 
common  direction  of  the  forces.  A  good  example  of  this  ca^e 
is  furnished  by  a  magnetized  mass  of  steel,  of  modemte  dimen- 
sions, subject  to  the  influence  of  the  earth's  magnetism.  The 
amounts  of  the  so-called  north  and  south  magnetisms  in  each 
element  of  the  mass  are  equal,  and  are  therefore  subject  to  equal 
and  opposite  forces,  parallel  in  a  rigorously  uniform  field  of 
force.  Thus  a  compass-needle  experiences  from  the  earth's 
magnetism  sensibly  a  couple  (or  directive  action),  and  is  not 
sensibly  attracted  or  repelled  as  a  whole. 

Ckmditions       664.     If  three  forces,  acting  on  a  rigid  body,  produce  equili- 
brium o«      brium,  their  directions  must  lie  in  one  plane;  and  must  all  meet 
foroea.        in  One  point,  or  be  parallel.     For  the  proof  we  may  introduce 
a  consideration  which  will  be  very  useful  to  us  in  investigations 
connected  with  the  statics  of  flexible  bodies  and  fluids. 


axiom. 


Physical  ^f  o,^}/  forccs,  acting  on  a  solid,  or  fluid  body,  produce 
equilibrium,  we  may  suppose  any  portions  of  the  body  to  become 
fi^ed,  or  rigid,  or  rigid  and  fljxed,  without  destroying  the  equi- 
librium. 

Applying  this  principle  to  the  case  above,  suppose  any  two 
points  of  the  body,  respectively  in  the  lines  of  action  of  two  of 
the  forces,  to  be  fixed.     The  third  force  must  have  no  moment 
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about  the^ine  joining  these  points ;  in  other  words,  its  direction  Physical 
must  pass  through  that  line.     As  any  two  points  in  the  lines  of 
action  may  be  taken,  it  follows  that  the  three  forces  are  coplanar. 
And  three  forces,  in  one  plane,  cannot  equilibrate  unless  their 
directions  are  parallel,  or  pass  through  a  point. 

666.  It  is  easy,  and  useful,  to.  consider  various  cases  of  Equiiibri- 
equilibrium  when  no  forces  act  on  a  rigid  body  but  gravity  the  action 
and  the  pressures,  normal  or  tangential,  between  it  and  fixed 
supports.  Thus  if  one  given  point  only  of  the  body  be  fixed,  it 
is  evident  that  the  centre  of  inertia  must  be  in  the  vertical  line 
through  this  point.  For  stable  equilibrium  the  centre  of  inertia 
need  not  be  below  the  point  of  support  (§  566). 

666.  An  interesting  case  of  equilibrium  is  suggested  by  Rocking 
what  are  called  Rocking  Stones,  where,  whether  by  natural  or 
by  artificial  processes,  the  lower  surface  of  a  loose  mass  of  rock 
is  worn  into  a  convex  or  concave,  or  anticlastic  form,  while  the 
bed  of  rock  on  which  it  rests  in  equilibrium  may  be  convex 
or  concave,  or  of  an  anticlastic  form.  A  loaded  sphere  resting 
on  a  spherical  surface  is  a  particular  case. 

Let  0,  (y  be  the  centres  of  curvature  of  the  fixed,  and  rock- 
ing, bodies  respectively,  when  in  the  position  of 
equilibrium.  Take  any  two  infinitely  small, 
equal  arcs  PQ,  Pp;  and  at  Q  make  the  angle 
O'QR  equal  to  POp.  When,  by  displacement,  Q 
and  p  become  the  points  in  contact,  QR  will 
evidently  be  vertical;  and,  if  the  centre  of  inertia 
G,  which  must  be  in  OPO'  when  the  movable 
body  is  in  its  position  of  equilibrium,  be  to  the 
left  of  QR,  the  equilibrium  will  obviously  be 
stable.  .  Hence,  if  it  be  below  iJ,  the  equilibrium 
is  stable,  and  not  unless. 

Now  if  p  and  cr  be  the  radii  of  curvature  OP, 
OP  of  the  two  surfaces,  and  0  the  angle  POp,  the  angle  Q  OR 

will  be  equal  to  — ;  and  we  have  in  the  triangle  QOR  (§112) 

RO  :  a  v.  sin  0  :  Bin(^+^ 

::  cr  :  o*  +  p  (approximately). 
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S^^^ir*  Hence  PR  =  a--^=-^; 


stones. 


and  therefore,  for  stable  equilibrium, 

p  +  o" 

If  the  lower  surface  be  plane,  p  is  infinite,  and  the  condition 
becomes  (as  in  §  291) 

FO<a. 

If  the  lower  surface  be  concave  the  sign  of  p  must  be  changed, 
and  the  condition  becomes 

p-c 

which  cannot  be  negative,  since  p  must  be  numerically  greater 
than  a  in  this  case. 

Equiiibri-        667.     If  two  points  be  fixed,  the  only  motion  of  which  the 

an*ax?s,  ^    System  is  capable  is  one  of  rotation  about  a  fixed  axis.    The 

centre  of  inertia  must  then  be  in  the  vertical  plane  passing 

through  those  points.     For  stability  it  is  necessary  (§  566)  that 

the  centre  of  inertia  be  helow  the  line  joining  them. 

on  a  fixed        668.     If  a  rigid  body  rest  on  a  frictional  fixed  surface  there 

fiurfsoc 

will  in  general  be  only  three  points  of  contact;  and  the 
body  will  be  in  stable  equilibrium  if  the  vertical  line  drawn 
from  its  centre  of  inertia  cuts  the  plane  of  these  three  points 
within  the  triangle  of  which  they  form  the  comers.  For  if  one 
of  these  supports  be  removed,  the  body  will  obviously  tend  to 
fall  towards  that  support.  Hence  each  of  the  three  prevents 
the  body  from  rotating  about  the  line  joining  the  other  two. 
Thus,  for  instance,  a  body  stands  stably  on  an  inclined  plane  (if 
the  friction  be  suflScient  to  prevent  it  from  sliding  down)  when 
the  vertical  line  drawn  through  its  centre  of  inertia  falls  within 
the  base,  or  area  bounded  by  the  shortest  line  which  can  be 
drawn  round  the  portion  in  contact  with  the  plane.  Hence  a 
body,  which  cannot  stand  on  a  horizontal  plane,  may  stand  on 
an  inclined  plane. 
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569.  A  curious  theorem,  due  to   Pappus,  but   commonly  Pappus* 
attributed  to  Guldinus,  may  be  mentioned  here,  as  it  is  em- 
ployed with  advantage  in  some  cases  in  finding  the  centre  of 
gravity  (or  centre  of  inertia)  of  a  body.    It  is  obvious  from 

§  230.  If  a  plane  closed  curve  revolve  through  any  angle  about 
an  (m«  in  its  plane,  the  solid  content  of  the  surface  generated  is 
equal  to  the  product  of  the  area  of  the  cui-ve  into  the  length  of  the 
path  described  by  the  centre  of  inertia  of  the  area  of  the  curve ; 
and  the  area  of  the  curved  surface  is  equal  to  the  product 
of  the  length  of  the  curve  into  the  length  of  the  path  described 
by  the  centre  of  inertia  of  the  curve. 

570.  The  general  principles  upon  which  forces  of  constraint 
and  friction  are  to  be  treated  have  been  stated  above  (§§  293, 
329,  452).  We  add  here  a  few  examples  for  the  sake  of  illus- 
trating the  application  of  these  principles  to  the  equilibrium 
of  a  rigid  body  in  some  of  the  more  important  practical  cases 
of  constraint. 

571.  The  application  of  statical  principles  to  the  Me-  Mechanical 
chanical  Powers,  or  elementary  machines,  and  to  their  combi-  ^''*^"* 
nations,  however  complex,  requires  merely  a  statement  of  their 
kinematical  relations  (as  in  §§  79, 85, 102,  &c.)  and  an  immediate 
translation  into  Dynamics  by  Newton's  principle  (§  269) ;  or  by 
Lagrange's  Virtual  Velocities  (§§  289,  290),  with  special  atten- 
tion to  the  introduction  of  forces  of  friction  as  in  §  452.     In  no 

case  can  this  process  involve  further  difficulties  than  are  implied 
in  seeking  the  geometrical  circumstances  of  any  infinitely  small 
disturbance,  and  in  the  subsequent  solution  of  the  equations 
to  which  the  translation  into  dynamics  leads  us.  We  will  not, 
therefore,  stop  to  discuss  any  of  these  questions ;  but  will  take 
a  few  examples  of  no  very  great  difficulty,  before  quitting  for 
a  time  this  part  of  the  subject.  The  principles  already  de- 
veloped will  be  of  constant  use  to  us  in  the  remainder  of  the 
work,  which  will  furnish  us  with  ever-recurring  opportunities 
of  exemplifying  their  use  and  mode  of  application. 

Let  us  begin  with   the  case  of  the  Balance,  of  which  we 
promised  (§  431)  to  give  an  investigation. 

VOL.  II.  8 
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gnmpiea.  672.  Ex,  I.  The  centre  of  gravity  of  the  beam  must  not 
coincide  with  the  knife-edge,  or  else  the  beam  would  rest  in- 
diflFerently  in  any  position.  We  shall  suppose,  in  the  first  place, 
that  the  arms  are  not  of  equal  length. 

Let  0  be  the  fulcrum,  Q 
the  centre  of  gravity  of  the 
beam,  M  its  mass;  and  sup- 
pose that  with  loads  P  and  Q 
in  the  pans  the  beam  rests 
(as  drawn)  in  a  position 
making  an  angle  6  with  the 
horizontal  line. 

Senaibiiitj.  Taking  moments  about  0,  and,  for  convenience  (see  §  220), 
using  gravitation  measurement  of  the  forces,  we  have 

Q(u4J?cos^  +  0^8in^  +  if.  Offsm^=P(ilCcose-0^sin5). 

From  this  we  find 

,      ^_     P.AG^Q.AB 

If  the  arms  be  equal  we  have 


tan5« 


(P--Q)AB 
{P-\-Q)OA-^M.OG' 


Examples. 
Rod  with 
frictionless 
constraint. 


Hence  the  Sensibility  (§  431)  is  greater,  (1)  as  the  arms  are 
longer,  (2)  as  the  mass  of  the  beam  is  less,  (3)  as  the  fulcrum 
is  nearer  to  the  line  joining  the  points  of  attachment  of  the 
pans,  (4)  as  the  fulcrum  is  nearer  to  the  centre  of  gravity  of 
the  beam.  If  the  fulcrum  be  in  the  line  joining  the  points  of 
attachment  of  the  pans,  the  sensibility  is  the  same  for  the  same 
difference  of  loads  in  the  pans. 

Ex.  II.  Find  the  position  of  equilibrium  of  a  rod  AB 
resting  on  a  frictionless  horizontal  rail  D,  its  lower  end  pressing 
against  a  frictionless  vertical  wall  AG  parallel  to  the  rail. 

The  figure  represents  a  vertical  section  through  the  rod, 
which  must  evidently  be  in  a  plane  perpendicular  to  the  wall 
and  rail.     The  equilibrium  is  obviously  unstable. 
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The  only  forces  acting  are  three,  R  the  pressure  of  the  wall  iJJj^^Jp- 

on  the  rod,  horizontal ;  8  that  of  the  rail  on  the  rod,  perpendi-  JJJ^jJJJJ 

cular  to  the  rod ;  W  the  weight 

of  the  rod,  acting  vertically 

downwards  at  its   centre  of 

gravity.     If  the  half-length  of 

the  rod  be  a,  and  the  distance 

of  the  rail  from  the  wall  b, 

these  are  given — and  all  that 

is  wanted  to  fix  the  position  of 

equilibrium  is  the  angle,  CAB,  which  the  rod  makes  with  the 

b 
wall.    If  we  call  it  0  we  have  AD  =  -, — s. 


Resolving  horizontally,     ^  —  fif  cos  5  =  0 
vertically,  F  -  S  sin  ^  =  0 . 

Taking  moments  about  A 

8. AD-  Tr.a8in^  =  0, 


(1), 
.(2). 


or 


S.b-W.aBin*e=^0 


,(3). 


As  there  are  only  three  unknown  quantities  R,  8,  and  0,  these 
three  equations  contain  the  complete  solution  of  the  problem. 
By  (2)  and  (3) 


sin*  ^  =  -  ,  which  gives  0. 


And  by  (2) 
and  by  (1) 


£f=-T 


W 


sin^' 


R^8cos0^  Wcot0. 


Ex.  III.    As  an  additional  example,  suppose  the  wall  and  ^od  wn- 
rail  to  be  fnctional,  and  let  a  be  the  coeflScient  of  statical  w^onai 

sunaoes. 

friction  for  both.  If  the  rod  be  placed  in  the  position  of  equi- 
librium just  investigated  for  the  case  of  no  friction,  none  will 
be  called  into  play,  for  there  will  be  no  tendency  to  motion  to 
be  overcome.     If  the  end  A  be  brought  lower  and  lower,  more 

8—2 
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Ezunpiea.    and  more  friction  will  be  caUed  into  play  to  overcome  the  tend- 
Btmned  by  encv  of  the  Tod  to  fall  between  the  wall  and  the  rail,  until  we 

fnctioiuu  •'  ...  ...  .  .         . 

surfooes.  come  to  a  limiting  position  in  which  motion  is  about  to  com- 
mence. In  that  position  the  friction  at  ^  is  /l&  times  the  pres- 
sure on  the  wall,  and  acts  upwards.  That  at  i>  is  yL6  times  the 
pressure  on  the  rod,  and  acts  in  the  direction  DB,  Patting 
CAD^d^in  this  case,  our  three  equations  become 

i?,  +  /i5',sin^,-S,cos^j  =  0 (1,), 

TF-/*S,-S,sin5,  =0 (2,), 

Sfi"  Fasin"^,  =0 (3,). 

The  directions  of  both  the  friction-forces  passing  through  .4, 
neither  appears  in  (3,).  This  is  why  A  is  preferable  to  any 
other  point  about  which  to  take  moments. 

By  eliminating  R^  and  8^  from  these  equations  we  get 

1  —  r  sin'^j=/A  r  sin*  0^  (cos  5^  —  /a  sin  0^) (4^), 

from  which  0^  is  to  be  found.  Then  S^  is  known  from  (3^), 
and  R^  from  either  of  the  others. 

If  the  end  A  be  raised  above  the  position  of  equilibrium 
without  friction,  the  tendency  is  for  the  rod  to  fall  outside  the 
rail ;  more  and  more  friction  will  be  called  into  play,  till  the 
position  of  the  rod  {0^  is  such  that  the  friction  reaches  its 
greatest  value,  fi  times  the  pressure.  We  may  thus  find 
another  limiting  position  for  stability;  and  in  any  position 
between  these  the  rod  is  in  equilibrium. 

It  is  useful  to  observe  that  in  this  second  case  the  direction 
of  each  friction  is  the  opposite  to  that  in  the  former.  Hence 
equations  of  the  first  case,  with  the  sign  of  fi  changed,  serve 
for  the  second  case.     Thus  for  0^,  by  (4^), 

1  —  ^  sin®  d,  =  —  /i^  T  sin'  0^  (cos  ^,  +  /i  sin  0^. 
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Ex.  IV.  A  rectangular  block  lies  c 
plane,  and  ia  acted  on  by  a  hori- 
zontal force  whoae  line  of  action 
is  midway  between  two  of  the 
vertical  aides.  Find  the  mag- 
nitude of  the  force  when  just 
sufficient  to  produce  motion, 
and  whether  the  motion  will 
be  of  the  nature  of  sliding  or 
overtumiiiff. 

If  the  force  P  is  on  the  point  of  overturning  the  body,  it  is 
evident  that  it  will  turn  about  the  edge  A,  and  therefore  the 
pressure,  ff,  of  the  plane  and  the  friction,  5,  act  at  that  edge. 
Our  statical  conditions  are,  of  course, 

R=W. 

S  =  P, 

Wb  =  Fa, 

where  b  ia  half  the  length  of  the  solid,  and  a  the  distance  of  P 

from  the  plane.     From  these  we  have  8~-W. 


greater  than  /*,  if  it  is  to  be  possible  to  upset  the  body  by  a 
horizontal  force  in  the  line  given  for  P. 

A  simple  geometrical  construction  enables  us  to  solve  this 
and  aimilar  problems,  and  will  be  seen  at  once  to  be  merely  a 
graphic  representation  of  the  above  process.  Thus  if  we  pro- 
duce the  directions  of  the  applied  force,  and  of  the  weight,  to 
meet  in  H,  and  make  at  A  the  angle  BAK  whose  co-tangent 
is  the  coefficient  of  friction:  there  will  be  a  tendency  to  upset, 
or  not,  according  as  if  is  above,  or  below,  AK. 

Ex,  V.  A  mass,  such  as  a  gate,  is  supported  by  two  rings,  Hwnip- 
A  and  £,  which  pass  loosely  round  a  vertical  post.  In  equi-rintoinn- 
librium,  it  is  obvious  that  at  A  the  part  of  the  ring  nearest  the  rough  pot. 
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Eztmples, 
MaMsap- 
poitedby 
riiiK*  paw- 
ing round  a 
rough  post. 


mass,  and  at  B  the  part  farthest  from  it,  will  be  in  contact  with 

the  post.  The  pressures  exerted 
on  the  rings,  B  and  8^  will  evi- 
dently be  in  the  directions  AC, 
CB,  indicated  in  the  diagram, 
which,  if  no  other  force  besides 
gravity  act  on  the  mass,  must 
meet  in  the  vertical  through  its 
centre  of  inertia.  And  it  is  obvious  that,  however  small  be  the 
coefficient  of  friction,  provided  there  be  any  force  of  friction  at 
all,  equilibrium  is  always  possible  if  the  distance  of  the  centre 
of  inertia  from  the  post  be  great  enough  compared  with  the 
distance  between  the  rings. 

When  the  mass  is  just  about  to  slide  down,  the  full  amount 
of  friction  is  called  into  play,  and  the  angles  which  B  and  S 
make  with  the  horizon  are  each  equal  to  the  sliding  angle.  If 
the  centre  of  inertia  of  the  gate  be  farther  from  the  post  than 
the  intersection  of  two  lines  drawn  from  Ay  B,a,t  the  sliding 
angles,  it  will  hang  stably  held  up  by  friction ;  not  unless.  A 
force  pushing  upwards  at  Q^,  or  downwards  at  Q,,  will  remove 
the  tendency  to  fall ;  but  a  force  upwards  at  Q,,  or  downwards 
at  Q^,  will  produce  sliding. 

A  similar  investigation  is  easily  applied  to  the  jamming  of  a 
sliding  piece  or  drawer,  and  to  the  determination  of  the  proper 
point  of  application  of  a  force  to  move  it. 

573.  Having  thus  briefly  considered  the  equilibrium  of  a 
rigid  body,  we  propose,  before  entering  upon  the  subject  of  the 
deformation  of  elastic  solids,  to  consider  certain  intermediate 
cases,  in  each  of  which  we  make  a  particular  assumption  the 
basis  of  the  investigation,  and  thereby  avoid  a  very  considerable 
amount  of  analytical  difficulty. 

Equilibrium      574.     Very  excellent  examples  of  this  kind  are  furnished  by. 

andinezten-  the  statics  of  a  flexible  and  inextensible  cord  or  chain,  fixed 

*    at  both  ends,  and  subject  to  the  action  of  any  forces*     The 

curve  in  which  the  chain  hangs  in  any  case  may  be  called  a 
CateDAiy.     Catenary,  although  the  term  is  usually  restricted  to  the  case  of 

a  uniform  chain  acted  on  by  gravity  only. 
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676.  We  may  consider  separately  the  conditions  of  equi-  Three 
librium  of  each  element;  or  we  may  apply  the  general  condition  inve«ti«a- 
(§  292)  that  the  whole  potential  energy  is  a  minimum,  in  the 
case  of  any  conservative  system  of  forces ;  or,  especially  when 
gravity  is  the  only  external  force,  we  may  consider  the  equi- 
librium of  B,  finite  portion  of  the  chain  treated  for  the  time  as 
a  rigid  body  (§  564). 

576.    The  first    of  these  methods  gives    immediately   the  Eqiiationsof 

°  •'  equilibrium 

three  following  equations  of  equilibrium,  for  the  catenary  in^ithrefer- 

Creneral  :^  tangenfc  and 

^  OBculating 

plane. 

(1)  The  rate  of  variation  of  the  tension  per  unit  of  length 
along  the  cord  is  equal  to  the  tangential  component  of  the 
applied  force,  per  unit  of  length. 

(2)  The  plane  of  curvature  of  the  cord  contains  the  normal 
component  of  the  applied  force,  and  the  centre  of  curvature  is 
on  the  opposite  side  of  the  arc  from  that  towards  which  this 
force  acts. 

(3)  The  amount  of  the  curvature  is  equal  to  the  normal 
component  of  the  applied  force  per  unit  of  length  at  any  point 
divided  by  the  tension  of  the  cord  at  the  same  point. 

The  first  of  these  is  simply  the  equation  of  equilibrium  of 
an  infinitely  small  element  of  the  cord  relatively  to  tangential 
motion.  The  second  and  third  express  that  the  component  of 
the  resultant  of  the  tensions  at  the  two  ends  of  an  infinitely  i/  ^ 
small  arc,  along  the  normal  through  its  middle  point,  is  directly 
opposed  and  is  equal  to  the  normal  applied  force,  and  is  equal 
to  the  whole  amount  of  it  on  the  arc.  For  the  plane  of  the 
tangent  lines  in  which  those  tensions  act  is  (§  8)  the  plane 
of  curvature.  And  if  ^  be  the  angle  between  them  (or  the  in- 
finitely small  angle  by  which  the  angle  between  their  positive 
directions  falls  short  of  tt),  and  T  the  arithmetical  mean  of 
their  magnitudes,  the  component  of  their  resultant  along  the 
line  bisecting  the  angle  between  their  positive  directions  is 
2rsin  ^0,  rigorously :  or  TO,  since  0  is  infinitely  small.  Hence 
T0  =  NBs,  if  &8  be  the  length  of  the  arc,  and  NBs  the  whole 
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^iSiHbrium'  amount  of  normal  force   applied  to  ifc.     But  (§  9)  ^  =  —  if  p 

with  refer-  p 

tong'-^tRnd  ^®  ^^^  radius  of  curvature;  and  therefore 

OHCulating  . 

plane.  1       iV 

P         ^ 

which  is  the  equation  stated  in  words  (3)  above. 

inteicrai  for  577.  From  (1)  of  §  576,  we  see  that  if  the  applied  forces 
on  each  particle  of  the  cord  constitute  a  conservative  system, 
and  if  the  cord  be  homogeneous,  the  difference  of  the  tensions 
of  the  cord  at  any  two  points  of  it  when  hanging  in  equi- 
librium, is  equal  to  the  difference  of  the  potential  (§  485)  of  the 
forces  between  the  positions  occupied  by  these  points.  Hence, 
whatever  be  the  position  where  the  potential  is  reckoned  zero, 
the  tension  of  the  string  at  any  point  is  equal  to  the  potential 
at  the  position  occupied  by  it,  with  a  constant  added. 

Cartesian  678.  Instead  of  considering  forces  along  and  perpendicular 
eqaiiibrium.  to  the  tangent,  we  may  resolve  all  parallel  to  any  fixed  direc- 
tion: and  we  thus  see  that  the  component  of  applied  force  per 
unit  of  length  of  the  chain  at  any  point  of  it,  must  be  equal  to 
the  rate  of  diminution  per  unit  of  length  of  the  cord,  of  the 
component  of  its  tension  parallel  to  the  fixed  line  of  this  com- 
ponent. By  choosing  any  three  fixed  rectangular  directions  we 
thus  have  the  three  differential  equations  convenient  for  the 
analytical  treatment  of  catenaries  by  the  method  of  rectangular 
co-ordinates. 

These  equations  are 

i/^r— ^  =  - 

dB\     da) 
d  frpdy 


(1), 


if  8  denote  the  length  of  the  cord  from  any  point  of  it,  to  a  point 
P-^  X,  i/y  z  the  rectangular  co-ordinates  of  P}  X,  Y,  Z  the  com- 
|K)nents  of  the  applied  forces  at  P,  per  unit  mafts  of  the  cord ;  cr 
the  mass  of  the  cord  per  unit  length  at  P ;  and  T  its  tension  at 
this  point 
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These  equations  afford  analytical  proofs  of  §  576,  (1),  (2),  and  Caiienan 
(3)  thus : — Multiplying  the  firat  by  dx,  the  second  by  dt/j  and  equilibrium. 
the  third  by  dz,  adding  and  observing  that 

dx  ,dx     dy  jly     dz  .dz _  ..daf +  di^ -^ds^     ^ 
da    ds      da    dd      ds    ds     ^  da'  ~' 

we  have 

dT=-<T{Xdx-\-Tdy  +  Zdz)  =  -^(x~  +  7^  +  Z~]da...{2), 

which  is(l)of§576.     Again,  eliminating  dT  and  T,  we  have 
^'f^Vj,^     dz,dy\  ,  ^/dz.dx     dx.dji\     „(^^Av    dy  ,dx\    ^  ... 

which  (^  9,  26)  shows  that  the  resultant  of  X,  F,  ^  is  in  the 

osculating  plane,  and  therefore  is  the  analytical  expression  of 

dijs 
§  576  (2).     Lastly,  multiplying  the  first  hy  d-j-,  the  second  by 

d~ ,  and  the  third  by  d-j- ,  and  adding,  we  find 

\       <fa  da  da) 

\fdi)^\fD\^da) 
wMch  is  the  analytical  expression  of  §  576  (3). 

579.     The  same  equations  of  equilibrium  may  be  derived  Method  of 
from   the   energy  condition  of  equilibrium;  analytically  with^"^*^' 
ease  by  the  methods  of  the  calculus  of  variations. 

Let  V  be  the  potential  at  («,  y,  z)  of  the  applied  forces  per  Catenary, 
unit  mass  of  the  cord.    The  potential  energy  of  any  given  length 
of  the  cord,  in  any  actual  position  between  two  given  fixed  points, 
will  be  /  VfTda. 

This  integral,  extended  through  the  given  length  of  the  cord 
between  the  given  points,  must  be  a  minimum ;  while  the  in- 
definite integral,  «,  from  one  end  up  to  the  point  (ac,  y,  z)  remains 
unchanged  by  the  variations  in  the  positions  of  this  point. 
Hence,  by  the  calculus  of  variations, 

where  X  is  a  fimction  of  x,  y,  s  to  be  eliminated. 
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^^"••""y'  Now  <r  IB  a  function  of  0,  and  therefore  as  a  does  not  vary 

when  x^y^z  are  changed  into  a;+&B,  y+$y,  is+Ss;,  the  co-ordinates 
of  the  same  particle  of  the  chain  in  another  position,  we  have 

8(<rF)  =  <r8r=-(r(ZSa;+  YSy  +  ZSz). 

Using  this,  and 

^  _  dxd&c  +  dydSy  +  dzdSz 

da  ' 

in  the  variational  equation ;  and  integrating  the  last  term  by 
parts  according  to  the  usual  rule ;  we  have 

/<i.[[.z4(f7T-xJ)>.[.r.|(Twxg)>.[.z.|(Twxi^)]».j=0: 


"BitUBtfCf 

equation  of 
equilibriam. 


whence  finally 


Common 
ratftfiM^- 


which,  if  T  be  put  for  Fcr  +  X,  are  the  same  as  the  equations  (1) 
of  §578. 

580.  The  form  of  the  common  catenary  (§  674)  may  be  of 
course  investigated  from  the  diflFerential  equations  (§  578)  of 
the  catenary  in  general.  It  is  convenient  and  instructive, 
however,  to  work  it  out  ah  initio  as  an  illustration  of  the  third 
method  explained  in  §  575. 

Third  method. — ^The  chain  being  in  equilibrium,  any  arc  of  it 
may  be  supposed  to  become  rigid  without  disturbing  the  equi- 
librium. The  only  forces  acting  on  this  rigid  body  are  the 
tensions  at  its  ends,  and  its  weight  These  forces  being  three 
in  number,  must  be  in  one  plane  (§  564),  and  hence,  since  one 
of  them  is  vertical,  the  whole  curve  lies  in  a  vertical  plane.     In 

this  plane  let  a?o»  *o»  *o>  *i>  *i»  *i»  ^*®l<^"g  ^  ^^^  *wo  ends  of  the 
arc  which  is  supposed  rigid,  and  T^,  T^,  the  tensions  at  those 
points.     Resolving  horizontally  we  have 
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c£sB 
Hence  T-r-  is  coDstant  throughout  the  curve.     Resolviiifi:  verti-  Gatenary; 

as  °  oominon. 

cally  we  have 

^.(©.-'••(s)."(^-^ 

the  weight  of  unit  of  mass  being  now  taken  as  the  unit  of  force. 

dz 
Hence  if  T^  be  the  tension  at  the  lowest  point,  where  ;>-  ^^  0, 

s  =  0,  and  T' the  tension  at  any  point  (x, «)  of  the  curve,  we  have 


Hence 


^=^.|=4 (!)• 


^•s(i)='' 


^•^='^='vin^) <^>- 

Integrating  we  have 

and  the  constant  is  zero  if  we  take  the  origin  so  that  a;  =  0,  when 

-7-  =  0,  ».  e,f  where  the  chain  is  horizontal. 
ax 

Hence 


^*j^'-f-' <»). 

whence  ;/"  ~  ^  ^*^*  ""  •  ^"  )  > 

and  by  integrating  again 

This  may  be  written 

«=ia(€«+f'«)  (4), 

the  ordinary  equation  of  the  catenary,  the  axis  of  x  being  taken 

T 
at  a  distance  a  or  — ^  below  the  horizontal  element  of  the  chain. 
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Catenary: 
oommon. 


Relative 

kinetic 

problem. 


Kinetio 
Question, 
relative  to 
catenary. 


The    co-ordinates    of    that    element    are    therefore    x  =  0, 

T 
z^-^  =  a.     The  latter  shows  that 
<r 

^,  =  (ra, 

or  the  tension  at  the  lowest  point  of  the  chain  (and  therefore 
also  the  horizontal  component  of  the  tension  throughout)  is  the 
weight  of  a  length  a  of  the  chain. 

da 
Now,  by  (1),  T=T^-j-  =  <rZy  by  (4),  and  therefore 

the  tension  at  any  point  is  equal  to  the  weight  of  a  portion  of 
the  chain  equal  to  the  vertical  ordinate  at  that  point. 

581.  From  §  576  it  follows  immediately  that  if  a  material 
particle  of  unit  mass  be  carried  along  any  catenaiy  with  a  velo- 
city, 8,  equal  to  T,  the  numerical  measure  of  the  tension  at  any 
point,  the  force  upon  it  by  which  this  is  done  is  in  the  same 
direction  as  the  resultant  of  the  applied  force  on  the  catenary  at 
this  point,  and  is  equal  to  the  amount  of  this  force  per  unit  of 
length,  multiplied  by  T.  For,  denoting  by  S  the  tangential 
and  (as  before)  by  N  the  normal  component  of  the  applied 
force  per  unit  of  length  at  any  point  P  of  the  catenary,  we 
have,  by  §  576  (1),  S  for  the  rate  of  variation  of  s  per  unit 
length,  and  therefore  Si  for  its  variation  per  unit  of  time.  That 
is  to  say, 

or  (§  259)  the  tangential  component  force  on  the  moving 
particle  is  equal  to  ST,    Again,  by  §  576  (3), 

mi        -a 

p    p 

or  the  centrifugal  force  of  the  moving  particle  ia  the  circle  of 
curvature  of  its  path,  that  is  to  say,  the  normal  component  of 
the  force  on  it,  is  equal  to  NT,  And  lastly,  by  (2)  this  force 
is  in  the  same  direction  as  N.  We  see  therefore  that  the 
direction  of  the  whole  force  on  the  moving  particle  is  the 
same  as  that  of  the  resultant  of  S  and  N;  and  its  magnitude 
is  T  times  the  magnitude  of  this  resultant. 
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Or,  by  taking  Kinetic 

-  question 

CU      J  relative  to 

;=-  =  cUf  catenaiy. 

in  the  differential  equation  of  §  578,  we  have 

-^^-T.X,    J=-T.T,    ^-T.Z, 

which  proves  the  same  conclusion. 

When  o-  is  constant,  and  the  forces  belong  to  a  conservative 
system,  if  F  be  the  potential  at  any  point  of  the  cord,  we  have, 
by  §578  (2),  T^crF+C. 

Hence,  if  U=  i(^^+  ^'>  ^^©s©  equations  become 

d^^^dU       d^^^dU       ^z__dU 
de"      dx'      de  "      dy'      df      dz  ' 

The  integrals  of  these  equations  which  agree  with  the  catenary, 
are  those  only  for  which  the  energy  constant  is  such  that  i^=2U'. 

582.  Thus  we  see  how,  from  the  more  familiar  problems  Bzampiet. 
of  the  kinetics  of  a  particle,  we  may  immediately  derive  curious 
cases  of  catenaries.  For  instance :  a  particle  under  the  in- 
fluence of  a  constant  force  in  parallel  lines  moves  (Chap,  viii.) 
in  a  parabola  with  its  axis  vertical,  with  velocity  at  each  point 
equal  to  that  generated  by  the  force  acting  through  a  space 
equal  to  its  distance  from  the  directrix.  Hence,  if  z  denote 
this  distance,  and /the  constant  force, 

T=j2fz 

in  the  allied  parabolic  catenary ;  and  the  force  on  the  catenary 
is  parallel  to  the  axis,  and  is  equal  in  amount  per  unit  of 
length,  to 

-^     or  a/-^ 

Hence  if  the  force  on  the  catenary  be  that  of  gravity,  it  must 
have  its  axis  vertical  (its  vertex  downwards  of  course  for  stable 
equilibrium)  and  its  mass  per  unit  length  at  any  point  must  be 
inversely  as  the  square  root  of  the  distance  of  this  point  above 
the  directrix.  From  this  it  follows  that  the  whole  weight  of 
any  arc  of  it  is  proportional  to  its  horizontal  projection.     Or, 
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Emnpte.  again,  as  will  be  proved  later  with  reference  to  the  motions  of 
comets,  a  particle  moves  in  a  parabola  under  the  influence  of  a 
force  towards  a  fixed  point  varying  inversely  as  the  square  of 
the  distance  from  this  point,  if  its  velocity  be  that  due  to  falling 

from  rest  at  an  infinite  distance.    This  velocity  being  ^ /  — ,  at 

distance  r,  it  follows,  according  to  §  581,  that  a  cord  will  hang 
in  the  same  parabola,  under  the  influence  of  a  force  towards 
the  same  centre,  and  equal  to 


^"vt"'  ""^  yh' 


If,  however,  the  length  of  the  cord  be  varied  between  two 
fixed  points,  the  central  force  still  following  the  same  law,  the 
altered  catenary  will  no  longer  be  parabolic:  but  it  will  be 
the  path  of  a  particle  under  the  influence  of  a  central  force 
equal  to 

since  (§  581)  we  should  bare, 

instead  of  *  /  —  . 

CatenAry.        683.     Or  if  the  question  be,  to  find  what  force  towards  a 

problem,     given  fixed  point,  will  cause  a  cord  to  hang  in  any  given  plane 

curve  with  this  point  in  its  plane;  it  may  be  answered  im- 

mediately  from  the  solution  of  the  corresponding  problem  in 

"  central  forces." 

But  the  general  equations,  §  578,  are  always  easily  ap- 
plicable; as,  for  instance,  to  the  following  curious  and  interest- 
ing, but  not  practically  useful,  inverse  case  of  the  gravitation 
catenary : — 

Catenary  of      Find  the  sectton,  at  each  point,  of    a  chain  of    uniform 

utaengOL     material,  so  that  when  its  ends  are  fixed  the  tension  at  each  point 

may  he  proportional  to  its  section  at  that  point.    Find  also  the 

form  of  the  Curve,  called  the  Catenary  of  Uniform  Strength^  in 

which  it  mil  hang. 
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Here,  as  the  only  external  force  is  gravity,  the  chain  is  in  a  Catenary  of 
vertical  plane — ^in  which  we  may  assume  the  horizontal  axis  of  x  atrengtiL 
to  lie.      If  /A  be  the  weight  of  the  chain  at  the  point  {x,  z) 
reckoned  per  unit  of  length ;  our  equations  [§  578  (1)]  become 


aC^S)--.  ii't)-'^ 


But,  by  hypothesis  Toiyfi.    Let  it  be  b/i.     Hence,  by  the  first 
equation,  if  fi^  be  the  value  of  /i  at  the  lowest  point 

da 

whence,  by  the  second  equation, 

d  /dz\      1  da 


or 


d 


da  \di)  "h  dx' 


Integrating  we  find 


.     _,  dz     X 


no  constant  being  required  if  we  take  the  axis  of  a?  so  as  to  touch 
the  curve  at  its  lowest  point.     Integrating  again  we  have 

i  =  -log008|, 

no  constant  being  added,  if  the  origin  be  taken  at  the  lowest 
point.     We  may  write  the  equation  in  the  form 

X         ' 

sec  =-  =  €*. 

0 

From  this  form  of  the  equation  we  see  that  the  curve  has  vertical 
asymptotes  at  a  horizontal  distance  vb  from  each  other.  Hence 
vb  is  the  greatest  possible  span,  if  the  ends  are  on  the  same 
level,  or  the  horizontal  projection  of  the  greatest  possible  span 
if  they  be  not  on  the  same  level ;  b  denoting  the  length  of  a 
uniform  rod  or  wire  of  the  material  equal  in  weight  to  the 
tension  of  the  catenary  at  any  point,  and  equal  in  sectional  area 
to  the  sectional  area  of  the  catenary  at  the  same  point.  The 
greatest  possible  value  of  6  is  the  *'  length  modulus  of  rupture  " 
(g  687,  688  below). 
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584.  When  a  perfectly  flexible  string  is  stretched  over  a 
smooth  surface,  and  acted  on  by  no  other  force  throughout  its 
length  than  the  resistance  of  this  surface,  it  will,  when  in 
stable  equilibrium,  lie  along  a  line  of  minimum  length  on  the 
surface,  between  any  two  of  its  points.  For  (§  564)  its  equili- 
brium can  be  neilher  disturbed  nor  rendered  unstable  by 
placing  staples  over  it,  through  which  it  is  free  to  slip,  at  any 
two  points  where  it  rests  on  the  surface :  and  for  the  inter- 
mediate part  the  energy  criterion  of  stable  equilibrium  is  that 
just  stated. 

There  being  no  tangential  force  on  the  string  in  this  case, 
and  the  normal  force  upon  it  being  along  the  normal  to  the 
surface,  its  osculating  plane  (§  576)  must  cut  the  surface  every- 
where at  right  angles.  These  considerations,  easily  translated 
into  pure  geometry,  establish  the  fundamental  property  of  the 
geodetic  lines  on  any  surface.  The  analytical  investigations 
of  §§  578,  579,  when  adapted  to  the  case  of  a  chain  of  not  given 
length,  stretched  between  two  given  points  on  a  given  smooth 
surface,  constitute  the  direct  analytical  demonstration  of  this 
property. 

In  this  case  it  is  obvious  that  the  tension  of  the  string  is 
the  same  at  every  point,  and  the  pressure  of  the  surface 
upon  it  is  [§  576  (3)]  at  each  point  proportional  to  the  curvature 
of  the  string. 

585.  No  real  surface  being  perfectly  smooth,  a  cord  or  chain 
may  rest  upon  it  when  stretched  over  so  great  a  length  of  a 
geodetic  on  a  convex  rigid  body  as  to  be  not  of  minimum  length 
between  its  extreme  points :  but  practically,  as  in  tying  a  cord 
round  a  ball,  for  permanent  security  it  is  necessary,  by  staples 
or  otherwise,  to  constrain  it  from  lateral  slipping  at  successive 
points  near  enough  to  one  another  to  make  each  free  portion  a 
true  minimum  on  the  surface. 


Ropeooiied      586.     A  Very  important  practical  case  is  supplied  by  the 

libout  rough  ,  .  i«i 

cyiiudor.  consideration  of  a  rope  wound  round  a  rough  cylinder.  We 
may  suppose  it  to  lie  in  a  plane  perpendicular  to  the  axis,  as  we 
thus  simplify  the  question  very  considerably  without  sensibly 
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injuring  the  utility  of  the  solution.  To  simplify  still  further,  we  ^MooUed 
shall  suppose  that  no  forces  act  on  the  rope,  but  tensions  and  cylinder, 
the  reaction  of  the  cylinder.  In  practice  this  is  equivalent  to 
the  supposition  that  the  tensions  and  reactions  are  very  large 
compared  with  the  weight  of  the  rope  or  chain ;  which,  how- 
ever, is  inadmissible  in  some  important  cases;  especially  such 
as  occur  in  the  application  of  the  principle  to  brakes  for  laying 
submarine  cables,  to  dynamometers,  and  to  windlasses  (or 
capstans  with  horizontal  axes). 

If  iibe  the  normal  reaction  of  the  cylinder  per  unit  of  length 
of  the  cord,  at  any  point;  T  and  T -vhT  the  tensions  at  the 
extremities  of  an  arc  Zs ;  hO  the  inclination  of  these  lines ;  we 
have,  as  in  §  576, 

Tie  =  RIb, 

And  the  friction  called  into  play  is  evidently  equal  to  hT. 
When  the  rope  is  about  to  slip,  the  friction  has  its  greatest 
value,  and  then 

ST=fiBS8^fjLTS0, 
This  gives,  by  integration, 

showing  that,  for  equal  successive  amounts  of  integral  curva- 
ture (§  10),  the  tension  of  the  rope  augments  in  geofnetrical 
progression.  To  give  an  idea  of  the  magnitudes  involved, 
suppose  /A=  025,  d=  27r,  then 

r=  r/*'^  4-8ir,  approximately. 

Hence  if  the  rope  be  wound  three  times  round  the  post  or 
cylinder  the  ratio  of  the  tensions  of  its  ends,  when  motion  is 
about  to  commence,  is 

(4-81)» :  1  or  about  111  :  1. 

Thus  we  see  how,  by  the  aid  of  friction,  one  man  may  easily 
check  the  motion  of  a  large  ship,  by  the  simple  expedient  of 
coiling  a  rope  a  few  times  round  a  post.  This  application  of 
friction  is  of  great  importance  in  many  other  uses,  especially 
for  dynamometers. 
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Bopeooiied     687.      With  the  aid  of  the  preceding  investigations,   the 

ojiindef!*^  student  may  easily  work  out  for  himself  the  formulae  expressing 

the  solution  of  the  general  problem  of  a  cord  under  the  action 

of  any  forces,  and  constrained  by  a  rough  surface ;  they  are 

not  of  sufficient  importance  or  interest  to  find  a  place  here. 

Biaitiowire.  688.  An  elongated  body  of  elastic  material,  which  for 
brevity  we  shall  generally  call  a  Wire,  bent  or  twisted  to  any 
JJJT^gjf'^  degree,  subject  only  to  the  condition  that  the  radius  of  curva- 
S'yiSr*'  t^re  and  the  reciprocal  of  the  twist  (§  119)  are  everywhere 
very  great  in  comparison  with  the  greatest  transverse  dimen- 
sion, presents  a  case  in  which,  as  we  shall  see,  the  solution  of 
the  general  equations  for  the  equilibrium  of  an  elastic  solid  is 
either  obtainable  in  finite  terms,  or  is,  reducible  to  compara- 
tively easy  questions  agreeing  in  mathematical  conditions  with 
some  of  the  most  elementary  problems  of  .hydrokinetics,  elec- 
tricity, and  thermal  conduction.  And  it  is  only  for  the  deter- 
mination of  certain  constants  depending  on  the  section  of  the 
wire  and  the  elastic  quality  of  its  substance,  which  measure  its 
flezural  and  torsional  rigidity,  that  the  solutions  of  these  4>ro- 
blems  are  required.  When  the  constants  of  flexure  and  torsion 
are  known,  as  we  shall  now  suppose  them  to  be,  whether  from 
theoretical  calculation  or  experiment,  the  investigation  of  the 
form  and  twist  of  any  length  of  the  wire,  under  the  influence 
of  any  forces  which  do  not  produce  a  violation  of  the  condition 
stated  above,  becomes  a  subject  of  mathematical  analysis  in- 
volving only  such  principles  and  formulae  as  those  that  con- 
stitute the  theory  of  curvature  (§§  5 — 13)  and  twist  (§§  119 — 
123)  in  geometry  or  kinematics. 

689.  Before  entering  on  the  general  theory  of  elastic  solids, 
we  shall  therefore,  according  to  the  plan  proposed  in  §  573, 
examine  the  dynamic  properties  and  investigate  the  conditions 
of  equilibrium  of  a  perfectly  elastic  wire,  without  admitting 
any  other  condition  or  limitation  of  the  circumstances  than 
what  is  stated  in  §  588,  and  without  assuming  any  special 
quality  of  isotropy,  or  of  crystalline,  fibrous  or  laminated  struc- 
ture in  the  substance.  The  following  short  geometrical  digres- 
sion is  a  convenient  preliminary : — 
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690.  The  geometrical  composition  of  curvatures  with  one  Compod- 
another,  or  with  rates  of  twist,  is  obvious  from  the  definition  ioiution  of 
and  principles  regarding  curvature  given  above  in  §§  5 — ISinsoorved 
and  twist  in  §§  119 — 123^  and  from  the  composition  of  angular 
velocities  explained  in  §  96.  Thus  if  one  line,  ®VI/y  of  a  rigid 
body  be  always  held  parallel  to  the  tangent,  PT,  at  a  point  P 
moving  with  unit  velocity  along  a  curve,  whether  plane  or 
tortuous,  it  will  have,  round  an  axis  perpendicular  to  ®®  and 
to  the  radius  of  curvature  (that  is  to  say,  perpendicular  to  the 
osculating  plane),  an  angular  velocity  numerically  equal  to  the 
curvature.  The  body  may  besides  be  made  to  rotate  with  any 
angular  velocity  round  ®®.  Thus,  for  instance,  if  a  line  of  it, 
®^,  be  kept  always  parallel  to  a  transverse  (§  120)  PA,  the 
component  angular  velocity  of  the  rigid  body  round  ®®  will 
at  every  instant  be  equal  to  the  "  rate  of  twist "  (§  120)  of  the 
transverse  round  the  tangent  to  the  curve.  Again,  the  angular 
velocity  round  ®^  may  be  resolved  into  components  round 
two  lines  ®?St,  ®iL,  perpendicular  to  one  another  and  to  ®^ ; 
and  the  whole  curvature  of  the  curve  may  be  resolved  accord- 
ingly into  two  component  curvatures  in  planes  perpendicidar 
to  those  two  lines  respectively.  The  amounts  of  these  com- 
ponent curvatures  are  of  course  equal  to  the  whole  curvature 
multiplied  by  the  cosines  of  the  respective  inclinations  of  the 
osculating  plane  to  these  planes.  And  it  is  clear  that  each 
component  curvature  is  simply  the  curvature  of  the  projection 
of  the  actual  curve  on  its  plane*. 

591.  Besides  showing  how  the  constants  of  flexural  and 
torsional  rigidity  are  to  be  determined  theoretically  from  the 
form  of  the  transverse  section  of  the  wire,  and  the  proper  data 
as  to  the  elastic  qualities  of  its  substance,  the  complete  theoiy 
simply  indicates  that,  provided  the  conditional  limit  (§  588) 
of  deformation  is  not  exceeded,  the  following  laws  will  be 
obeyed  by  the  wire  under  stress : — 

*  The  ourvatrire  of  the  projection  of  a  cnire  on  a  plane  inclined  at  an 
angle  a  to  the  oBonlating  plane,  is  (1/p)  cos  a  if  the  plane  be  parallel  to  the 
tangent;  and  l/^cos'a  if  it  be  parallel  to  the  principal  normal  (or  radius  of 
abfiolate  onrvature).  There  is  no  difficulty  in  proving  either  of  ^ese  expree- 
aons. 

9—2 
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lAwiof  Let  the  whole  mutual  action  between  the   parts  of  the 

flexure  and  .         <i     •  i» 

tonion.  ^[^q  qu  the  two  sidos  of  the  cross  section  at  any  point  (being  of 
course  the  action  of  the  matter  infinitely  near  this  plane  on  one 
side,  upon  the  matter  infinitely  near  it  on  the  other  side),  be 
reduced  to  a  single  force  through  any  point  of  the  section  and  a 
single  couple.    Then — 

I.  The  twist  and  curvature  of  the  wire  in  the  neighbourhood 
of  this  section  are  independent  of  the  force,  and  depend  solely 
on  the  couple. 

n.  The  curvatures  and  rates  of  twist  producible  by  any 
several  couples  separately,  constitute,  if  geometricitlly  com- 
pounded, the  curvature  and  rate  of  twist  which  are  actually 
produced  by  a  mutual  action  equal  to  the  resultant  of  those 
couples. 

592.  It  may  be  added,  although  not  necessary  for  our 
present  purpose,  that  there  is  one  determinate  point  in  the 
cross  section  such  that  if  it  be  chosen  as  the  point  to  which 
the  forces  are  transferred,  a  higher  order  of  approximation  is 
obtained  for  the  fulfilment  of  these  laws  than  if  any  other 
point  of  the  section  be  taken.  That  point,  which  in  the  case 
of  a  wire  of  substance  uniform  through  its  cross  section  is  the 
centre  of  inertia  of  the  area  of  the  section,  we  shall  generally 
call  the  elastic  centre,  or  the  centre  of  elasticity,  of  the  section. 
It  has  also  the  following  important  property :— The  line  oi 
elastic  centres,  or,  as  we  shall  call  it,  the  elastic  central  line, 
remains  sensibly  unchanged  in  length  to  whatever  stress  within 
our  conditional  limits  (§  588)  the  wire  be  subjected.  The  elon- 
gation or  contraction  produced  by  the  neglected  resultant  force, 
if  this  is  in  such  a  direction  as  to  produce  any,  will  cause  the 
line  of  rigorously  no  elongation  to  deviate  only  infinitesimally 
from  the  elastic  central  line,  in  any  part  of  the  wire  finitely 
curved.  It  will,  however,  clearly  cause  there  to  be  no  line  of 
rigorously  unchanged  length,  in  any  straight  part  of  the  wire  : 
but  as  the  whole  elongation  would  be  infinitesimal  in  compari- 
sion  with  the  effective  actions  with  which  we  are  concerned, 
this  case  constitutes  no  exception  to  the  preceding  statement. 
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693.     ConsideriDg  now  a  wire  of  uniform  constitution  and  Wwpinsof 
figure  throughojut,  and  naturally  straight;  let  any  two  planes  tion  by 
of  reference  perpendicular  to  one  another  through  its  elastic  flexure,  i^ 
central  line  when  straight,  cut  the  normal  section  through 
P  in  the  lines  PK  and   PL,    These  two  lines  (supposed  to 
belong  to  the  substance,  and  move  with  it)  will  remain  in- 
finitely nearly  at  right  angles  to  one  another,  and  to  the  tan- 
gent, PTy  to  the  central  line,  however  the  wire  may  be  bent  aotationi 
or  twisted  within  the  conditional  limits.     Let  k  and  X  be  the  tngto 
component  curvatures  (§  590)  in  the  two  planes  perpendicular  tonioD. 
to  PK  and  PL  through  PT,  and  let  t  be  the  twist  (§  120)  of 
the  wire  at  P.    We  have  just  seen  (§  590)  that  if  P  be  moved 
at  a  unit  rate  along  the  curve,  a  rigid  body  with  three  rectan- 
gular axes  of  reference  ®1St,  ®  1,  ®®  kept  always  parallel  to 
PK,  PL,  PT,  will  have  angular  velocities  /c,  X,  t  round  those 
axes  respectively.     Hence  if  the  point   P  and  the  lines  PT, 
PKy  PL  be  at  rest  while  the  wire  is  bent  and  twisted  from  its 
unstrained  to  its  actual  condition,  the  lines  of  reference  P'K'y 
P'L\  P'T  through  any  point  P'  infinitely  near  P,  will  ex- 
perience  a  rotation  compounded  of  k  .  PP*  round  PK\  X .  PP' 
round  FL\  and  t  .  PF  round  FT. 

694     Considering  now  the  elastic  forces  called  into  action,  potential 
we  see  that  if  these  constitute  a  conservative  system,  the  work  liSS^ force 
required  to  bend  and  twist  any  part  of  the  wire  from  its  un-  twiated 
strained  to  its  actual  condition,  depends  solely  on  its  figure  in 
these  two  conditions.     Hence  if  w .  PF  denote  the  amount  of 
this  work,  for  the  infinitely  small  length  PF  of  the  rod,  w 
must  be  a  function  of  a;,  X,  r ;  and  therefore  if  K,  L,  T  denote 
the  components  of  the  couple-resultant  of  all  the  forces  which 
must  act  on  the  section  through  F  to  hold  the  part  PP'  in  its 
strained  state,  it  follows,  from  §§  240,  272,  274,  that 

KhK=^  h^w,  LiK=^hxw,  TSr^BrW (1), 

where  S^w,  B^w,  B^w  denote  the  augmentations  of  w  due  respec- 
tively to  infinitely  small  augmentations  Bk,  B\,  Bt,  of  k,  X,  r. 

696.     Now  however  much  the  shape  of  any  finite  length  of 
the  wire   may  be  changed,  the  condition  of  §  588  requires  ^ 
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Wire. 


Potent!^  clearly  that  the  changes  of  shape  in  each  infinitely  small  part, 
kTboat  Ml?  *^^*  is  to  say,  the  strain  (§  154)  of  the  substance,  shall  be 
*^"^***®**  everywhere  very  small  (infinitely  small  in  order  that  the  theory 
may  be  rigorously  applicable).  Hence  the  principle  of  super- 
position [§  591,  II.]  shows  that  if  k,  \,  r  be  each  increased  or 
diminished  in  one  ratio,  Ky  Z,  T  will  be  each  increased  or 
diminiBhed  in  the  same  ratio:  and  consequently  w  in  the 
duplicate  ratio,  since  the  angle  through  which  each  couple  acts 
is  altered  in  the  same  ratio  as  the  amount  of  the  couple ;  or,  in 
algebraic  language,  t(;  is  a  homogeneous  quadratic  function  of 


Ky    X,    T. 


,(2). 


Oompo- 
nefntoof 
restitnent 
couple. 


(3). 


(4). 


Thus  if  Ay  By  Cy  a,  6,  c  denote  six  constants,  we  have 
«;  =  J(iiK*  +  -fiX'+Cr*  +  2a\r  +  26tic  +  2ck\) 

Hence,  by  §  594  (1), 

K=Ak+  cX  +  6t 
L  '^CK  +BX.-\-aT 
T=hK  +aX  +  CTJ 

By  the  known  reduction  of  the  homogeneous  quadratic  function, 
these  expressions  may  of  course  be  reduced  to  the  following 
simple  forms : — 

A=^A»   ^«=-^a^«»  L;,=A^^J 

where  ^j,  ^g,  b^  are  linear  functions  of  #c,  X,  t.  And  if  these 
functions  are  restricted  to  being  the  expressions  for  the  com- 
ponents round  three  rectangular  axes,  of  the  rotations  fc,  X,  r 
viewed  as  angular  velocities  round  the  axes  PKy  PLy  PTy  the 
positions  of  the  new  axes,  PQ^y  PQ^y  PQz,  and  the  values  of  Aiy 
A^y  Ag  are  deteiminate ;  the  latter  being  the  roots  of  the  deter- 
minant cubic  [§  181  (11)]  founded  on  (4,  By  C,  a,  6,  c).  Hence 
we  conclude  that 

Three  prin-  696.  There  are  in  general  three  determinate  rectangular 
maiaxM  directions,  P^,  PQ,,  PQ^,  through  any  point  P  of  the  middle 
uid  flexure,  line  of  a  wire,  such  that  if  opposite  couples  be  applied  to  any 
two  parts  of  the  wire  in  planes  perpendicular  to  any  one  of 
them,  every  intermediate  part  will  experience  rotation  in  a 
^^   .     plane  parallel  to  those  of  the  balanced  couples.     The  moments 
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of  the  couples  required  to  produce  unit  rate  of  rotation  round  toni<m- 
these  three  axes  are  called  the  principdl  torsion-flexure  rigidities  rigiditiM. 
of  the  wire.    They  are  the  elements  denoted  by  A^^  A^  A^  in 
the  preceding  analysis. 


697.  If  the  rigid  body  imagined  in  §  593  have  moments  of 
inertia  equal  to  A^^  A^,  A^  round  three  principal  axes  through 
®  kept  always  parallel  to  the  principal  torsion-flexure  axes 
through  P,  while  P  moves  at  unit  rate  along  the  wire,  its 
moment  of  momentum  round  any  axis  (§§  281,  236)  will  be 
equal  to  the  moment  of  the  component  torsion-flexure  couple 
round  the  parallel  axis  through  P. 


698.  The  form  assumed  by  the  wire  when  balanced  under  Three  prin- 
the  influence  of  couples  round  one  of  the  three  principal  axes  maitpinii. 
is  of  course  a  uniform  helix  having  a  line  parallel  to  it  for  axis, 
and  lying  on  a  cylinder  whose  radius  is  determined  by  the 
condition  that  the  whole  rotation  of  one  end  of  the  wire  from 
its  unstrained  position,  the  other  end  being  held  fixed,  is  equal 
to  the  amount  due  to  the  couple  applied. 

Let  I  be  the  length  of  the  wire  from  one  end,  E^  held  fixed,  to 
the  other  end,  E\  where  a  couple,  Z,  is  applied  in  a  plane  per- 
pendicular to  the  principal  axis  PQ^  through  any  point  of  the 

wire.     The  rotation  being  [§  595  (4)]  at  the  rate  -j- ,  per  unit 

of  length,  amouncs  on  the  whole  to  ^  —  •     This  therefore  is  the 

angular  space  occupied  by  the  helix  on  the  cylinder  on  which  it 
lies.  Hence  if  r  denote  the  radius  of  this  cylinder,  and  t,  the 
inclination  of  the  helix  to  its  axis  (being  the  inclination  of  PQ^ 
to  the  length  of  the  wire),  we  have 

r  -J  =  ^  Biu  tj ; 
whence  r=— ^-= — - (5). 
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Omb  m  599,     Xn  the   most   important  practical  cases,  as   we   shall 

SShSw^"  ^®®  later,  those  namely  in  which  the  substance  is  either  "  iso- 
Jrit™**  tropic/'  as  is  the  case  sensibly  with  common  metallic  wires, 
tonkm.  Qj.^  ^  jjj  j^qJq  qj.  beams  of  fibrous  or  crystalline  structure,  with 
an  axis  of  elastic  symmetry  along  the  length  of  the  piece,  one 
of  the  three  normal  axes  of  torsion  and  flexure  coincides 
with  the  length  of  the  wire,  and  the  two  others  are  perpendi- 
cular to  it;  the  first  being  an  axis  of  pure  torsion,  and  the  two 
others  axes  of  pure  flexure.  Thus  opposing  couples  round  the 
axis  of  the  wire  twist  it  simply  without  bending  it ;  and  op- 
posing couples  in  either  of  the  two  principal  planes  of  flexure, 
bend  it  into  a  circle.  The  unbent  straight  line  of  the  wire, 
and  the  circular  arcs  into  which  it  is  bent  by  couples  in  the 
two  principal  planes  of  flexure,  are  what  the  three  principal 
spirals  of  the  general  problem  become  in  this  case. 

A  simple  proof  that  the  twist  must  be  uniform  (§  123)  is 
found  by  supposing  the  whole  wire  to  turn  round  its  curved 
axis;  and  remarking  that  the  work  done  by  a  couple  at  one 
end  must  be  equal  to  that  undone  at  the  other. 

Otoe  of  600.     In  the  more  particular  case  in  which  two  principal 

biS&inaU  rigidities  against  flexure  are  equal,  every  plane  through  the 
°°*'  length  of  the  wire  is  a  principal  plane  of  flexure,  and  the 
rigidity  against  flexure  is  equal  in  all.  This  is  clearly  the  case 
with  a  common  round  wire,  or  rod:  or  with  one  of  square 
section.  It  will  be  shown  later  to  be  the  case  for  a  rod  of 
isotropic  material  and  of  any  form  of  normal  section  which  is 
"  kinetically  symmetrical,"  §  285,  round  all  axes  in  its  plane 
through  its  centre  of  inertia. 

601.  In  this  case,  if  one  end  of  the  rod  or  wire  be  held 
fixed,  and  a  couple  be  applied  in  any  plane  to  the  other  end, 
a  uniform  spiral  (or  helical)  form  will  be  produced  round  an 
axis  perpendicular  to  the  plane  of  the  couple.  The  lines  of  the 
substance  parallel  to  the  axis  of  the  spiral  are  not,  however, 
parallel  to  their  original  positions,  as  (§  598)  in  each  of  the 
three  principal  spirals  of  the  general  problem:  and  lines 
traced  along  the  surface  of  the  wire  parallel  to  its  length 
when  straight,  become   as   it  were    secondary  spirals,  circling 


t  .1     •••  tu     * 

SI,*  «- 


i.     fc 
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round  the  main  spiral  formed  by  the  central  line  of  the  ^^^^,^1  . 
deformed  wire;  instead  of  being  all  spirals  of  equal  step,  as  in  S|iJ2tto„*'^ 
each  one  of  the  principal  spirals  of  the  general  problem.  Lastly, 
in  the  present  case,  if  we  suppose  the  normal  section  of  the 
wire  to  be  circular,  and  trace  uniform  spirals  along  its  surface 
when  deformed  in  the  manner  supp>sed  (two  of  which,  for 
instance,  are  the  lines  along  which  it  is  touched  by  the  in- 
scribed and  the  circumscribed  cylinder),  these  lines  do  not 
become  straight,  but  become  spirals  laid  on  as  it  were  round 
the  wire,  when  it  is  allowed  to.  take  its  natural  straight  and 
untwisted  condition. 

Let,  in  §  595,  PQ,  coincide  with  the  central  line  of  the  wire, 

and  let  A^  =  A,  and  Ag  =  A^  =  B;  so  that  A  measures  the  rigidity 

of  torsion  and  B  that  of  flexure.     One  end  of  the  wire  being 

held  fixed,  let  a  couple  G  be  applied  to  the  other  end,  round  an 

axis  inclined  at  an  angle  6  to  the  length.     The  rates  of  twist  and 

of  flexure  each  per  unit  of  length,  according  to  (4)  of  §  595, 

will  be 

G^cos^         ,  GBinO 
-^— ,and  -g-, 

respectively.     The  latter  being   (§  9)  the  same  thing  as  the 
curvature,  and  the  inclination  of  the  spiral  to  its  axis  being  0,  it 

follows  (§  126,  or  §  590,  footnote)  that  — jj—   is  the  radius  of 

curvature  of  its  projection  on  a  plane  perpendicular  to  this  line, 
that  is  to  say,  the  radius  of  the  cylinder  on  which  the  spiral  lies. 

602.     A  wire  of  equal  flexibility  in  all  directions  may  clearly  wire 

flfcriLinMl  to 

be  held  in  any  specified  spiral  form,  and  twisted  to  any  stated  any  pven 
degree,  by  a  determinate  force  and  couple  applied  at  one  end^  twist, 
the  other  end  being  held  fixed.  The  direction  of  the  force 
must  be  pai*allel  to  the  axis  of  the  spiral,  and,  with  the  couple, 
must  constitute  a  system  of  which  this  line  is  (§  559)  the 
central  axis:  since  otherwise  there  could  not  be  the  same 
system  of  balancing  forces  in  every  normal  section  of  the 
spiral.  All  this  may  be  seen  clearly  by  supposing  the  wire  to 
be  first  brought  by  any  means  to  the  specified  condition  of 
strain;  then  to  have  rigid  planes  rigidly  attached  to  its  two 
ends  perpendicular  to  its  axis,  and  these  planes  to  be  rigidly 
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Wire  connected  by  a  bar  lying  in  this  line.  The  spiral  wire  now 
•ny^^en  left  i-0  itself  cannot  but  be  in  equilibrium:  although  if  it  be 
twiik  too  long  (according  to  its  form  and  degree  of  twist)  the  equili- 
brium may  be  unstable.  The  force  along  the  central  axis,  and 
the  couple,  are  to  be  determined  by  the  condition  that,  when 
the  force  is  transferred  after  Poinsot's  manner  to  the  elastic 
centre  of  any  normal  section,  they  give  two  couples  together 
equivalent  to  the  elastic  couples  of  flexure  and  torsion. 

Let  a  be  the  inclinatioD  of  the  spiral  to  the  plane  perpendicular 
to  its  axis;  ritbe  radius  of  the  cylinder  on  which  it  lies ;  r  the 
rate  of  twist  given  to  the  wire  in  its  spiral  form.    The  curvature 

cos    CI 

is  (§  126)  equal  to  ;  and  its  plane,  at  any  point  of  the 

spiral,  being  the  plane  of  the  tangent  to  the  spiral  and  the 
diameter  of  the  cylinder  through  that  point,  is  inclined  at  the 
angle  a  to  the  plane  perpendicular  to  the  axis.  Henoe  the  com- 
ponents in  this  plane,  and  in  the  plane  through  the  axis  of  the 
cylinder  of  the  flexural  couple,  are  respectively 

B  cos*  a                  .  B  cos*  a  . 
COB  OL   and  sm  o. 

r  r 

Also,  the  components  of  the  torsional  couple,  in  the  same  planes, 
are  ilrsino,  and  —  ilrcoso. 

Henoe,  for  equilibrium, 

^     BcoB'a  .     .      ^ 

G  = cos  a  +  ilr  sm  a  I 

^      ^oos'a  .  .  f ^^^' 

—  Rr- sm  a  -  ilT  cos  a  I 

which  give  explicitly  the  values,  G  and  R^  of  the  couple  and  force 
required,  the  latter  being  reckoned  as  positive  when  its  direction 
is  such  as  to  pull  out  the  spiral,  or  when  the  ends  of  the  rigid  bar 
supposed  above  are  pressed  inwa/rda  by  the  plates  attached  to  the 
ends  of  the  spiral. 

If  we  make  i?  =  0,  we  fall  back  on  the  case  considered  previ- 
ously (§  601).     If,  on  the  other  hand,  we  make  &  =  0,  we  have 

1  B  cos*  a 
r  A  sina 

_        J?  cos*  a        At 

and  R  —  —  -^—, =  —  , 

r*  sm  a      r  cos  a 

from  which  we  conclude  that 
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603.  A  wire  of  equal  flexibility  in  all  directions  may  be  JjJJjJj^,^^ 
held  in  any  stated  spiral  form  by  a  simple  force  along  its  axis  J^j^i^^ 
between  rigid  pieces  rigidly  attached  to  its  two  ends,  provided  «nKi«'oroe. 
that,  along  with  its  spiral  form,  a  certain  degree  of  twist  be 

given  to  it.  The  force  is  determined  by  the  condition  that  its 
moment  round  the  perpendicular  through  any  point  of  the 
spiral  to  its  osculating  plane  at  that  point,  must  be  equal 
and  opposite  to  the  elastic  unbending  couple.  The  degree  of 
twisf  is  that  due  (by  the  simple  equation  of  torsion)  to  the 
moment  of  the  force  thus  determined,  round  the  tangent  at 
any  point  of  the  spiral.  The  direction  of  the  force  being, 
according  to  the  preceding  condition,  such  as  to  press  together 
the  ends  of  the  spiral,  the  direction  of  the  twist  in  the  wire  is 
opposite  to  that  of  the  tortuosity  (§  9)  of  its  central  curve. 

604.  The  principles  and  formulae  (§§  598,  603)  with  which  sptmi 
we  have  just  been  occupied  are  immediately  applicable  to  the 
theory  of  spiral  springs ;  and  we  shall  therefore  make  a  short 
digression  on  this  curious  and  important  practical  subject  before 
completing  our  investigation  of  elastic  curves. 

A  common  spiral  spring  consists  of  a  uniform  wire  shaped 
permanently  to  have,  when  unstrained,  the  form  of  a  regular 
helix,  with  the  principal  axes  of  flexure  and  torsion  everywhere 
similarly  situated  relatively  to  the  curve.  When  used  in  the 
proper  manner,  it  is  acted  on,  through  arms  or  plates  rigidly  at- 
tached to  its  ends,  by  forces  such  that  its  form  as  altered  by  them 
is  still  a  regular  helix.  This  condition  is  obviously  fulfilled  if 
(one  terminal  being  held  fixed)  an  infinitely  small  force  and 
infinitely  small  couple  be  applied  to  the  other  terminal  along 
the  axis  and  in  a  plane  perpendicular  to  it,  and  if  the  force  and 
couple  be  increased  to  any  degree,  and  always  kept  along  and 
in  the  plane  perpendicular* to  the  axis  of  the  altered  spiral  It 
would,  however,  introduce  useless  complication  to  work  out  the 
details  of  the  problem  except  for  the  case  (§  599)  in  which  one 
of  the  principal  axes  coincides  with  the  tangent  to  the  central 
line,  and  is  therefore  an  axis  of  pure  torsion;  as  spiral  springs 
in  practice  always  belong  to  this  case.  On  the  other  hand,  a  very 
interesting  complication  occurs  if  we  suppose  (a  thing  easily 
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^vini  realized  in  practice,  though  to  be  avoided  if  merely  a  good 
spring  is  desired)  the  normal  section  of  the  wire  to  be  of  such  a 
figure,  and  so  situated  relatively  to  the  spiral,  that  the  planes 
of  greatest  and  least  flexural  rigidity  are  oblique  to  the  tangent 
plane  of  the  cylinder.  Such  a  spring  when  acted  on  in  the 
regular  manner  at  its  ends  must  experience  a  certain  degree  of 
turning  through  its  whole  length  round  its  elastic  central  curve 
in  order  that  the  flexural  couple  developed  may  be,  as  we  shall 
immediately  see  it  must  be,  precisely  in  the  osculating  plane  of 
the  altered  spiral.  But  all  that  is  interesting  in  this  very 
curious  effect  will  be  illustrated  later  (§  624)  in  full  detail  in  the 
case  of  an  open  circular  arc  altered  by  a  couple  in  its  own  plane, 
into  a  circular  arc  of  greater  or  less  radius ;  and  for  brevity 
and  simplicity  we  shall  confine  the  detailed  investigation  of 
spiral  springs  on  which  we  now  enter,  to  the  cases  in  which 
either  the  wire  is  of  equal  flexural  rigidity  in  all  directions,  or 
the  two  principal  planes  of  (greatest  and  least  or  least  and 
greatest)  flexural  rigidity  coincide  respectively  with  the  tangent 
plane  to  the  cylinder,  and  the  normal  plane  touching  the  central 
curve  of  the  wire,  at  any  point. 

606.  The  axial  force,  on  the  moveable  terminal  of  the  spring, 
transferred  according  to  Poinsot's  method  (§  555)  to  any  point 
in  the  elastic  central  curve,  gives  a  couple  in  the  plane  through 
that  point  and  the  axis  of  the  spiral.  The  resultant  of  this  and 
the  couple  which  we  suppose  applied  to  the  terminal  in  the 
plane  perpendicular  to  the  axis  of  the  spiral  is  the  effective 
bending  and  twisting  couple  :  and  as  it  is  in  a  plane  perpen- 
dicular to  the  tangent  plane  to  the  cylinder,  the  component  of 
it  to  which  bending  is  due  must  be  also  perpendicular  to  this 
plane,  and  therefore  is  in  the  osculating  plane  of  the  spiral. 
This  component  couple  therefore  simply  maintains  a  curvature 
different  from  the  natural  curvature  of  the  wire,  and  the  other, 
that  is,  the  couple  in  the  plane  normal  to  the  central  curve, 
pure  torsion.  The  equations  of  equilibrium  merely  express 
this  in  mathematical  language. 

Eesolving  as  before   (§  602)  the  flexural  and  the  torsional 
couples  each  into  components  in  the  planes  through  the  axis  of 
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the  spiral,  and  perpeDdicular  to  it,  we  have 

^     -,/cos'a     COB*  a  A  f      i      -      f 

G  =  B{ ?  j  cos  a  +  At  sin  a , 
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Binnl 
springs. 


cos*  a 


-Rr^B(   ^ 


cos  a. 


■j  sin  a  -  -4t  COB  a',    .  —(7), 


and,  by  §126,  t  = 


cos  a  sin  a 


COS  a^  sin  a^ 


where  A  denotes  the  torsional  rigidity  of  the  wire,  and  B  its 
flexnral  ngidity  in  the  osculating  plane  of  the  spiral;  a^  the  in- 
clination, and  r^  the  radius  of  the  cylinder,  of  the  spiral  when 
unstrained;  a  and  r  the  same  parameters  of  the  spiral  when 
under  the  influence  of  the  axial  force  R  and  couple  G ;  and  r  the 
degree  of  twist  in  the  change  from  the  unstrained  to  the  strained 
condition. 

These  equations  give  explicitly  the  force  and  couple  required 
to  produce  any  stated  change  in  the  spiral ;  or  if  the  force  and 
couple  are  given  they  determine  a',  /  the  parameters  of  the 
altered  curve. 

As  it  is  chiefly  the  external  action  of  the  spring  that  we  are 
concerned  with  in  practical  applications,  let  the  parameters  a,  r 
of  the  spiral  be  eliminated  by  the  following  assumptions  : — 

,  .  .      Z  cos  a 

X  ^v  Bin  a,    9  = 


«o  =  ^8ina,,  ^. 


r 
I  cos  a. 


(8), 


L 
R 


where  I  denotes  the  length  of  the  wire,  ^  the  angle  between 
planes  through  the  two  ends  of  the  spiral,  and  its  axis,  and  x  the 
distance  between  planes  through  the  ends  and  perpendicular  to 
the  axis  in  the  strained  condition ;  and,  similarly,  ^o,  x^  for  the 
unstrained  condition ;  so  that  we  may  regard  (^,  x)  and  (^q,  x^ 
as  the  co-ordinates  of  the  movable  terminal  relatively  to  the 
fixed  in  the  two  conditions  of  the  spring.  Thus  the  preceding 
equations  become 

p{>/(^-«')^-V(^-a'.')*.}V<^-a^)  +  ^(a^-«.«.)« 


- 1  UiP-  «•)  *  -  sl{^-  <)  *.}  ^(  J^^)  +  j{x^  -  «.*o)  * 


(9). 
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Spinl  Here  we  see  that  Z<f ^  +  Edx  is  the  diffei'ential  of  a  fdnction  of 

■'^™**^  the  two  independent  variables,  x,  ^.     Thus  if  we  denote  this 

function  by  E,  we  have 


-.     dE      jy    dE 


>    (10), 


a  conclusion  which  might  have  been  inferred  at  once  from  the 
general  principle  of  energy,  thus  : — 

606.     The  potential  energy  of  the  strained  spring  is  easily 
seen  from  §  595  (4),  above,  to.be 

if  A  denote  the  torsional  rigidity,  B  the  flexural  rigidity  in  the 
plane  of  curvature,  «r  and  nr^  the  strained  and  unstrained  cur- 
vatures, and  T  the  torsion  of  the  wire  in  the  strained  condition, 
the  torsion  being  reckoned  as  zero  in  the  unstrained  condition. 
The  axiaJ  force,  and  the  couple,  required  to  hold  the  spring  to 
any  given  length  reckoned  along  the  axis  of  the  spiral,  and  to 
any  given  angle  between  planes  through  its  ends  and  the  axes, 
are  of  course  (§  272)  equal  to  the  rates  of  variation  of  the 
potential  energy,  per  unit  of  variation  of  these  co-ordinates 
respectively.  It  must  be  carefully  remarked,  however,  that,  if 
the  terminal  rigidly  attached  to  one  end  of  the  spring  be 
held  fast  so  as  to  fix  the  tangent  at  this  end,  and  the  motion  of 
the  other  terminal  be  so  regulated  as  to  keep  the  figure  of  the 
intermediate  spring  always  truly  spiral,  this  motion  will  be 
somewhat  complicated ;  as  the  radius  of  the  cylinder,  the  in- 
clination of  the  axis  of  the  spiral  to  the  fixed  direction  of  the 
tangent  at  the  fixed  end,  and  the  position  of  the  point  in  the 
axis  in  which  it  is  cut  by  the  plane  perpendicular  to  it  through 
the  fixed  end  of  the  spring,  all  vary  as  the  'spring  changes  in 
figure.  The  effective  components  of  any  infinitely  small  motion 
of  the  moveable  terminal  are  its  component  translation  along, 
and  rotation  round,  the  instantaneous  position  of  the  axis  of 
the  spiral  (two  degrees  of  freedom),  along  with  which  it  vrill 
generally  have  an  infinitely  small  translation  in  some  direction 
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and  rotation  round  some  line,  each  perpendicular  to  this  axis,  Spini 
to  be  determined  from  the  two  degrees  of  arbitrary  motion,  by 
the  condition  that  the  curve  remains  a  true  spiral. 

607.  In  the  practical  use  of  spiral  springs,  this  condition  is 
not  rigorously  fulfilled  :  but,  instead,  either  of  two  plans  is 
generally  followed : — (1)  Force,  without  any  couple,  is  applied 
pulling  out  or  pressing  together  two  definite  points  of  the  two 
terminals,  each  as  nearly  as  may  be  in  the  axis  of  the  unstrained 
spiral ;  or  (2)  One  terminal  being  held  fixed,  the  other  is 
allowed  to  slide,  without  any  turning,  in  a  fixed  direction,  being 
as  nearly  as  may  be  the  direction  of  the  axis  of  the  spiml  when 
unstrained.  The  preceding  investigation  is  applicable  to  the 
infinitely  small  displacement  in  either  case :  the  couple  being 
put  equal  to  zero  for  case  (1),  and  the  instantaneous  rotatory 
motion  round  the  axis  of  the  spiral  equal  to  zero  for  case  (2). 

For    infinitely    small    displacements    let    <^  =  <^0-4-8<^    and 
x^x^-^-h:,  in  (10),  so  that  now 

-      d£!      p     dJS 

Then,  retaining  only  terms  of  the  lowest  degree  relative  to  &b 
and  8^  in  each  formula,  and  writing  x  and  ^  instead  of  x^  and 
^^,  we  have 


L^^{{A^B)x4£x^[B{V'-a?)^-A9?\^) 
Eacomiple  1. — For  a  spiral  of  45^  inclination  we  have 

and  the  formoliB  become 


(11). 


(12). 
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8p^  A  careful  study  of  this  case,  illustrated  if  necessary  by  a  model 

easily  made  out  of  ordinary  iron  or  steel  wire,  will  be  found  very 
instructive. 

X 


Spiral  Example  2. — ^Let  -^  be  very  small.     Neglecting,  therefore,  its 

ipring  of  (, 

infinitely  ?  J?  1  A 

cliuition:  square,  we  have  ^  =  -,   and  Z  =  ^&^  =  jBS-;  and  jR=  -.8*. 

The  first  of  these  is  simply  the  equation  of  direct  flexure  (§  595). 
The  interpretation  of  the  second  is  as  follows  : — 

608.  In  a  spiral  spring  of  infinitely  small  inclination  to  the 
plane  perpendicuUtr  to  its  axis,  the  displacement  produced  in 
the  moveable  terminal  by  a  force  applied  to  it  in  the  axis  of  the 
spiral  is  a  simple  rectilineal  translation  in  the  direction  of  the 
axis,  and  is  equal  to  the  length  of  the  circular  arc  through 
which  an  equal  force  carries  one  end  of  a  rigid  arm  or  crank 
equal  in  length  to  the  radius  of  the  cylinder,  attached  per- 
pendicularly to  one  end  of  the  wire  of  the  spring  supposed 
straightened  and  held  with  the  other  end  absolutely  fixed,  and 
the  end  which  bears  the  crank  free  to  turn  in  a  collar.  This 
statement  is  due  to  J.  Thomson*,  who  showed  that  in  pulling 
out  a  spiral  spring  of  infinitely  small  inclination  the  action 
exercised  and  the  elastic  quality  used  are  the  same  as  in  a 
▼irtnaUy  a  torsion-balauce  with  the  same  wire  straightened  (§  433).  This 
htSSml».  theory  is,  as  he  proved  experimentally,  sufficiently  approximate 
for  most  practical  appUcations;  spiral  springs,  as  commonly 
made  and  used,  being  of  very  small  inclination.  There  is  no 
difiSculty  in  finding  the  requisite  correction,  for  the  actual  incli- 
nation in  any  case,  from  the  preceding  formute.  The  funda- 
mental principle  that  spiral  springs  act  chiefly  by  torsion  seems 
to  have  been  first  discovered  by  Binet  in  1814-J-. 

Biastio  609.     In  continuation  of  86  590,  593,  597,  we  now  return 

ounretranii-  .  . 

miuinR       to  the  case  of  a  uniform  wire  straight  and  untwisted  (that  is, 

ooapie.        cylindrical  or  prismatic)  when  free  from  stress.     Let  us  suppose 

one  end  to  be  held  fixed  in  a  given  direction,  and  no  force 

from  without  to  influence  the  wire  except  that  transmitted  to  it 

by  a  rigid  frame  attached  to  its  other  end  and  acted  on  by  a 

*  Camb.  and  Dub,  Math.  Jour,  1848. 

+  St  Yen&nt,  Comptes  Rendus,    Sept.  1864. 
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force,  iJ,  in  a  given  line,  AB,  and  a  couple,  G,  in  a  plane  per- 
pendicular to  this  line.  The  form  and  twist  it  will  have  when 
in  equilibrium  are  determined  by  the  condition  that  the  torsion  KirohhofPB 

-  ,  ,  klnetio  ooin< 

and  flexure  at  any  point,  P,  of  its  length  are  those  due  to  the  parison. 
couple  G  compounded  with  the  couple  obtained  by  briDging  R 
to  P.  It  follows  that  the  rigid  body  of  §  597  will  move 
exactly  as  there  specified  if  it  be  set  in  motion  with  the  proper 
angular  velocity,  and,  ®  being  held  fixed,  a  force  equal  and 
parallel  to  £  be  applied  at  a  point  ®,  fixed  relatively  to  the 
body  at  unit  distance  from  ®y  in  the  Hue  ®7S^i 

This  beautiful  theorem  was  discovered  by  KifthhofF;  to  whom 
also  the  first  thoroughly  general  investigation  of  the  equations 
of  equilibrium  and  motion  of  an  elastic  wire  is  due  *. 

To  prove  the  theorem,  it  is  only  necessary  to  remark  that 
the  rate  of  change  of  the  moment  of  R  round  any  line  through 
P,  kept  parallel  to  itself  as  P  moves  along  the  curve,  in  the 
elastic  problem,  is  equal  simply  to  the  moment  round  the  parallel 
line  through  ®,  of  ^  at  ®  in  the  kinetic  analogue.  It  may  be 
added  that  G  of  the  elastic  problem  corresponds  to  the  constant 
moment  of  momentum  round  the  line  through  ©  parallel  to 
the  constant  direction  of  R  in  the  kinetic  analogue. 

610.  The  comparison  thus  established  between  the  static 
problem  of  the  bending  and  twisting  of  a  wire,  and  the  kinetic 
problem  of  the  rotation  of  a  rigid  body,  afibrds  highly  interest- 
ing illustrations,  and,  as  it  were,  graphic  representations,  of  the 
circumstances  of  either  by  aid  of  the  other ;  the  usefulness  of 
which  in  promoting  a  thorough  mental  appropriation  of  both 
must  be  felt  by  every  student  who  values  rather  the  physical 
subject  than  the  mechanical  process  of  working  through  mathe- 
matical expressions,  to  which  so  many  minds  able  for  better 
things  in  science  have  unhappily  been  devoted  of  late  years. 

When  particidarly  occupied  with  the  kinetic  problem  in 
chap.  IX.,  we  shall  have  occasion  to  examine  the  rotations 
corresponding  to  the  spirals  of  §§  601 — 603,  and  to  point  out 
also  the  general  character  of  the  elastic  curves  corresponding 
to  some  of  the  less  simple  cases  of  rotatory  motion. 

*  CreUe^s  Journal,  1859,  Ueber  das  Qleichgewicht  und  die  Bewegong  eines 
nnendlich  dttxmen  eUstiscben  Stabes. 
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611.  For  the  present  we  confine  ourselves  to  one  example, 
which,  so  far  as  the  comparison  between  the  static  and  kinetic 
problems  is  concerned,  is  the  simplest  of  all — the  Elastic  Curve 
of  James  Bernoulli,  and  the  common  pendulum.  A  uniform 
straight  wire,  either  equally  flexible  in  all  planes  through  its 
length,  or  having  its  directions  of  maximum  and  minimum 
flexural  rigidity  in  two  planes  through  its  whole  length,  is  acted 
on  by  a  force  and  couple  in  one  of  these  planes,  applied  either 
directly  to  one  end,  or  by  means  of  an  arm  rigidly  attached  to 
it,  the  other  end  being  held  fast.  The  force  and  couple  may, 
of  course  (§  558),  be  reduced  to  a  single  force,  the  extreme  case 
of  a  couple  being  mathematically  included  as  an  infinitely  small 
force  at  an  infinitely  great  distance.  To  avoid  any  restriction 
of  the  problem,  we  must  suppose  this  force  applied  to  an  arm 
rigidly  attached  to  the  wire,  although  in  any  case  in  which  the 
line  of  the  force  cuts  the  wire,  the  force  may  be  applied  directly 
at  the  point  of  intersection,  without  altering  the  circumstances 
of  the  wire  between  this  point  and  the  fixed  end.  The  wire 
will,  in  these  circumstances,  be  bent  into  a  curve  lying  through- 
out in  the  plane  through  its  fixed  end  and  the  line  of  the  force, 
and  (§  599)  its  curvatures  at  dififerent  points  will,  as  was  first 
shown  by  James  Bernoulli,  be  simply  as  their  distances  from 
this  line.  The  curve  fulfilling  this  condition  has  clearly  just 
two  independent  parameters,  of  which  one  is  conveniently  re- 
garded as  the  mean  proportional,  a,  between  the  radius  of 
curvature  at  any  point  and  its  distance  from  the  line  of  force, 
and  the  other,  the  maximum  distance,  b,  of  the  wire  from  the 
line  of  force.  By  choosing  any  value  for  each  of  these  para- 
meters it  is  easy  to  trace  the  corresponding  curve  with  a  very 
high  approximation  to  accuracy,  by  commencing  with  a  small 
circular  arc  touching  at  one  extremity  a  straight  line  at  the 
given  maximum  distance  from  the  line  of  force,  and  continuing 
by  small  circular  arcs,  with  the  proper  increasing  radii,  accord- 
ing to  the  diminishing  distances  of  their  middle  points  from 
the  line  of  force.  The  annexed  diagrams  are,  however,  not 
so  drawn ;  but  are  simply  traced  from  the  forms  actually 
assumed  by  a  flat  steel  spring,  of  small  enough  breadth  not  to 
be  much  disturbed  by  tortuosity  in  the  cases  in  which  different 
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parts  of  it  cross  one  another.     The  mode  of  application  of  the  ^'"JJSJJ^' 
force   is    suflSciently   explained  by    the    indications    in    the  •*»^ 
diagram.  ^""^ 

Let  the  line  of  force  be  the  axis  of  x,  and  let  p  be  the  radius 
of  curvature  at  any  point  {x,  y)  of  the  curve.  The  dynamical 
condition  stated  above  becomes 

py=^=a" •••••(l)i 

where  B  denotes  the  flexural  rigidity,  T  the  tension  of  the  cord, 
and  a  a  linear  parameter  of  the  curve  depending  on  these 
dements.     Hence,  by  the  ordinary  formula  for  p'\ 

y=T-^ (2). 


ow 


Multiplying  by  2efy  and  integrating,  we  have 


'"-m •" 

and  finally, 

which  is  the  equation  of  the  curve  expressed  in  terms  of  an 
elliptic  integral. 

If,  in  the  first  integral,  (3),  we  put  -^  =  0,  we  find 

y  =  *(C?*2«')4 (5), 

the  upper  sign  within  the  bracket  giving  points  of  maximum,  and 
the  lower,  points,  if  any  real,  of  minimum  distance  from  the  axis. 
Hence  there  are  points  of  equal  maximum  distance  from  the  line  of 
force  on  its  two  sides,  but  no  real  minima  when  G  <  2a';  which 
therefore  comprehends  the  cases  of  diagrams  1 ...  5.  But  there  are 
real  minima  as  well  as  maxima  when  C  >  2a',  which  is  therefore 
the  case  of  diagram  7.  In  this  case  it  may  be  remarked  that 
the  analytical  equations  comprehend  two  equal  and  similar  de- 

10—2 
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tached  curves  symmetrically  situated  on  the  two  sides  of  the  line  ?Ji°*J*^  ^ 
of  force;  of  which  one  only  is  shown  in  the  diagram.  eiM&o 

The  intermediate  case,  C  =  2a%  is  that  of  diagram  6.     For  it 
the  final  integral  degrades  into  a  logarithmic  form,  as  follows: — 


/ydy  f     2aWy 


or,  with  the  integrations  effected,  and  the  constant  assigned  to 
make  the  axis  of  y  be  that  of  symmetry, 

05=  -(4a -y")"  +  alog ^^ ^-^ (6). 

if 

This  equation,  when  the  radical  is  taken  with  the  sign  indicated, 
represents  the  branch  proceeding  from  the  vertex,  first  to  the 
negative  side  of  the  axis  of  y,  crossing  it  at  the  double  point,  and 
going  to  infinity  towards  the  positive  axis  of  a;  as  an  asymptote. 
The  other  branch  is  represented  by  the  same  equation  with  the 
sign  of  the  radical  reversed  in  each  place. 

It  may  be  remarked  that  in  (3)  the  sign  of  [  1  +  ^-^]  can 
only  change,  for  a  point  moving  continuously  along  the  curve, 
when  -^  becomes  infinite.  The  interpretation  is  facilitated  by 
putting 

which  reduces  (3)  to 

y^=2a'cose  +  C (7). 

Here,  when  C>  2a'  (the  case  in  which,  as  we  have  seen  above, 
there  are  minimum  as  well  as  maximum  values  of  y  on  one  side 
of  the  line  of  force),  there  is  no  limit  to  the  value  of  6.  It  in- 
creases, of  course,  continuously  for  a  point  moving  continuously 
along  the  curve;  the  augmentation  being  2v  for  one  complete 
period  (diagram  7). 

When  C  <  2a',  $  has  eqiial  positive  and  negative  values  at  the 
points  in  which  the  curve  cuts  the  line  of  forca  These  values 
being  given  by  the  equation 

cose  =  -2^. ^^^' 


150  ABSTRACT  DYNAMICS.  [611. 

BquOoD  of  are  obtuse  when  G  is  positive  (diagram  3),  and  acute  wKeu  C  is 

dMtio  negative  (diagram  1).     The  extreme  negative  ralne  of  (7  is  of 


eoire. 


course  -  2a*. 

If  we  take  C=-2a'  +  6", 

sfe  h  will  be  the  maximum  positive  or  negative  value  of  y,  as  we 
see  bj  (7) ;  and  if  we  suppose  5  to  be  small  in  comparison  with 
a,  we  have  the  case  of  a  uniform  spring  bent^  as  a  bow,  but 
slightljy  by  a  string  stretched  between  its  ends. 

Bovrtiigfatiy  612.  An  important  particular  case  is  that  of  figure  1,  which 
corresponds  to  a  bent  bow  having  the  same  flexural  rigidity 
throughout.  If  the  amount  of  bending  be  small,  the  equation 
is  easily  integrated  to  any  requisite  degree  of  approximation. 
We  will  merely  sketch  the  process  of  investigation. 

Let  0  be  the  maximum  distance  from  the  axis,  corresponding 
to  a;  =  0.    Then  y  =  e  gives  j^  =  0,  and  (3)  becomes 

^•-y«  =  2aVl- 


y 


1+^ 


whence  ^Je'-y'jM-^^^ (9^, 

For  a  first  approximation,  omit  e'—t^  in  comparison  with  a* 
where  they  occur  in  the  same  fiustors,  and  we  have 

dy  ^Je'-y' 

dx  a       ' 

or,  since  y  =  e  when  x^O, 

y  =  6  cos  - (10), 

the  harmonic  curve,  or  curve  of  sines,  which  is  the  simplest  form 
assumed  by  a  vibrating  cord  or  pianoforte -wire. 

For  a  closer  approximation  we  may  substitute  for  y,  in  those 
factors  where  it  was  omitted,  the  value  given  by  (10);  and  so  on. 
Thus  we  have 

dy     J^-^yW.     3c'   ,  ,x\  . 
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or  - =  —  {  1  +  :r^r- a  -  Y—  ,  COS  —  )  ,  b«nt. 

Je-.-y"      a  \       16a'      Iba'         a/ 

from  which,  by  integration, 


cos 


-  ~  -  I  1  +  TTT^  )  -  ^  -t  sin  -  - 
«      a\       ItiaV      32a*         a 


1  fa:/,       3«"\)       3d"     .    oc   .    2a 

ar.d  y  =  «  cos  <  -  ( i  +  ,  ^-5 1  ?  +  5^ .  sm  -  sm  — 


613.  Aa  we  choose  particularly  the  common  pendulum  for  Piwie 
the  corresponding  kinetic  problem,  the  force  acting  on  the  »nd  oom- 
rigid  body  in  the  comparison  must  be  that  of  gravity  in  duium. 
the  vertical  through  its  centre  of  gravity.  It  is  convenient, 
accordingly,  not  to  take  unity  as  the  velocity  of  the  point 
travelling  along  the  bent  wire,  but  the  velocity  gravity  would 
generate  in  a  body  falling  through  a  height  equal  to  half  the 
constant,  a,  of  §  611  :  and  this  constant,  a,  will  then  be  the 
length  of  the  isochronous  simple  pendulum.  Thus  if  an  elastic 
curve  be  held  with  its  line  of  force  vertical,  and  if  a  pointy  P, 
be  moved  along  it  with  a  constant  velocity  equal  to  Jga^  (a 
denoting  the  mean  proportional  between  the  radius  of  curvature 
at  any  point  and  its  distance  from  the  line  of  force,)  the  tangent 
at  P  will  keep  always  parallel  to  a  simple  pendulum,  of  length 
a,  placed  at  any  instant  parallel  to  it,  and  projected  with  the 
same  angular  velocity.  Diagrams  1...5  correspond  to  vtbra- 
lions  of  the  pendulum.  Diagram  6  corresponds  to  the  case  in 
which  the  pendulum  would  just  reach  its  position  of  unstable 
equilibrium  in  an  infinite  time.  Diagram  7  corresponds  to 
cases  in  which  the  pendulum  flies  round  continuously  in  one 
direction,  with  periodically  increasing  and  diminishing  velocity. 
The  extreme  case,  of  the  circular  elastic  curve,  corresponds  to 
a  pendulum  flying  round  with  infinite  angular  velocity,  which  of 
course  experiences  only  infinitely  small  variation  in  the  course 
of  the  revolution.  A  conclusion  worthy  of  remark  is,  that  the 
rectification  of  the  elastic  curve  is  the  same  analytical  problem 
as  finding  the  time  occupied  by  a  pendulum  in  describing  any 
given  angle. 
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Wire  of  any      614.     Hitherto  we   have  confined  our  investigation  of  the 
turbed  by    form  and  twist  of  a  wire  under  stress  to  a  portion  of  the  whole 

forces  una         ,  *^ 

S^pSS  ^^^®  ^^^  itself  acted  on  by  force  from  without,  but  merely 
t&^h  ito  engaged  in  transmitting  force  between  two  equilibrating  systems 
applied  to  the  wire  beyond  this  portion;  and  we  have,  thus, 
not  included  the  very  important  practical  cases  of  a  curve 
deformed  by  its  own  weight  or  centrifugal  force,  or  fulfilling 
such  conditions  of  equilibrium  as  we  shall  have  to  use  after- 
wards in  finding  its  equations  of  motion  according  to  D'Alem- 
bert's  principle.  We  therefore  proceed  now  to  a  perfectly 
general  investigation  of  the  equilibrium  of  a  curve,  uniform  or 
not  uniform  throughout  its  length;  either  straight,  or  bent  and 
twisted  in  any  way,  when  free  from  stress ;  and  not  restricted 
by  any  condition  as  to  the  positions  of  the  three  principal 
flexure-torsion  axes  (§  596);  under  the  influence  of  any  dis- 
tribution whatever  of  force  and  couple  through  its  whole 
length. 

Let  a,  P,  y  be  the  components  of  the  mutual  force,  and  f,  17,  f 
those  of  the  mutual  couple,  acting  between  the  matter  on  the 
two  sides  of  the  normal  section  through  (Xy  y,  z).  Those  for  the 
normal  section  through  (x  +  &r,  y  +  Bt/,  z-h  &s)  will  be 

f.f^  '*g«-  i^gs. 

Hence,  if  XSs,  YSs,  ZSsy  and  LSs,  MSs^  NBs  be  the  components 
of  the  applied  force,  and  applied  couple,  on  the  portion  Ss  of  the 
wire  between  those  two  normal  sections,  we  have  (§551)  for  the 
equilibrium  of  this  part  of  the  wire 

-^-t  -^'t  -'-% (». 

and  (neglecting,  of  course,  infinitely  small  terms  of  the  second 
order,  as  lyhs) 

—  Li%  =  ^S«  +  ySy - ^&,  eta; 

or 
_     d^       dy     ^dz        -Mr    dri       dz       dx      \^    d^     ^dx       dy      .„. 

-^=d,*yi-Pd,'  -^=i^-A-^A'  -^"^■^^5-"i-<2)- 
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We  may  eliminate  a,  P,  y  from  these  six  equations  by  means  of 
the  following  convenient  assumption — 


•s-^l^rS-^ 


(») 


Longitndi- 
>       ml  teniioii. 


T  meaning  the  component  of  the  force  acting  across  the  normal 
section,  along  the  tangent  to  the  middle  line.  From  this,  and 
the  second  and  third  of  (2),  ve  have 

ds     \        ds)  ds      \        d»)  da' 

This,  and  the  symmetrical  expressions  for  ^  and  y,  used  in  (1), 
give 


(4). 


We  have  besides,  from  (2), 

To  complete  the  mathematical  expression  of  the  circumstances, 
it  only  remains  to  introduce  the  equations  of  torsion-flexure. 
For  this  purpose,  let  any  two  lines  of  reference  for  the  substance 
of  the  wire,  PK^  FL^  be  chosen  at  right  angles  to  one  another  in 
the  normal  section  through  P.  Let  jc^,  X^  be  the  components  of 
the  curvature  (§  589)  in  the  planes  perpendicular  to  these  lines, 
and  through  the  tangent^  FTy  when  the  wire  is  unstrained;  and 
K,  X  what  they  become  under  the  actual  stress.  Let  r^  denote 
the  rate  of  twist  (§  119)  of  either  line  of  reference  round  the 
tangent  from  point  to  point  along  the  wire  in  the  unstrained 
condition,  and  r  in  the  strained,  so  that  r  —  r^  is  the  rate  of  twist 
produced  at  F  by  the  actual  stress.     Thus  [§  595  (3)]  we  have 


f/+  17W+    fn=ii(ic-icJ+c(X-X,)+6(T-T^) 


(6), 


Eqoalkmt 
oftonioii- 
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Equations 
of  toraioiv- 
flezure. 


Torsion, 

Hnd  two 

componentt 

ofcuiTBtixre, 

of  wire  (or 

component 

angular 

YelocitiM 

of  rolatirg 

solidX 


(dx     du      di^ 
-r  ,    y  ,    -J-  J  denote  the  directions 

of  PK,  PL,  PT\  80  that 


-</4j         dy        ^2     rt      -udx        ,dy       ,dz     ^ 
di         ds        d4S  as  da         ds 

11^  +  mm' -^  nnf  =  0 


y 


.(7). 


Now  if  lines  O^K,  0,L,  O^T,  each  of  unit  length,  be  drawn,  as  in 
§  593,  always  parallel  to  PK,  PL,  PT,  and  if  P  be  carried  at 
unit  velocity  along  the  curve,  the  component  velocity  of  ^ 
parallel  to  O/T^  or  that  of  ^7*  parallel  to  O^K  with  its  sign  changed, 
is  (§  593)  equal  to  k;  and  similar  statements  apply  to  X  and  r. 
Hence,     , 


=-{4(S)*--s(2)-ia 

f,  d  /dx\  d   fdy\         d   /dz\\ 


=.(. 


<U        ,  dm       ,  dn 
as  ds  ds 


) 


..(8). 


Equations  (7)  reduce  {I,  m,  n),  {l\  m'j  nT)  to  one  variable  element, 
being  the  co-ordinate  by  which  the  position  of  the  substance  of 
the  wire,  round  the  tangent  at  any  point  of  the  central  curve,  is 
specified :  and  (8)  express  k,  X,  r  in  terms  of  this  co-ordinate, 
and  the  three  Cartesian  co-ordinates  x,  y,  z  of  P.  The  specifi- 
cation of  the  unstrained  condition  of  the  wire  gives  k^,  X^,  r^  as 
functions  of  %,  Thus  (6)  gives  f,  17,  {  each  in  terms  of  9,  and 
the  four  co-ordinates,  and  their  differential  coefficients  relatively 
to  8,  Substituting  these  in  (4)  and  (5)  we  have  four  differential 
equations  which,  with 


da?     d\?     ds?     - 

. 4. .  ^ .  4. =  1 

ds'     ds'     da' 


(9). 


constitute  the  five  equations  by  which  the  five  unknown  functions 
(the  four  co-ordinates,  and  the  tension,  T)  are  to  be  determined 
in  terms  of  «,  or  by  means  of  which,  with  a  and  T  eliminated, 
the  two  equations  of  the  curve  may  be  found,  and  the  co-ordinate 
for  the  position  of  the  normal  section  round  the  tangent  deter- 
mined in  terms  of  x,  y,  z. 
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The  terminal  conditions  for  any  specified  circumstances  are  Terminal 

,  oonditioiis. 

easily  expressed  in  the  proper  mathematical  terms,  by  aid  of 

equations  (2).  Thus,  for  instance,  if  a  given  force  and  a  given 
couple  be  directly  applied  to  a  free  end,  or  if  the  problem  be 
limited  to  a  portion  of  the  wire  terminated  in  one  direction  at  a 
point  Qy  and  if,  in  virtue  of  actions  on  the  wire  beyond,  we  have 
a  given  force  (a^,  j8^,  y^  and  a  given  couple  (f„,  -q^,  Q  acting  on 
the  normal  section  through  Q  of  the  portion  under  consideration, 
and  if  8^  is  the  length  of  the  wire  from  the  zero  of  reckoning  for 
8  up  to  the  point  Q^  and  X^,,  Jf^j  -^o  *^®  values  of  Z,  if,  N  at  this 
point,  the  equations  expressing  the  terminal  conditions  will  be 


dyj      ,,     /     dz         dx\ 

i-i..-^-J'.*(«.S-r.aj 


when  8^8^ 


(10). 


From  these  we  see,  by   taking  Z^  =  0,  i/o  =  0,  N'^^0^  o«  =  0, 
A  =  0,  70  =  0,  f,  =  0,  i7,  =  0,  f,  =  0,  that 

615.  For  the  simple  and  important  case  of  a  naturally 
straight  wire,  acted  on  by  a  distribution  of  force,  but  not  of 
couple,  through  its  length,  the  condition  fulfilled  at  a  perfectly 
free  end,  acted  on  by  neither  force  nor  couple,  is  that  the  curva- 
ture is  zero  at  the  end,  and  its  rate  of  variation  from  zero,  per 
unit  of  length  from  the  end,  is,  at  the  end,  zero.  In  other  words, 
the  curvatures  at  points  infinitely  near  the  end  are  as  the 
squares  of  their  distances  from  the  end  in  general  (or,  as  some 
higher  power  of  these  distances,  in  singular  cases).  The  same 
statements  hold  for  the  change  of  curvature  produced  by  the 
stress,  if  the  unstrained  wire  is  not  straight,  but  the  other 
circumstances  the  same  as  those  just  specified. 

616.  As  a  very  simple  example  of  the  equilibrium  of  astnight 
wire  subject  to  forces  through  its  length,  let  us  suppose  the  nite&  uuie 
natural  form  to  be  straight,  and  the  applied  forces  to  be  in 

lines,  and  the  couples  to  have  their  axes  all  perpendicular  to 
its  length,  and  to  be  not  great  enough  to  produce  more  than 
an  infinitely  small  deviation  from  the  straight  line.    Further, 
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gjjj^^*j_  in  order  that  these  forces  and  couples  may  produce  no  twist, 
iiiu'^yhttie  let  the  three  flexure-torsion  axes  be  perpendicular  to  and 
along  the  wire.  But  we  shall  not  limit  the  problem  further 
by  supposing  the  section  of  the  wire  to  be  uniform,  as  we 
should  thus  exclude  some  of  the  most  important  practical 
applications,  as  to  beams  of  balances,  levers  in  machinery, 
beams  in  architecture  and  engineering.  It  is  more  instructive 
to  investigate  the  equations  of  equilibrium  directly  for  this 
case  than  to  deduce  them  from  the  equations  worked  out  above 
for  the  much  more  comprehensive  general  problem.  The  par- 
ticular principle  for  the  present  case  is  simply  that  the  rate  of 
variation  of  the  rate  of  variation,  per  unit  of  length  along  the 
wire,  of  the  bending  couple  in  any  plane  through  the  length,  is 
equal,  at  any  point,  to  the  applied  force  per  unit  of  length,  with 
the  simple  rate  of  variation  of  the  applied  couple  subtracted. 
This,  together  with  the  direct  equations  (§  599)  between  the 
component  bending  couples,  gives  the  required  equations  of 
equilibrium. 

The  diagram  representing  a  section  of  the  wire  in  the  plane 
ay,  let  OF=^x,  PP^hx,    Let  Y  and  ^  be  the  components 


in  the  plane  of  the  diagram,  of  the  applied  force  and  couple, 
each  reckoned  per  imit  of  length  of  the  wire;  so  that  Ybc 
and  Nhx  will  he  the  amounts  of  force  and  couple  in  this 
plane,  actually  applied  to  the  portions  of  the  wire  between  P 
and  F. 

Let,  as  before  (§  614),  )9  and  y  denote  the  components  parallel 
to  0 Z  and  OZ  of  the  mutual  force*,  and  £  and  17  the  components 

*  These  forces,  lieing  each  in  the  plane  of  section  of  the  solid  separating  the 
portions  of  matter  between  which  they  act,  are  of  the  kind  called  thearing  forca. 
See  below,  §  662. 
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in  the  plane  XOYy  XOZy  of  the  mutual  couple,  between  the  straight 
portions  of  matter  on  the  two  sides  of  the  normal  section  through  nitely  litUe 
P ;  and  p^  y  and  J',  rf'  the  same  for  P'.  The  matter  between 
these  two  sections  is  balanced  under  these  actions  from  the 
matter  contiguous  to  it  beyond  them,  and  the  force  and  couple 
applied  to  it  from  without.  These  last  have,  in  the  plane  XOY^ 
components  respectively  equal  to  F&c  and  Nhi\  and  hence  for 
the  equilibrium  of  the  portion  PP', 

-i8+  rSaj-f/y  =  0,  by  forces  parallel  to  OY, 
and      - 1  +  N^  +  Z  +i88a;=  0,  by  couples  in  plane  XOF, 

the  term  )38a;  in  this  second  equation  being  the  moment  of  the 
couple  formed  by  the  infinitely  nearly  equal  forces  /3,  jS'  in  the 
dissimilar  parallel  directions  through  F  and  P'.     Now 


Hence  the  preceding  equations  give 

dx 

and  these,  by  the  elimination  of  )9, 


(1); 


^.-^  +  7 (2). 

etc*        (te  ^  ' 

Similarly,  by  forces  and  couples  in  the  plane  XOZ, 

^—^f-^Z (3), 

couples  in  this  plane  being  reckoned  positive  when  they  tend  to 
turn  from  the  direction  of  OX  to  that  of  0Z\  which  is  opposite 
to  the  convention  (651)  generally  adopted  as  being  proper  when 
the  three  axes  are  dealt  with  symmetrically. 

Since  the  wire  deviates  infinitely  little  from  the  straight  line 
OXy  the  component  curvatures  are 

^  in  the  plane  XOY, 
and  3?       "       '•       ^^^' 
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Btmight  Hence  the  equations  of  flexure  are 

\}wn  infl- 

niiely  little  »«,,  n   -i 

dx         dx  '  iA\ 

"where  B  and  C  are  the  flexural  rigidities  (§  596)  in  the  planes 
0S1/  and  xz,  and  a  the  coefficient  expressing  the  couple  in  either 
produced  by  unit  curvature  in  the  other ;  three  quantities  which 
are  to  be  regarded,  in  general,  as  given  functions  of  x.  Substi- 
tuting these  expressions  for  {  and  rj,  in  (2)  and  (3),  we  have 
the  required  equations  of  equilibrium. 

Ctseofin-       617.     If  the  directions  of  maximum  and  minimum  flexural 

dependent 

two^'htnet.  "8^^^*'y  ^®  throughout  the  wire  in  two  planes,  the  equations 
of  equilibrium  become  simplified  by  these  planes  being  chosen 
as  planes  of  reference,  XOY,  XOZ.  The  flexure  in  either  plane 
then  depends  simply  on  the  forces  in  it,  and  thus  the  problem 
divides  itself  into  the  two  quite  independent  problems  of  in- 
tegrating the  equations  of  flexure  in  the  two  principal  planes, 
and  so  finding  the  projections  of  the  curve  on  two  fixed  planes 
agreeing  with  their  position  when  the  rod  is  straight. 

In  this  case,  and  with  XOYy  XOZ  so  chosen,  we  have  a  =  0. 
Henoe  the  equations  of  flexure  (4)  become  simply 

and  the  difierential  equations  of  the  curve,  found  by  using  these 
in  (2)  and  (3), 

"""  ».>^r,  ».-^+x (6). 

Here  9  ^^^  ^  ^^  to  be  generally  regarded  as  known  functions 
of  (C,  given  explicitly  by  (6),  being  the  amounts  of  component 
simple  forces  perpendicular  to  the  wire,  reckoned  per  unit  of  its 
length,  that  would  produce  the  same  figure  as  the  distribution  of 
force  and  couple  we  have  supposed  actually  applied  throughout 
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« 

the  length.    Later,  when  occupied  with  the  theory  of  magnetism,  QMeof  Jn- 

we  shall  meet  with  a  curious  instance  of  the  relation  expressed  flexure  in 

two  pluiet. 
bj  (6).     In  the  meantime  it  may  be  remarked  that  although  the 

figtire  of  the  wire  does  not  sensibly  differ  when  the  simple  distri- 
bution of  force  is  substituted  for  any  given  distribution  of  force 
and  couple,  the  shearing  forces  in  normal  sections  become 
thoroughly  altered  by  this  change  of  circumstances,  as  is  shown 
by  (1).  When  the  wire  is  uniform,  B  and  G  are  constant,  and 
the  equations  of  equilibrium  become 

dx'" B'  dW  a ^'^" 

The  simplest  example  is  obtained  by  taking  |^  and  S  each  Plank  bent 
constant,  a  very  interesting  and  useful  case,  being  that  of  a  weight 
uniform  beam  influenced  only  by  its  own  weight,  except  where 
held  or  pressed  by  its  supports.  Coniining  our  attention  to 
flexure  in  the  one  principal  plane,  XOY^  and  supposing  this  to 
be  vertical,  so  that  ^  =  ^,  if  u;  be  the  mass  per  unit  of  length ; 
we  have,  for  the  complete  integral,  of  course 

y^^-^{^\x'  +  Kj^-^raf  +  IC'x  +  K'") (8), 

where  K,  K\  etc.,  denote  constants  of  integration.  These,  four 
in  number,  are  detennined  by  the  terminal  conditions ;  which, 

for  instance,  may  be  that  the  value  of  y  and  of  ~  is  given  for 

each  end.  Or,  as  for  instance  in  the  case  of  a  plank  simply 
resting  with  its  ends  on  two  edges  or  trestles,  and  free  to  turn 
round  inther,  the  condition  may  be  that  the  curvature  vanishes 
at  each  end :  so  that  if  OX  be  taken  as  the  line  through  the 
points  of  support,  we  have 

d^v    ^  r  when  a: « 0  and  when  x^L  ^^\^^ 

_Jl  =  01  ported  by 

dot^        J  itoenda. 

I  being  the  length  of  the  plank.     The  solution  then  is 

y  =  ^-A(«^*-2W  +  ^a:) (9). 

Hence,  by  putting  x  =  JZ,  we  find  y  ■■  - /^  •  t^ — ht  for  the  distance 
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PUnk  rap- 
ported  bj 


middle. 


by  which  the  middle  point  is  deflected  from  the  straight  line 
joiuing  the  points  of  support. 

Or,  as  in  the  case  of  a  plank  balanced  on  a  trestle  at  its  middle 
(taken  as  zero  of  x)^  or  hung  bj  a  rope  tied  round  it  there,  we 
may  have 

►  when  a;  =  0, 


and 


dx 
dx*     " 


-0 


when  XX,  II  [see  above,  §  614  (10)]. 


The  solution  in  this  case  is,  for  the  positive  half  of  the  plank, 


.(10). 


DrooM 
pared. 


com- 


y=^-i^(«*-2W+f^^') 

By  putting  x  =  ^l,  we  find  y=:^.---^^.     Hence 

618.  When  a  uniform  bar,  beam,  or  plank  is  balanced  on  a 
single  trestle  at  its  middle,  the  droop  of  its  ends  is  only  ^  of  the 
droop  which  its  middle  has  when  the  bar  is  supported  on  trestles 
at  its  ends.  From  this  it  follows  that  the  former  is  |  and  the 
latter  ^  of  the  droop  or  elevation  produced  by  a  force  equal  to 
half  the  weight  of  the  bar,  applied  vertically  downwards  or 
upwards  to  one  end  of  it,  if  the  middle  is  held  fast  in  a  hori- 
zontal position.  For  let  us  first  suppose  the  whole  to  rest  on  a 
trestle  under  its  middle,  and  let  two  trestles  be  placed  under 
its  ends  and  gradually  raised  till  the  pressure  is  entirely  taken 
oflF  from  the  middle.  During  this  operation  the  middle  remains 
fixed  and  horizontal,  while  a  force  increasing  to  half  the  weight, 
applied  vertically  upwards  on  each  end,  raises  it  through  a 
height  equal  to  the  sum  of  the  droops  in  the  two  cases  above 
referred  to.  This  result  is  of  course  proved  directly  by  com- 
m&nk  mfh  paring  the  absolute  values  of  the  droop  in  those  two  cases  as 
end!  or  found  above,  with  the  deflection  from  the  tangent  at  the  end  of 
the  cord  in  the  elastic  curve,  figure  2,  of  §  611,  which  is 
cut  by  the  cord  at  right  angles.    It  may  be  stated  otherwise 
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thus :  the  droop  of  the  middle  of  a  uniform  beam  resting  on  Pi*^Bup- 
trestles  at  its  ends  is  increased  in  the  ratio  of  5  to  13  by  laying  JJ^'. 
a  mass  equal  in  weight  to  itself  on  its  middle :   and,  if  the 
beam  is  hung  by  its  middle,  the  droop  of  the  ends  is  increased 
in  the  ratio  of  3  to  11  by  hanging  on  each  of  them  a  mass 
equal  to  half  the  weight  of  the  beam. 

619.  The  important  practical  problem  of  finding  the  distri-bythreeor 
bution  of  the  weight  of  a  solid  on  points  supporting  it,  when 
more  than  two  of  these  are  in  one  vertical  plane,  or  when 
there  are  more  than  three  altogether,  which  (§  568)  is  indeter- 
minate* if  the  solid  is  perfectly  rigid,  may  be  completely  solved 
for  a  uniform  elastic  beam,  naturally  straight,  resting  on  three 
or  more  points  in  rigorously  fixed  positions  all  nearly  in  one 
horizontal  line,  by  means  of  the  preceding  results. 

If  there  are  i  points  of  support,  the  t  —  1  parts  of  the  rod 
between  them  in  order  and  the  two  end  parts  will  form  i  +  1 
curves  expressed  by  distinct  algebraic  equations  [§  617(8)],  each 
involving  four  arbitrary  constants.  For  determining  these  con- 
stants we  have  4d  +  4  equations  in  all,  expressing  the  following 
conditions : — 

I.  The  ordinates  of  the  inner  ends  of  the  projecting  parts  of 
the  rod,  and  of  the  two  ends  of  each  intermediate  part,  are 
respectively  equal  to  the  given  ordinates  of  the  corresponding 
points  of  support  [2i  equations]. 

IL  The  curves  on  the  two  sides  of  each  support  have  co- 
incident tangents  and  equal  curvatures  at  the  point  of  transi- 
tion from  one  to  the  other  [2i  equations]. 

III.  The  curvature  and  its  rate  of  variation  per  unit  of 
length  along  the  rod,  vanish  at  each  end  [4  equations]. 

Thus  the  equation  of  each  part  of  the  curve  is  completely 
determined:  and  then,  by  §  616,  we  find  the  shearing  force 
in  any  normal  section.     The  difference  between  these  in  the 

*  It  need  scaroely  be  remarked  that  indeterzninateness  does  not  exist  in 
nature.  How  it  may  occur  in  the  problems  of  abstract  dynamics,  and  is  obvi- 
ated by  taking  something  more  of  the  properties  of  matter  into  aoconnt,  ia 
instmctiyely  illostrated  by  the  circomstanoes  referred  to  in  the  text. 
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neighbouring  portions  of  the  rod  on  the  two  sides  of  a  point 
of  support,  is  of  course  equal  to  the  pressure  on  this  point. 

PiMikRni>-  620.  The  solution  for  the  case  of  this  problem  in  which 
♦^ndsaiid  two  of  the  points  of  support  are  at  the  ends,  and  the  third 
midway  between  them  either  exactly  in  the  line  joining  them, 
or  at  any  given  very  small  distance  above  or  below  it,  is  found 
at  once,  without  analytical  work,  from  the  particular  results 
stated  in  §  618.  Thus  if  we  suppose  the  beam,  after  being 
first  supported  wholly  by  trestles  at  its  ends,  to  be  gradually 
pressed  up  by  a  trestle  under  its  middle,  it  will  bear  a  force 
simply  proportional  to  the  space  through  which  it  is  raised 
from  the  zero  point,  until  all  the  weight  is  taken  off  the  ends, 
and  borne  bv  the  middle.     The  whole  distance  through  which 

the  middle  rises  during  this  process  is,  as  we  found,  ~-  *  ; 

and  this  whole  elevation  is  f  of  the  droop  of  the  middle  in  the 
first  position.  If  therefore,  for  instance,  the  middle  trestle  be 
fixed  exactly  in  the  line  joining  those  under  the  ends,  it  will 
bear  §  of  the  whole  weight,  and  leave  -^^  to  be  borne  by  each 
end.  And  if  the  middle  trestle  be  lowered  from  the  line  join- 
ing the  end  ones  by  -^^  of  the  space  through  which  it  would 
have  to  be  lowered  to  relieve  itself  of  all  pressure,  it  will  bear 
just  J  of  the  whole  weight,  and  leave  the  other  two  thirds  to 
be  equally  borne  by  the  two  ends. 

Rotation  of      621.     A  wire    of   equal    flexibility    in  all   directions,  and 
iu  elastic    Straight  when  freed  from  stress,  offers,  when  bent  and  twisted 
in  any  manner  whatever,  not  the  slightest  resistance  to  being 
turned  round   its  elastic  central  curve,  as  its   conditions   of 
Elastic  uni-  equilibrium  are  in  no  way  affected  by  turning  the  whole  wire 
flexure        thus  equally  throughout  its  length.     The  useful  application  of 
this  principle,  to  the  maintenance  of  equal  angular  motion  in 
two  bodies  rotating  round  different  axes,  is  rendered  somewhat 
diflicult  in  practice  by  the  necessity  of  a  perfect  attachment 
and  adjustment  of  each  end  of  the  wire,  so  as  to  have  the  tan- 
gent to  its  elastic  central  curve  exactly  in  line  with  the  axis 
of  rotation.      But  if  this  condition  is  rigorously  fulfilled,  and 
the  wire  is  of  exactly  equal  flexibility  in  every  direction,  and 
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exaxjtly  straight  when  free  from  stress,  it  will  give,  against  any  Equable 
constant  resistance,  an  accurately  uniform  motion  from  one  to  tating  joint 
another  of  two  bodies  rotating  round  axes  which  may  he  in- 
clined to  one  another  at  any  angle,  and  need  not  be  in  one 
plane.  If  they  are  in  one  plane,  if  there  is  no  resistance  to 
the  rotatory  motion,  and  if  the  action  of  gravity  on  the  wire 
is  insensible,  it  will  take  some  of  the  varieties  of  form  (§  612) 
of  the  plane  elastic  curve  of  James  Bernoulli.  But  however 
much  it  is  altered  from  this ;  whether  by  the  axes  not  being  in 
one  plane ;  or  by  the  torsion  accompanying  the  transmission  of 
a  couple  from  one  shaft  to  the  other,  and  necessarily,  when  the 
axes  are  in  one  plane,  twisting  the  wire  out  of  it;  or  by  gravity; 
the  elastic  central  curve  will  remain  at  rest,  the  wire  in  every 
normal  section  rotating  round  it  with  uniform  angular  velocity, 
equal  to  that  of  each  of  the  two  bodies  which  it  connects. 
Under  Properties  of  Matter,  we  shall  see,  as  indeed  may  be 
judged  at  once  from  the  performances  of  the  vibrating  spring 
of  a  chronometer  for  twenty  years,  that  imperfection  in  the 
elasticity  of  a  metal  wire  does  not  exist  to  any  such  degree  as 
to  prevent  the  practical  application  of  this  principle,  even  in 
mechanism  required  to  be  durable. 

It  is  right  to  remark,  however,  that  if  the  rotation  be  too 
rapid,  the  equilibrium  of  the  wire  rotating  round  its  unchanged 
elastic  central  curve  may  become  unstable,  as  is  immediately  dis- 
covered by  experiments  (leawling  to  very  curious  phenomena), 
when,  as  is  often  done  in  illustrating  the  kinetics  of  ordinary 
rotation,  a  rigid  body  is  hung  by  a  steel  wire,  the  upper  end  of 
which  is  kept  turning  rapidly. 

622.  If  the  wire  is  not  of  rigorously  equal  flexibility  in  all  ?'*®*i3Jj. 
directions,  there  will  be  a  periodic  inequality  in  the  communi- 
cated angular  motion,  having  for  period  a  half  turn  of  either 
body :  or  if  the  wire,  when  unstressed,  is  not  exactly  straight, 
there  will  be  a  periodic  inequality,  having  the  whole  turn  for 
its  period.  In  other  words,  if  <p  and  <f)  be  angles  simultane- 
ously turned  through  by  the  two  bodies,  with  a  constant  work- 
ing couple  transmitted  from  one  to  the  other  through  the  wire, 
ff>  —  <f>   will  not  be  zero,  as  in  the  proper  elastic  universal 

11—2 
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Pnicticai  flexure  loint,  but  will  be  a  function  of  sin  2d>  and  cos  26  if  the 
first  defect  alone  exists ;  or  it  will  be  a  function  of  sin  <^  and 
cos  <f>  if  there  is  the  second  defect  whether  alone  or  along  with 
the  first.    It  is  probable   that,  if  the  bend  in  the  wire  when 

EiMticro-  unstressed  is  not  greater  than  can  be  easily  provided  against 
in  actual  construction,  the  inequality  of  action  caused  by  it 
may  be  sufficiently  remedied  without  much  difficulty  in 
practice,  by  setting  it  at  one  or  at  each  end,  somewhat  inclined 
to  the  axis  of  the  rotating  body  to  which  it  is  attached.  But 
these  considerations  lead  us  to  a  subject  of  much  greater  interest 
in  itself  than  any  it  can  have  from  the  possibility  of  usefulness 
in  practical  applications.  The  simple  cases  we  shall  choose 
illustrate  three  kinds  of  action  which  may  exist,  each  either 
alone  or  with  one  or  both  the  others,  in  the  equilibrium  of  a 
wire  not  equally  flexible  in  all  directions,  and  straight  when 
unstressed. 

Rotation  623.     A  uniform  wire,  straight  when  unstressed,  is  bent  till 

eiMtic  cen-  its  two  ends  meet,  which  are  then  attached  to  one  another,  with 
ofaiimiKht  the   elastic  central  curve  through  each  touching  one  straight 

wiro  made     « .  i 

iutoahoop.  line:  SO  that  whatever  be  the  form  of  the  normal  section,  and 
the  quality,  crystalline  or  non-crystalline,  of  the  substance,  the 
whole  wire  must  become,  when  in  equilibrium,  an  exact  circle 
(gravity  being  not  allowed  to  produce  any  disturbance).  It  is 
required  to  find  what  must  be  done  to  turn  the  whole  wire 
uniformly  through  any  angle  round  its  elastic  central  circle. 

If  the  wire  is  of  exactly  equal  flexibility  in  all  directions*,  it 
will,  as  we  have  seen  (§  621),  offer  no  resistance  at  all  to  this 
action,  except  of  course  by  its  own  inertia;  and  if  it  is  once 
set  to  rotate  thus  uniformly  with  any  angular  velocity,  great  or 
small,  it  would  continue  so  for  ever  were  the  elasticity  perfect, 
and  were  there  no  resistance  from  the  air  or  other  matter 
touching  the  axis. 

To  avoid  restricting  the  problem  by  any  limitation,  we  must 
suppose  the  wire  to  be  such  that,  if  twisted  and  bent  in  any 
way,  the  potential  energy  of  the  elastic  action  developed,  per 

*  In  this  case,  dearly  it  might  have  been  twisted  before  its  ends  were  put 
together,  without  altering  the  circular  form  taken  when  left  with  its  ends  joined. 
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unit  of  length,  is  a  quadratic  function  of  the  twist,  and  two  com-  Rotatioa 
ponents  of  the  curvature  (§§  590,  595),  with  six  arbitrarily  given  eUwtipoeD- 
coefficients.     But  as  the  wire  has  no  twist*,  three  terms  of  this  of  ••traight 

«  .  .  .  wire  made 

function  disappear  in  the  case  before  us,  and  there  remain  only  into  a  hoop, 
three  terms, — those  involving  the  squares  and  the  product  of 
the  components  of  curvature  in  planes  perpendicular  to  two 
rectangular  lines  of  reference  in  the  normal  section  through 
any  point.  The  position  of  these  lines  of  reference  may  be 
conveniently  chosen  so  as  to  make  the  product  of  the  com- 
ponents of  curvature  disappear :  and  the  planes  perpendicular 
to  them  will  then  be  the  planes  of  maximum  and  minimum 
flexural  rigidity  when  the  wire  is  kept  free  from  twistf.  There 
is  no  difficulty  in  applying  the  general  equations  of  §  614  to 
express  these  circumstances  and  answer  the  proposed  question. 
Leaving  this  as  an  analytical  exercise  to  the  student,  we  take  a 
shorter  way  to  the  conclusion  by  a  direct  application  of  the 
principle  of  energy. 

Let  the  potential  energy  per  unit  of  length  be  J(iBic'+  CA.*), 

whea  K  and  X  are  the  component  curvatures  in  the  planes  of 

maximum  and  minimum  flexural  rigidity:  so  that,  as  in  §  617, 

B  and  C  are  the  measures  of  the  flexural   rigidities  in  these 

planes.     Now  if  the  wire  be  held  in  any  way  at  rest  with  these 

planes  through  each  point  of  it  inclined  at  the  angles  ^  and 

^  IT  —  ^  to  the  plane  of  its  elastic  central  circle,  the  radius  of  this 

1  1 

circle  being  r,  we  should  have  ic  =  -  cos  0,  X  =  -  sin  <f>.     Hence, 

since  27rr  is  the  whole  length, 

i?  =  7r(-cos'<^  +  — sin'<^j (1). 

*  Which  we  have  supposed,  in  order  that  it  may  take  a  circular  form; 
although  in  the  important  case  of  equal  flexibility  in  aU  directions  this  condition 
would  obviously  be  fulfilled,  even  with  twist. 

t  When,  as  in  ordinary  cases,  the  wire  is  either  of  isotropic  material  (see  §  677 
below),  or  has  a  normal  axis  (§  596)  in  the  direction  of  its  elastic  central  line, 
flexure  will  produce  no  tendency  to  twist :  in  other  words,  the  products  of  twist 
into  the  components  of  curvature  will  disappear  from  the  quadratic  expressing 
the  potential  energy:  or  the  elastic  central  line  is  an  axis  of  pure  torsion. 
But,  as  shown  in  the  text,  the  case  under  consideration  gains  no  simplicity 
from  this  restriction. 
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BotajiloTi  Jjet  us  now  suppose  every  in6nitely  small  part  of  the  wire  to 

eiMtio  oen-  be  acted  on  by  a  couple  in  the  normal  plane,  and  let  L  be  the 

of  a  straight  amount  of  this  couple  per  unit  of  length,  which  must  be  uniform 

into  a  hoop.  all  round  the  ring  in  order  that  the  circular  form  may  be  re- 

tained, and  let  this  couple  be  varied  so  that,  rotation  being  once 
commenced,  ^  may  increase  at  any  uniform  angular  velocity. 
The  equation  of  work  done  per  unit  of  time  (§§  240,  287)  is 

2^Z^  =  §=^.^ 

And  therefore,  by  (1), 

T     B  —  C  ,     .         ,     B— C  .    o , 
-  2/  =  — j —  sin  i;^  cos  9  =  — ^Tj-  sin  3<^, 

"which  shows  that  the  couple  required  in  the  normal  plane 
through  every  point  of  tho  ring,  to  hold  it  with  the  planes  of 
greatest  flexuraL  rigidity  touching  a  cone  inclined  at  any  angle, 
^,  to  the  plane  of  the  circle,  is  proportional  to  sin  20 ;  is  in  the 
direction  to  prevent  ^  from   increasing;   and  when   0  =  j7r, 

amounts  to  — bL»~   P^'^  ^'^^^  length  of  the  circumference.    From 

this  we  see  that  there  are  two  positions  of  stable  equilibrium, 
— ^being  those  in  which  the  plane  of  least  flexural  rigidity  lies 
in  the  plane  of  the  ring ;  and  two  positions  of  unstable  equili- 
brium,— being  those  in  which  the  plane  of  greatest  flexural 
rigidity  is  in  the  plane  of  the  ring. 

Boution  624.    A  wire  of  uniform  flexibility  in  all  directions,  so  shaped 

ekMtUs  oen-  as  to  be  a  circular  arc  of  radius  a  when  free  from  stress,  is  bent 

onbhoop'of  till  its  ends  meet,  and  these  are  joined  as  in  §  623,  so  that  the 

flexibShfaii  whole  bccomes  a  circular  ring  of  radius  r.     It  is  required  to 

but  circular  find  the  couple  which  will  hold  this  ring  turned  round  the 

itrained.      central   curve   through   any  angle  0  in  every  normal  section, 

from  the  position  of  stable  equilibrium  (which  is  of  course  that 

in   which  the  naturally  concave  side   of  the  wire  is   on   the 

concave  side  of  the  ring,  the  natural  curvature  being  either 

increased  or  diminished,  but  not  reversed,  when  the  wire   is 

bent  into  the  ring).    Applying  the  principle  of  energy  exactly 

as  in  the  preceding  section,  we  find  that  in  this  case  the  couple 
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is  proportional  to  sin  ^,  and  that  when  <f>  =  Jtt,  its  amount  per  Bot»tioii 

Jf^  elMtio  oon- 

unit   of  length  of  the  circumference   is  — ,  if  jB  denote  the  tor»i  oiroie, 

wireequftlly 

fiexural  rigidity.  JS^^^**** 

For  in  this  case  we  have  the  potential  energy  droular 

when  im^ 

If  every  part  of  the  ring  is  turned  half  round,  so  as  to  bring 
the  naturally  concave  side  of  the  wire  to  the  convex  side  of  the 
ring,  we  have  of  course  a  position  of  unstable  equilibrium. 

625.     A  wire  of  unequal  flexibility  in  different  directions  is  '^^iroo"- 
formed  so  that,  when  free  from  stress,  it  constitutes  a  circular  imeindifTer. 
arc  of  radius  a,  with  the  plane  of  greatest  nexural  rigidity  at  tiom^d 
each  point  touching  a  cone  inclined  to  its  plane  at  an  angle  a.  ^U^JJ* 
Its  ends  are  then  brought  together  and  joined,  as  in  §§  623,  624,  Jj^jy^^jj^i^ 
so  that  the  whole  becomes  a  closed  circular  ring,  of  any  given  \fy  *J^^{^ 
radius  r.     It  is  required  to  find  the  changed  inclination,  <f>,  to  Jgf'^JSi,*® 
the  plane  of  the  ring,  which  the  plane  of  greatest  flexural 
rigidity  assumes,  and  the  couple,  G,  in  the  plane  of  the  ring, 
which  acts  between  the  portions  of  matter  on  each  side  of  any 
normal  section. 

The  two  equations  between  the  components  of  the  couple 
and  the  components  of  the  curvature  in  the  planes  of  greatest 
and  least  fiexural  rigidity  determine  the  two  unknown  quantities 
of  the  problem. 

These  equations  are 

J5  f  -  cos  <f>  —  cos  a  j  =  G^  cos  <^  I 

rf^  '  ^  1  •  ^  ^  •  ^  1^ ^^^' 

C;  (  -  sin  <^  -  -  am  a  j  =  (r  sm  ^  | 

since  -  cos  a  and  -  sin  a  are  the  components  of  natural  curva- 
ture in  the  principal  planes,  and  therefore  -  cos  ff>  —  cos  a,  and 
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Wireun-  \  \ 

eouaiiy  flex-  -  gill  4>  —  sin  a,  are  the  chans^es  from  the  natural  to  the  actual 

ible  in  differ-  r  a 

ent  diroc-  .^  •       •      ■»  i  i  • 

tiona.  and  curvatures  in  these  planes  mamtained  by  the  corresponding  com- 

when  un-  ponents  G  cos  <fi  and  G  sin  <f>  of  the  couple  G. 

■trained, 
bent  to  an- 

b***Si«nc-*      The  problem,  so  far  as  the  position  into  which  the  wire  turns 
wSSto*  round  its  elastic  central  curve,  may  be  solved  by  an  application 
its  ends,      ^f  ^-^e  principle  of  energy,  comprehending  those  of  §§  623,  624! 
as  particular  cases. 

Let  L  be  the  amount,  per  unit  of  length  of  the  ring,  of  the 
couple  which  must  be  applied  from  without,  in  each  normal 
section,  to  hold  ib  with  the  plane  of  maximum  flexural  rigidity 
at  each  point  inclined  at  any  given  angle,  ^  to  the  )>lane  of  the 
ring.  We  have,  as  before  (§§  623,  624),  for  the  potential  energy 
of  the  elastic  action  in  the  ring  when  held  so. 


jp=^|«/«^_?^_^y+c(?^-?^")'} (5). 

Hence 

_  ^    1  dE  _  J     p  /cos  ^     cos  a\  sin  0    ^  /sin  <^     sin  a\  cos  0|    .^. 
2irrd<l>      I         \^  a  J     r  x**  a    J     r    j 

This  equated  to  zero  is  the  same  as  (4)  with  G  eliminated,  and 
determines  the  relation  between  ^  and  r,  in  order  that  the  ring 
when  altered  to  radius  r  instead  of  a  may  be  in  equilibrium  in 
itself  (that  is,  without  any  application  of  couple  in  the  normal 
section).  The  present  method  has  the  advantage  of  facilitating 
the  distinction  between  the  solutions,  as  regards  stability  or  insta- 
bility of  the  equilibrium,  siuce  (§  291)  for  stable  equilibrium 
^  is  a  minimum,  and  for  unstable  equilibrium  a  maximum. 

As  a  particular  case,  let  (7  =  oo  ,  which  simplifies  the  problem 
very  much.  The  terms  involving  C  as  a  factor  in  (5)  and  (6) 
become  nugatory  in  this  case,  and  require  of  course  that 

sin  <!>     sin  o  _  ^ 
r  a 

But  the  former  method  is  clearer  and  better  for  the  present  case ; 
as  this  result  is  at  once  given  by  the  second  of  equations  (4) ;  and 
then  the  value  of  (?,  if  required,  is  found  from  the  first.  We 
conclude  what  is  stated  in  the  following  section: — 
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626.  Let  a  uniform  hoop,  possessins:  flexibility  only  in  one  Conical 

,  .,.11.  1.1.  bendingsof 

tangent  plane  to  its  elastic  central  line  at, each  point,  be  given,  dejgiopabie 

so  shaped  that  when  under  no  stress  (for  instance,  when  cut 

through  in  any  normal  section  and  uninfluenced  by  force  from 

other  bodies)  it  rests  in  the  form  of  a  circle  of  radius  a,  with 

its  planes  of  inflexibility  all  round  touching  a  cone  inclined 

to  the  plane  of  this  circle.     This  is  very  nearly  the  case  with 

a  common  hoop  of  thin   sheet-iron  fitted  upon  a  conical   vat, 

or  on  either  end  of  a  barrel  of  ordinary  shape.     Let  such  a 

hoop  be  shortened  (or  lengthened),  made  into  a  circle  of  radius 

a  by  riveting  its  ends  together  {§  623)  in  the  usual  way,  and 

left  with  no  force  acting  on  it  from  without.     It  will  rest  with 

its  plane  of  inflexibility  inclined  at  the  angle  <f>  =  sin"^  (r  sin  a/a) 

to  the  plane  of  its  circular  form,  and  the  elastic  couple  acting 

in  this  plane  between  the  portions  of  matter  on  the  two  sides 

of  any  normal  section  will  be 

^  _    B    /cos  (f>     cos  a\ 
cos  (f>\    r  a  J' 

These  results  we  see  at  once,  by  remarking  that  the  component 
curvature  in  the  plane  of  inflexibility  at  each  point  must  be 
invariably  of  the  same  value,  sin  a/a,  as  in  the  given  unstressed 
condition  of  the  hoop :  and  that  the  component  couple,  G  cos  <f>, 
in  the  plane  perpendicular  to  that  of  inflexibility  at  each 
point,  must  be  such  as  to  change  the  component  curvature  in 
this  plane  from  cos  a/a  to  cos  0/r. 

The  greatest  circle  to  which  such  a  hoop  can  be  changed  is 
of  course  that  whose  radius  is  a/sin  a :  and  for  this  <^  =  Jtt,  or  the 
surface  of  inflexibility  at  each  point  (the  surface  of  the  sheet- 
metal  in  the  practical  case)  becomes  the  plane  of  the  circle : 
and  therefore  0  =<x>  ,  showing  that  if  a  hoop  approaching 
infinitely  nearly  to  this  condition  be  made,  in  the  maimer  ex- 
plained, the  internal  couple  acting  across  each  normal  section 
will  be  infinitely  great,  which  is  obviously  true, 

627.  Another  very  important  and  interesting  case  readily 
dealt  with  by  a  method  similar  to  that  which  we  have  applied 
to  the  elastic  wire,  is  the  equilibrium  of  a  plane  elastic  plate 


f 
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Fi<>xureofabent  to  a  shape  diflFering  infinitely  little  from  the  plane,  by  any 
pilte.         forces  subject  to  certain  conditions  stated  below  (§  632).    Some 

definitions  and  preliminary  considerations  may  be  conveniently 

taken  first. 

Beflnitiona.      (1)     A  surface  of  a  solid  is  a  surface  passing  through  always 
the  same  particles  of  the  solid,  however  it  is  strained. 

(2)  The  middle  surface  of  a  plate  is  the  surface  passing 
through  all  those  of  its  particles  which,  when  it  is  free  from 
stress,  lie  in  a  plane  midway  between  its  two  plane  sides. 

(3)  A  normal  section  of  a  plate,  or  a  surface  normal  to  a 
plate,  is  a  surface  which,  when  the  plate  is  free  from  stress, 
cuts  its  sides  and  all  planes  parallel  to  them  at  right  angles, 
being  therefore,  when  unstrained,  necessarily  either  a  single 
plane  or  a  cylindrical  (or  prismatic)  surface. 

(4)  The  deflection  of  any  point  or  small  part  of  the  plate,  is 
the  distance  of  its  middle  surface  there  from  the  tangent  plane 
to  the  middle  surface  at  any  conveniently  chosen  point  of 
reference  in  it. 

(5)  The  inclination  of  the  plate,  at  any  point,  is  the  inclina- 
tion of  the  tangent  plane  of  the  middle  surface  there  to  the 
tangent  plane  at  the  point  of  reference. 

(6)  The  curvature  of  a  plate  at  any  point,  or  in  any  part,  is 
the  curvature  of  its  middle  surface  there. 

(7)  In  a  surface  infinitely  nearly  plane  the  curvature  is  said 
to  be  uniform,  if  the  curvatures  in  every  two  parallel  normal 
sections  are  equal. 

(8)  Any  diameter  of  a  plate,  or  distance  in  a  plate  infinitely 
nearly  plane,  is  called  finite,  unless  it  is  an  infinitely  great  mul- 
tiple of  the  least  radius  of  curvature  multiplied  by  the  greatest 
inclination. 

Geometrical  Choosing  XOY  diA  the  tangent  plane  at  the  point  of  reference, 

naritti/*  1®^  (^9  Vf  ^)  be  any  point  of  its  middle  surface,  i  it8  inclination 

there,  and  -  its  curvature  in  a  normal  section  through  that 


uaneii. 


(3). 
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point,  incUned  at  an  angle  <f>  to  ZOX.    We  have  SSuSS^"*' 

*^*'=\/(S^^') ('^' 

and,  if  «  be  infinitely  small, 

-=  ,  -  cos'^  +  2-,— y-sin^cos<6+ -j-^  sm'A (J). 

r     dor        ^       dxdy  dtf 

To  prove  these,  let  f  ,  i;,  i  be  the  co-ordinates  of  any  point  of  the 
surface  infinitely  near  (a?,  y,  «).  Then,  by  the  elements  of  the 
differential  calculus, 

^    da  ^     dz        -  [d^z  ^,    ^   d'z  ^       d'z  A 

Let  £  =  P  cos  ^9     ^  =  P  's^^  ^9 

so  that  we  have 

dz  dz 

f  =  -4p  +  i-5p",  where  -4  =  -^  cos  ^  +  -r- sin  ^ 

and  J?  =  ^-j  coe*<^  +  2  -^"-  sin  ^  cos  ^  +  -^-^  sin'^ 

Then  by  the  formula  for  the  curvature  of  a  plane  curve  Q  9), 

-  = -. ,  or,  as  il  is  infinitely  small,  ~  =  ^, 

^     (l+il*)*  ^ 

and  thus  (2)  is  proved. 

It  follows  that  the  suriS^  represented  by 

z^i{Aa^+2cxr/-^Bi/) (4), 

is  a  surface  of  uniform  curvature  if  il,  ^,  c  be  constant  through- 
.out  the  admitted  range  of  values  of  {x,  y)-,  these  being  limited 
by  the  condition  that  Ax  +  cy,  and  ex  +  By  must  be  everywhere 
infinitely  small. 

628.  When  a  plane  surface  is  bent  to  any  other  shape  than 
a  developable  surface  (§  139),  it  must  experience  some  degree 
of  stretching  or  contraction.  But  an  essential  condition  for  the 
theory  of  elastic  plates  on  which  we  are  about  to  enter,  is  that 
the  amount  of  the  stretching  or  contraction  thus  necessary  in 
the  middle  sur&ce  is  at  most  incomparably  smaller  than  the 
stretching  and  contraction  of  the  two  sides  (§  141)  due  to  cur- 
vature.    It  will  be  shown  in  §  629  that  this  condition,  if  we 
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exclude  the  case  of  bending  into  a  surface  differing  infinitely 
little  from  a  developable  surface,  is  equivalent  to  the  fol- 
lowing : — 

Limitation  The  deflectioTi  [§  627  Def.  (4)]  is,  at  all  places  finitely 
not  to  imply  [§  627  Def.  (8)]  distant  from  the  point  of  reference,  incom- 
of  middle    paraUy  smaller  than  the  thickness. 

SiuftSt of     And  if  we  extend  the  signification  of  "  deflection  "  from  that 
either  tide,  j^gj^^j  j^  ^4^  ^f  g  g27,  to  distance  from  some  true  developable  sur- 
face, the  excluded  case  is  of  course  brought  under  the  statement. 

Although  the  truth  of  this  is  obvious,  it  is  satisfactory  to 
prove  it  by  investigating  the  actual  degrees  of  stretching  and 
contraction  referred  to. 

Btretohinff  629.  Let  US  suppose  a  given  plane  surface  to  be  bent  to 
»ynciMtic  somc  curvod  form  without  any  stretching  or  contracting  of 
tic  flexure,  lines  radiating  from  some  particular  point  of  it,  0 ;  and  let  it 
be  required -to  find  the  stretching  or  contraction  in  the  cir- 
cumference of  a  circle  described  from  0  as  centre,  with  any 
radius  a,  on  the  unstrained  plane.  If  the  stretching  in  each 
part  of  the  circumference,  and  not  merely  on  the  whole,  is  to  be 
found,  something  more  as  to  the  mode  of  the  bending  must  be 
specified;  which,  for  simplicity,  in  the  first  place,  we  shall 
suppose  to  be,  that  any  point  P  of  the  given  surface  moves  in 
a  plane  perpendicular  to  the  tangent  plane  through  0,  during 
the  straining. 

Let  a,  6  be  polar  co-ordinates  of  P  in  its  primitive  position, 
and  r,  6  those  of  the  projection  on  the  tangent  plane  through  0, 
of  its  position  in  the  bent  surface,  and  let  z  be  the  distance  of 
this  position  from  the  tangent  plane  through  0.  An  element, 
ad6,  of  the  unstrained  circle,  becomes  , 

on  the  bent  surface;  and,  therefore,  for  the  stretching*  of  this        i 
element  we  have 

dr*        dz^  \* 


''\a''^a'de''^a'dff'J         ^  ^• 


Ratio  of  the  elongation  to  the  nnstretched  length. 
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Hence  if  e  denote  the  ratio  of  the  elongation  of  the  whole  cir-  stretching 

°  ,  of  a  plane  by 

cumference  to  its  unstretched  len^h,  or  the  mean  Btretchini;  of  Bynciastio 
the  circumference,  tic  flexunj. 


e 


-hMii^^^^y-^} » 


where  we  must  suppose  z  and  r  known  functions  of  6,  Confining 
ourselves  now  to  distances  from  0  within  which  the  curvature 
of  the  surface  is  sensibly  uniform,  we  have 

«  =  ^,  and  r  =  psin- =a(  1  —  J^-j  +  etc. j  (3), 

if  p  be  the  radius  of  curvature  of  the  normal  section  through  0 
and  P:  and,  if  we  take  as  the  zero  line  for  0  that  in  which  the 
tangent  plane  is  cut  by  one  of  the  principal  normal  planes  (§  130), 

-=-  cos*tf  +  -8in»^  =  j(^  +  -)  +  i(i-i)co82tf...(4), 

where  p,,  p,  are  the  principal  radii  of  curvature.  Hence  the 
term  dr^/a'd^  under  the  radical  sign  disappears  if  we  include  no 
terms  involving  higher  powers  than  the  first,  of  the  small  fraction 
a'lp'  ;  and,  to  this  degree  of  approximation 

or,  by  (4),  and  reductions,  finally 

•=-^'**{CT/^C7-^)^''"^c--^.y«''*i"(')- 

Using  this  in  (2)  wo  find 


«• 


"-'7J. ""• 

The  whole  amount  of  stretching  thus  expressed  will,  it  follows 
from  (5),  be  distributed  uniformly  through  the  circumference,  if, 
instead  of  compelling  each  point  F  to  remain  in  the  plane  through 
0,  perpendicular  to  XOY,  we  allow  it  to  yield  in  the  direction 
of  the  circumference  through  a  space  equal  to 

^{(i,-i.)sin2.H(j;-,^yBin4^} (7). 

From  (6)  we  conclude  that 
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stratohing  630.  If  a  plane  area  be  bent  to  a  uniform  decree  of  curva- 
Ky  synciw-  ture  throughout,  without  any  stretching  in  any  radius  through 
ciMtio  a  certain  point  of  it,  and  with  uniform  stretching  or  contraction 
over  the  circumference  of  every  circle  described  from  the  same 
point  as  centre,  the  amount  of  this  contraction  (reckoned 
negative  where  the  actual  etfect  is  stretching)  is  equal  to  the 
ratio  of  one-sixth  of  the  square  of  the  radius  of  the  circle,  to 
the  rectangle  under  the  maximum  and  minimum  radii  of  cur- 
vature of  normal  sections  of  the  surface ;  or  which  is  the  same 
thing,  the  ratio  of  two-thirds  of  the  rectangle  under  the  maxi- 
mum and  minimum  deflections  of  the  circumference  from  the 
tangent  plane  of  the  surface  at  the  centre,  to  the  square 
of  the  radius ;  or,  which  is  the  same,  the  ratio  one-third  of 
the  maximum  deflection  to  the  maximum  radius  of  curva- 
ture. 

If  the  surface  thus  bent  be  the  middle  surface  of  a  plate  of 
uniform  thickness,  and  if  each  line  of  particles  perpendicular 
to  this  surface  in  the  unstrained  plate  remain  perpendicular  to 
it  when  bent,  the  stretching  on  the  convex  side,  and  the  con- 
traction on  the  concave  side,  in  any  normal  section,  is  obviously 
equal  to  the  ratio  of  half  the  thickness,  to  the  radius  of  curva- 
ture. The  comparison  of  this,  with  the  last  form  of  the  pre- 
ceding statement,  proves  that  the  second  of  the  two  conditions 
stated  in  §  628  secures  the  fulfilment  of  the  first 

stretching       631.     If  a  surface  already  bent  as  specified,  be  again  bent  to 
RurtkKtTby    a  different  shape  still  fulfilling  the  prescribed  conditions,  or  if 
fuifliiing^    a  surface  given  curved  be  altered  to  any  other  shape  by  bend- 
oouditioD.    ing  according  to   the  same  conditions,  the  contraction  pro- 
duced in  the  circumferences  of  the  concentric  circles  by  this 
bending,  will  of  course  be  equal  to  the  increment  in  the  value 
of  the  ratio  stated  in  the  preceding  section.     Hence  if  a  curved 
surface  be  bent  to  any  other  figure,  without  stretching  in  any 
part  of  it,  the  rectangle  under  the  two  principal  radii  of  curva- 
r.auis's       ^^re  at  every  point  remains  unchanged.    This  is  Gauss's  cele- 
il^wSng    brated  theorem  regarding  the  bending  of  curved  surfaces,  of 
fl«»*"*-       which  we  gave  a  more  elementary  demonstration  in  our  intro- 
ductory Chapter  (see  §§  138, 150). 
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632.  Without  further  preface  we  now  commence  the  theory  Limitationi 
of  the  flexure  of  a  plane  elastic  plate  with  the  promised  (§  627)  forces  and 
statement  of  restricting  conditions.  be  admitted 

°  in  elemen- 

tary theory 

(1)  Of  the  forces  applied  from  without  to  any  part  of  the  o|^^w 
plate,  bounded  by  a  normal  surface  [§  627  (3)],  the  components 
parallel  to  any  line  in  the  plane  of  the  plate  are  either  evan- 
escent or  are  reducible  to  couples.    In  other  words  the  algebraic 

sum  of  such  components,  for  any  part  of  the  plate  bounded  by 
a  normal  surface,  is  zero. 

(2)  The  principal  radii  of  curvature  of  the  middle  surface  are 
everywhere  infinitely  great  multiples  of  the  thickness  of  the 
plate. 

(3)  The  deflection  is  nowhere,  within  finite  distance  from  the 
point  of  reference,  more  than  an  infinitely  small  fraction  of  the 
thickness.  This  condition  has  a  definite  meaning  for  an  infi- 
nitely large  plate,  which  may  be  explained  thus  : — it  would  be 
necessary  to  go  to  a  distance  equal  to  a  large  multiple  of  the 
product  of  the  least  radius  of  curvature  into  the  greatest  incli- 
nation, to  reach  a  place  where  the  deflection  is  more  than  a 
very  small  fraction  of  the  thickness  of  the  plate.  The  conside- 
ration of  this  condition,  is  of  great  importance  in  connection 
with  the  theory  of  the  propagation  of  waves  through  an  infi- 
nite plane  elastic  plate,  but  scarcely  belongs  to  our  present 
subject. 

(4)  Neither  the  thickness  of  the  plate  nor  the  moduluses  of 
elasticity  of  its  substance  need  be  uniform  throughout,  but  if 
they  vary  at  all  they  must  vary  continuously  from  place  to 
place ;  and  must  not  any  of  them  be  incomparably  greater  in 
one  place  than  in  another  within  any  finite  area  of  the  plate. 

633.  The  general  theory  of  elastic  solids  investigated  later  B«iuitB  of 
shows  that  when  these  conditions  are  fulfilled  the  distribution  theory 

stated  in 

of  strain  through  the  plate  possesses  the  following  properties,  »dvanott. 
the  statement  of  which  at  present,  although  not  necessary  for 
the  particular  problem  on  which  we  are  entering,  will  promote 
a   thorough  understanding  and  appreciation  of  the  principles 
involved. 
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Results  of  (1)  The  stretching  of  any  part  of  the  middle  surface  is  in- 
thc^,  finitely  small  in  comparison  with  that  of  either  side,  in  every 
ftdvaooe.      part  of  the  plate  where  the  curvature  is  finite. 

(2)  The  particles  in  any  straight  line  perpendicular  to  the 
plate  when  plane,  remain  in  a  straight  line  perpendicular  to 
the  curved  surfaces  into  which  its  sides,  and  parallel  planes  of 
the  substance  between  them,  become  distorted  when  it  is  bent. 
And  hence  the  curves  in  which  these  surfaces  are  cut  by  any 
plane  through  that  line,  have  one  point  in  it  for  centre  of  curva- 
ture of  them  all. 

(3)  The  whole  thickness  of  the  plate  remains  unchanged,  at 
every  point ;  but  the  half  thickness  on  one  side  (which  when 
the  curvature  is  synclastic  is  the  convex  side)  of  the  middle 
surface  becomes  diminished  and  on  the  other  side  increased,  by 
equal  amounts  comparable  with  the  elongations  and  shorten- 
ings of  lengths  equal  to  the  half  thickness,  measured  on  the 
two  side  surfaces  of  the  plate. 

634.  The  conclusions  from  the  general  theory  on  which  we 
shall  found  the  equations  of  equilibrium  and  motion  of  an 
elastic  plate  are  as  follows : — 

Taws  for         Let  a  naturally  plane  plate  be  bent  to  any  surface  of  uni- 
eSsfcio  plate  form  curvature  [§  627  (7)]  throughout,  the  applied  forces  and 
advMioe.      the  extents  of  displacement  fulfilling  the  conditions  and  restric- 
tions of  §632:  Then— 

(1)  The  force  across  any  section  of  the  plate  is,  at  each 
point  of  it,  in  a  line  parallel  to  the  tangent  plane  to  the  middle 
surface  in  the  neighbourhood. 

(2)  The  forces  across  any  set  of  parallel  normal  sections  are 
equally  inclined  to  the  directions  of  the  normal  sections  at  all 
points  (that  is  to  say,  are  in  directions  which  wo;ald  be  parallel 
if  the  plate  were  bent,  and  which  deviate  actually  fi'om  parallel- 
ism only  by  the  infinitely  small  deviations  produced  in  the 
normal  sections  of  the  flexure). 

(3)  The  amounts  of  force  across  one  normal  section,  or  any 
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set  of  parallel  normal  sections,  on  equal  iufiuitely  small  areas,  Laws  for 

„,«  ,      flexure  of 

are  simply  proportional  to  the  distances  oi  these  areas  Irom  the  eiawiic  piiite 

ir  J   r     r  aRsumed  m 

middle  surface  of  the  plate.  advance. 

(4)  The  component  forces  in  the  tangent  pla^^es  of  the  nor- 
mal sections  are  equal  and  in  dissimilar  dirf-ctions  in  sections 
which  are  perpendicular  to  one  an- 
other. For  proof,  see  §  661.  The 
meaning  of  "dissimilar  directions" 
in  this  expression  is  explained  by 
the  diagram;  where  the  arrow-heads 
indicate  the  directions  in  which 
tho  portions  of  matter  on  the  two 
sides  of  each  normal  section  would 
yield  if  the  substance  were  actually 

divided,  half  w^ay  through  the  plate  from  one  side,  by  each  of 
the  normal  sections  indicated  by  dotted  lines. 

(5)  By  the  law  of  superposition,  we  see  that  if  the  applied 
forces  be  all  doubled,  or  altered  in  any  other  ratio,  the  curva- 
ture in  every  normal  section,  and  all  the  internal  forces  specified 
in  (1),  (2),  (3),  (4),  are  changed  in  the  same  ratio ;  and  the 
potential  energy  of  the  internal  forces  becomes  changed  accord- 
ing to  the  square  of  the  same  ratio. 

635.  From  §  634  (3)  it  follows  immediately  that  the  forces 
experienced  by  any  portion  of  the  plate  bounded  by  a  normal 
section  through  the  circumference  of  a  closed  polygon  or  curve 
of  the  middle  surface,  from  the  action  of  the  contiguous  matter 
of  the  plate  all  round  it,  may  be  reduced  to  a  set  of  couples 
by  taking  them  in  groups  over  infinitely  small  rectangles 
into  which  the  bounding  normal  section  may  be  imagined  as 
divided  by  normal  lines.  From  §  634  (2)  it  follows  that  the 
distribution  of  couple  thus  obtained  is  uniform  along  each 
straight  portion,  if  any  there  is,  of  the  boundary,  and  equal 
per  equal  lengths  in  all  parallel  parts  of  the  boundary. 


Stress- 
coupie  act- 
ing aisroaa 
a  normal 
flection. 


636.  From  §  634  (4)  it  follows  that  the  component  couples 
round  axes  perpendicular  to  the  boundary  are  equal  in  parts 
of  the  boundary  at  right  angles  to  one  another,  and  are  in 

VOL.  II.  12 
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directions  related  to  one  another 
in  the  manner  indicated  by  the 
circular  arrows  in  the  diagram ; 
that  is  to  say,  in  such  directions 
that  if  the  axis  is,  according  to 
the  rule  of  §  234,  drawn  otUwards 
from  the  portion  of  the  plate 
under  consideration,  for  one  point 
of  the  boundary  it  must  be  drawn 

inwards  for  every  point  where  the  boundary  is  perpendicular  to 

its  direction  at  that  point. 


PrlndiMl 

ASM  of 
bending 


637.  We  may  now  prove  that  there  are  two  normal  sections, 
at  right  angles  to  one  another,  in  which  the  component  couples 
round  axes  perpendicular  to  them  vanish,  and  that  in  these 
sections  the  component  couples  round  axes  coincident  with  the 
sections  are  of  maximum  and  minimum  values. 


Prindpal 
ftxesof 
bending 
■trewi  in* 
TNtSgiaed. 


f 


Q^JT 


Let  OAB  be  a  right-angled  triangle  of  the  plate.   Let  A  and  II 

be  the  two  oom. 
ponent  couples 
acting  on  the 
side  OA ;  K  and 
n  those  on  the 
side  OB;  and  G 
and  U  those  on 
the  side  AB ; 
..^.  ^^^  amount  of 

each  couple  be- 
ing reckoned  per 
unit  of  length 

of  the  side  on  which  it  acts,  and  the  axes  and  directions  of  the 
several  couples  being  as  indicated  by  the  circular  arrows  when 
each  is  reckoned  as  positive.  Then,  if  AB=  a,  and  BAO  =  ^,  the 
whole  amounts  of  the  couples  on  the  three  sides  are  respectively 

Aa  cos  ^,  Ila  cos  ^ 
Kasin^,  Ilasin^, 
&a,  Ha. 
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Besolving  the  two  latter  round  OX  and  OF,  we  have  FrindiMl 

axMof 

(?a  008 ^  —  Ha  sin  ^  round  OX,  itrenS. 

.Testigated. 
and  ^a  sin  ^  +  Ha  cos  ^     ,^      OF. 

But  if  the  portion  in  question,  of  the  plate,  were  to  become  rigid, 
its  equilibrium  would  not  be  disturbed  (§  564);  and  therefore 
we  must  have 

(ra  cos  ^  -  Ha  sin  ^  a  Aa  cos  ^  +  ILa  sin  ^  by  couples  round  OX  \ 

and  i  (1). 

(j  a  sin  ^  +  ^a  cos  ^  =  Ka  sin  <^  +  na  cos  ^  ,>  ,,         OY) 

From  these  we  find  immediately 

(t  =Acos"^  +  2IIsin^cos<^  +  Ksin"^,      |  ^ 

j5r=(K-.A)sin<^cos<i>  +  n(coBV-sinV)/ ^  ^* 

Hence  the  values  of  ^,  which  make  H  vanish,  give  to  ^  its 
maximum  and  minimum  values,  and  being  determined  by  the 
equation 

tan2<*  =  -  ', — — — r (3). 

differ  from  one  another  hj  \ir.  ' 

A  modification  of  these  formulas,  which  we  shall  find  valuable, 
is  obtained  by  putting 

2  =  i(K  +  A),     0=i(K-A) (4). 

This  reduces  (2)  to 

(7  =  S  +  n  sin  2^  -  0  cos  2<^ I  ,-. 

H^        ncoB2i^  +  ©sin2<^j   ^  '' 

which  again  become 

(r  =  S  +  Ocos2(<^-a)"l  .gv 

//=-Osin2(<^-a)    )  ^  ^' 

where  a  [being  a  value  of  <^  given  by  (3)],  and  O  are  taken  so 

that  n  =  Q  sin  2a,     0  =  -  O  cos  2a,  1  ^^v 

so  that,  of  course,         Q  =  (11'+  0*)*  j 

This  analysis  demonstrates  the  following  convenient  synthesis  of 
the  whole  system  of  internal  force  in  question : — 

12—2 
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^cia«tio  638.  The  action  experienced  by  each  part  of  the  plate,  in 
clastic  virtue  of  the  internal  forces  between  it  and  the  siiiTounding 
-fined,  contiguous  matter  of  the  plate,  being  called  a  stress  [in  accord- 
ance with  the  general  use  of  this  term  defined  below  (§  658)], 
may  be  regarded  as  made  up  of  two  distinct  elements — (1)  a 
synclastic  stress,  and  (2)  an  anticlastic  stress ;  as  we  shall  call 
them. 

(1)  Synclastic  stress  consists  of  equal  direct  bending  action 
round  every  straight  line  in  the  plane  of  the  plate.  Its  amount 
may  be  conveniently  regarded  as' measured  by  the  amount,  S, 
of  the  mutual  couple  between  the  portions  of  matter  on  the  two 
sides  of  any  straight  normal  section  of  unit  length.  Its  effect 
would  be  to  produce  equal  curvature  in  all  normal  sections 
(that  is  to  say,  a  spherical  figure)  if  the  plate  were  equally 
flexible  in  all  directions. 

Anticlastic       (2)    Anticlastic  stress  consists  of  two  simple  bending  stresses 
ferrrti  to  its  of  equal  amouuts   in  opposite   directions   round   two  sets    of 

principal  ^  ^  ^*^ 

parallel  straight  lines  perpendicular  to  one  another  in  the 
plane  of  the  plate.  Its  effect  would  be  uniform  anticlastic 
curvature,  with  equal  convexities  and  concavities,  if  the  plate 
were  equally  flexible  in  all  directions.  Its  amount  is  reckoned 
as  the  amount,  fl,  of  the  mutual  couple  between  the  portions 
of  matter  on  the  two  sides  of  a  straight  normal  section  of  unit 
length,  parallel  to  either  of  these  two  sets  of  lines.  It  gives 
rise  to  couples  of  the  same  amount,  ft,  between  the  portions  of 
matter  on  each  side  of  a  normal  section  of  unit  length  parallel 
to  either  of  the  sets  of  lines  bisecting  the  right  angles  between 
,  those ;  but  the  couples  now  referred 

to  are  in  the  plane  of  the  normal 
section  instead  of  perpendicular  to 
it.  This  is  proved  and  illustrated 
by  the  annexed  diagram,  represent- 
ing [a  particular  case  of  the  diagram 
and  equations  (1)  of  §  G37]  the  equi- 
librium of  an  isosceles  right-angled 
triangle  under  the  influence  of  couples, 
each  equal  to  ftVI,  applied  to  it  round  axes  coinciding  with 


referred  to 
axes  in- 
clined  to 
them  at  4^, 


Cp"^ 
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its  legs,  and  a  third  couple,  A  round  an  axis  perpendicular  to 
its  hypotenuse. 

If  two  pairs  of  rectangular  axes,  each  bisecting  the  right  OcUntai  re- 
angles  formed  by  the  other,  be  chosen  as  axes  of  reference,  an  composition 
an ticlastic  stress  having  any  third  pair  of  rectangular  lines  for  tkj  stres*. 
its  axes  may,  as  the  preceding  formulae  [§  637  (5)]  show,  be 
resolved  into  two  having  their  axes  coincident   with  the  two 
pairs  of  axes  of  reference  respectively,  by  the  ordinary  cosine 
formula  with  each  angle  doubled.     Hence  it  follows  that  any 
two  anticlastic  stresses  mav  be  compounded  into  one  by  the  Oon«truo. 

".  tion  by  pa- 

same  geometrical  construction  as  the  parallelogram  of  forces,  raiieiogmm. 
made  upon  lines  inclined  to  one  another  at  an  angle  equal  to 
twice  that  between  the  corresponding  axes  of  the  two  given 
stresses;  and  the  position  of  the   axes  of  the  resultant  stress 
will  be  indicated  by  the  angles  of  this  diagram  each  halved. 

639.  Precisely  the  same  set  of  statements  are  of  course  Geometrical 
applicable  to  the  curvature  of  a  surface.  Thus  the  proposition 
proved  in  §  637  (3)  for  bending  stresses  has,  for  its  analogue 
in  curvature,  Euler's  theorem  proved  formerly  in  §  130 ;  and 
analogues  to  the  series  of  definitions  and  propositions  founded 
on  it  and  derived  from  it  may  be  at  once  understood  without 
more  words  or  proof. 

Let  z  =  ^{k3c^  +  2mxy  +  Xf/^    (1)      Twocylin^ 

dricalcor* 

be  the  equation  of  a  curved  surface  infinitely  near  a  point  0  at  roindTpiT- 
which  it  is  touched  by  the  plane  70X.     Its  curvature  may  be  JxJ!jand*an 
regarded  as  compounded  of  a  cylindrical  curvature,  X,  with  axis  JuJj^^Jjf 
parallel  to  OX,  a  cylindrical  curvature,  k,  with  axis  parallel  to  J^J^iJ"** 
OY,  and  an  anticlastic  curvature,  cr,  with  axis  bisecting  the  **>^»' "j3»t 
angles  XOY,  YOX\    Thus,  if  bt  and  A,  each  vanished,  the  surface 
•  would  be  cylindrical,  with  1/k  for  radius  of  curvature  and  gene- 
rating lines  parallel  to  0  Y.     Or,  if  k  and  X  each  vanished,  there 
would  be  anticlastic  curvature,  with  sections  of  equal  maximum 
curvature  in  the  two  directions,  bisecting  the  angles  XOY  and 
YOX\  and  radius  of  curvature  in  those  sections  equal  to  l/m. 

If  now  we  put 

<r^i(K-^X),  ^  =  i{K-k) (2), 
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or  a  flpheri-  the  equation  of  the  surface  becomes 

calcnnra- 

tS^.Sl  z^\{a{a>  +  f)  +  b(?f-j/')  +  2wxy) (3); 

olastio  cur*  *» 

«  =  ^{o-  +  :&cos2<^  +  msiii2<^}r'J ^'' 

2l\3fS;  or,  lastly,  ^  =  J{<r  +  «co82(«-a)}r»,| 

anfciolMtio  ^  =  a>C082a,  m  =  <DSm2a     J ^  ' 

curvatoreb 

In  these  formula  a  measures  the  spherical  curvature;  and  3^  and 
vr  two  components  of  anticlastic  curvature,  referred  to  the  pair 
of  axes  X'X^  TY,  and  the  other  pair  bisecting  their  angles.  The 
resultant  of  d  and  t?  is  an  anticlastic  curvature  q>,  with  axes  in- 
clined, in  the  angle  XOT  at  angle  a  to  OX,  and  in  YOX'  at 
angle  a  to  OF. 

Work  done  640.  The  notation  of  §§  637,  639  being  retained,  the  work 
done  on  any  area  A  of  the  plate  experiencing  a  change  of  cur- 
vature (S/c,  S\y  Sbt)  under  the  action  of  a  stress  (K,  A,  11),  is 

{KSK  +  A&\  +  2USm)A (1); 

or  (22S<r  +  208^  +  2nSt!r) -4 (2), 

if,  as  before, 

2  =  i(K  +  A),  ©  =  J(K-A),  <r  =  J('c  +  X),  d  =  J(ic-X)...(3). 

Let  FQP'Q  be  a  rectangular  portion  of  the  plate  with  its 
centre  at  0,  and  its  sides  QfP,  FQ  parallel  to  OX,  and  QF,  PQ 
paraUeltoOr.    If 

be  the  equation  of  the  curved  surface,  we  have 

dz  dz 

and  therefore  the  tangent  plane  at  (x,  y)  deviates  in  direction 
from  XOT  by  an  infinitely  small  rotation 

#t»  +  Bjy  round  0  Y\ 
and  tw?  +  Xy      „      Ox] ^'' 

Hence  the  rotation  from  XOY  to  the  mean  tangent  plane  for  all 
points  of  the  side  PQ  or  QF  is 

w\QP.KTQ\mAOY, 
and  irJ^P.w     „      OX, 
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Hence  if  tbe  tangent  plane,  XOYy  at  0  remains  fixed,  while  the  WorkdooA 
curvature  changes  from  (k,  w,  X)  to  (k  +  S/c,  m  4-  Sxir,  X  +  8X),  the 
work  done  by  the  couples  PQ .  K  round  OF,  and  FQ»Jl  round 
OX,  distributed  over  the  side  FQ,  will  be 

je'P.PC.(K8ic  +  n8tir), 

and  an  equal  amount  will  be  done  bj  the  equal  and  opposite 
couples  distributed  over  the  side  QT*  undergoing  an  equal  and 
opposite  rotation.  Similarly,  we  find  for  the  whole  work  done 
on  the  sides  FQ  and  Q'F, 

FQ.Q'F.{nSm+KiK). 

Hence  the  whole  work  done  on  all  the  four  sides  of  the  rectangle 
is  FQ .  Q'F .  (K8k  +  2U^  +  A8X) : 

whence  the  proposition  to  be  proved,  since  any  given  area  of  the 
plate  may  be  conceived  as  divided  into  infinitely  small  rectangles. 
It  is  an  instructive  exercise  to  verify  the  result  by  beginning 
with  the  consideration  of  a  portion  of  plate  bounded  by  any 
given  curve,  and  using  the  expressions  (1)  of  §  637,  by  which 
we  find,  for  the  couples  on  any  infinitely  short  portion,  ds,  of  its 
boundary,  specified  in  position  by  (x,  y). 


(5). 


But,  as  we  have  just  seen  in  (4),  the  rotation  experienced  by  the 
tangent  plane  to  the  plate  at  (or,  y),  when  the  curvature  changes 
from  (ic,  Iff,  X)  to  (k  +  8ic,  m  +  Stir,  X  +  8X),  is 

xSm  +  yh\  round  0- 
and  qsSk  +  y^ 

the  tangent  plane  to  the  plate  at  0  being  supposed  to  remain  un- 
changed in  position;  and  therefore  the  work  done  on  the  portion 
ds  of  the  edge  is 

The  required  work,  being  the  integral  of  this  over  the  whole 
of  the  bounding  curve,  is  therefore 

(K8k  +  2n8w  +  ASX)  A ; 


und  0X| 
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_  fin  /•//>« 

y?J* JP"^®  since  (x  r-  d8=-  Jy-j-  d8  =  A, 

in  bending.  -^     cCs  •'     ds 

and  fx  j-d8  =  0,    fy  ,-c?«  =  0, 

'    ds  '^^  ds 

eacli  integral  being  round  the  whole  closed  curve. 

PnrtiBidif-  641.  Conslderincj  now'  the  elastic  forces  called  into  action 
equationi  by  the  flexure  (/c,  cr,  X)  reckoned  from  the  unstressed  condition 
done  in  of  the  plate  (plane,  or  infinitely  nearly  plane),  and  denoting  by 
•nejMtic  w  the  whole  amount  of  their  potential  energy,  per  unit  area  of 
the  plate,  we  have,  as  in  the  case  of  the  wire  treated  in  §  594, 

K8/c  =  B^w,  AS\  =  S^w,  2UBw  =  SjffW (7); 

or,  according  to  the  other  notation, 

2S8<r«=S^«;,  2&Si^^B,^w,  2n&aT=^B^w. (8); 

where,  as  above  explained,  K  and  A  denote  the  simple  bending 
stresses  (measured  by  the  amount  of  bending  couple,  per  unit 
of  length)  round  lines  parallel  to  OF  and  OX  respectively :  O 
the  anticlastic  stress  with  axes  at  45*  to  OX  and  OY:  and  2 
and  0  the  synclastic  stress  and  the  anticlastic  stress  with  OX 
and  OY  for  axes,  together  equivalent  to  K  and  A.  Also,  as  in 
§  595,  we  see  that  whatever  be  the  character,  eolotropic  or  iso- 
tropic, §  677,  of  the  substance  of  the  plate,  it  must  be  a  homo- 
Potentiai  geneous  quadratic  function  of  the  three  components  of  curva- 
euitfo  plate  ture,  whether  (k,  X,  fsr)  or  (cr,  5-,  w).  From  this  and  (7),  or  (8), 
it  follows  that  the  coefficients  in  the  linear  functions  of  the 
three  components  of  curvature  which  express  the  components 
of  the  stress  required  to  maintain  it,  must  fulfil  the  ordinary 
con.servative  relations  of  equality  in  three  pairs,  reducing  the 
whole  number  from  nine  to  six. 

Thus  Af  B,  C,  a,  b,  c  denoting  six  constants  depending  on  the 
quality  of  the  solid  substance  and  the  thickness  of  the  plate,  we 

have       i/;  =  J(i4K''  +  jBA."  +  CtEr"  +  2aXB7+26c7K  +  2cicX) (9); 

and  hence,  by  (7), 

A=  CK+^X+aar  [ (10). 

2n  -  6k  +  aX+  Cm 
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Transforming  these  by  §  640  (3)  we  have,  in  teims  of  o-,  J^,  ttr,      Potential 

energy  of  nn 

+  2(6-a)^cr+2(6  +  a)<rOT  +  2(ii-^)cr^} (11), 

and       2S  =  (ii  +  5  +  2c)  o-  +  ( J[  -  i?)  ^  +  (6  +  a)  w  ^ 

20  =  (il-^)(r  +  (i4+^-2c)^+(6-a)wl (12). 

2[I=    (6  +  a)cr+  (6-a)^+  CbtJ 

These  second  forms  are  chiefly  useful  as  showing  immediately  the 
relations  which  must  be  fulBUed  among  the  coefficients  for  the 
important  case  considered  in  the  following  section. 

642.  If  the  plate  be   equally  flexible  in  all  directions,  aoaseof 
synclastic  stress  must  produce  spherical  curvature:  an  anti- SSity  in  all 
clastic  stress  having  any  pair  of  rectangular  lines  in  the  plate 

for  its  axes  must  produce  anticlastic  curvature  having  these 
lines  for  sections  of  equal  greatest  curvature  on  the  opposite 
sides  of  the  tangent  plane:  and  in  either  action  the  amount  of 
the  curvature  is  simply  proportional  to  the  amount  of  the 
stress.  Hence  if  f^  and  ft  denote  two  coefficients  depending  on  synciastto 
the  bulk-modulus  and  rigidity  of  the  substance  if  isotropic  (see  cuwtto  rT- 
§§  677,  680,  below),  and  on  the  thickness  of  the  plate,  we  have  plate. 

2  =  J<r,  e  =  iia,  7r  =  6t!r (13). 

And  therefore  [§  640  (2)] 

t(;  =  S<r*  +  ft(y  +  tsr*) (14). 

Hence  the  coefficients  in  the  general  expressions  of  §  641  fulfil, 
in  the  case  of  equal  flexibility  in  all  directions,  the  following 
conditions : — 

a  =  0,  6  =  0,  A=b/2(A-c)  =  C (15); 

and  the  newly -introduced  coefficients  j^  and  It  are  related  to  them 
thus:—  A  +  c  =  i,  iC  =  i4-c  =  lt (16). 

643.  Let  us  now  consider   the  equilibrium  of  an  infinite  Plate  bent 

by  any 

plate,  disturbed  from  its  natural  plane  by  forces  applied  to  it  forcet. 
in  any  way,  subject  only  to  the  conditions  of  §  632.  The  sub- 
stance may  be  of  any  possible  quality  as  regards  elasticity  in 
different  directions:  and  the  plate  itself  need  not  be  homo- 
geneous either  as  to  this  quality,  or  as  to  its  thickness,  in 
different  parts ;  provided  only  that  round  every  point  it  is  in 
both  respects  sensibly  homogeneous  [§  632  Def  (4)]  to  distances 
great  in  comparison  with  the  thickness  at  that  point. 
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644.  Let  ox,  OF  be  rectangular  axes  of  reference  in  the 
plane  of  the  undisturbed  plate ;  and  let  z  be  the  infinitely  small 
displacement  from  this  plane,  of  the  point  (^,  y)  of  the  plate, 
when  disturbed  by  any  forces,  specified  in  their  eflfective  com- 
ponents as  follows: — Take  a  portion,  j&,  of  the  plate  bounded  by 
a  normal  surface  cutting  the  middle  surface  in  a  line  en- 
closing an  infinitely  small  area  cr  in  the  neighbourhood  of  the 
point  (a;,  y)j  and  let  Za  denote  the  sum  of  the  component 
forces  perpendicular  to  XOY  on  all  the  matter  of  E  in  the 
neighbourhood  of  the  point  (x,  y)  :  and  La,  Ma  the  component 
couples  round  OX  and  OF  obtained  by  transferring,  according 
to  Poinsot,  the  forces  from  all  points  of  the  portion  JF,  supposed 
for  the  moment  rigid,  to  one  point  of  it  which  it  is  convenient 
to  take  at  the  centre  of  inertia  of  the  area,  <r,  of  the  part  of  the 
Conditions  middle  Surface  belonging  to  it.  This  force  and  these  couples, 
along  with  the  internal  forces  of  elasticity  exerted  on  the 
matter  of  E,  across  its  boundary,  by  the  matter  surrounding 
it,  must  (§  564)  fulfil  the  conditions  of  equilibrium  for  E  treated 
as  a  rigid  body.  And  E,  being  not  really  rigid,  must  have  the 
curvature  due,  according  to  §  641,  to  the  bending  stress  con- 
stituted by  the  last-mentioned  forces.  These  conditions  ex- 
pressed mathematically  supply  five  equations  from  which,  four 
elements  specifying  the  internal  forces  being  eliminated,  we 
have  a  single  partial  differential  equation  for  z  in  terms  of  x 
and  y,  which  is  the  required  equation  of  equilibrium. 

Let  o-  be  a  rectangle  PQFQ\  with  sides  Saj  parallel  to  OX 

and  8y  parallel  to  OF. 
Let  aSy,  a  3y  be  the  in- 
finitely nearly  equal  shear- 
ing forces  perpendicular 
to  the  plate  in  the  normal 
surfaces  through  PQ'  and 
QP*  respectively :  and  let 
ft  /3'  be  the  corresponding 
notation    for    PQ,   P'Q\ 


Squationi 
of  equili- 
brium of 
plate  bent 
by  any 
forces,  in- 
vestigated. 


o 


E 
P          Q 

ax 

We  shall  have,  of  course, 


a'-a  =  ~&c,  and/y-iS^^Sy. 


clx 


dy 
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The  results  of  these  actions  on  the  portion,  E,  of  the  plate,  con-  Eqiutkiiu 
sidered  as  rigid,  are  forces  dhy^  fi'Sx  through  the  middle  points  of  brium  of 


>lste  bent 


QP'y  Q'P\  in  the  direction  of  z  positive,  and  forces  a8y,  fiixhynj 
through  the  middle  points  of  FQ\  FQ,  in  the  direction  of  ^yesti^Oed. 
negative.     Hence,  towards  the  equilibrium  of  J^  as  a  rigid  body, 
they  contribute 

(a  -  a)  8y + (jS'-jS)  ^>  ^^  (  ^  +  j-  )  ^^!/t  component  force  parallel  to  OZ, 


and 


a8y.  Sx  couple  round  OF, 
j8&c.5y      „         „       OX; 

(in  these  laat  two  expressions  the  difference  between  a  and  a 
and  between  )3  and  P'  are  of  course  neglected).  Again,  if  K, 
A,  n  specify,  according  to  the  system  of  §  637,  the  bending 
stress  at  (a;,  y),  we  shall  have  couples  infinitely  nearly  equal 
and  opposite,  on  the  pairs  of  opposite  sides,  of  which,  estimated 
in  components  round  OX  and  OY,  the  differences,  representing 
the  residual  turning  tendencies  on  J^  as  a  rigid  body,  are  as 
follows : — 


round  OX,  i 


round  OF, 


from  Bides  FQ,  Q'F,  -J^  8y .  Sx, 

from  sides  FQ,  Q'F,  ^^.Sx, 
„      „     FQ\QF,^ix.By; 


or  in  ally  round  OX,  (^  +  ^jSo^Sy, 


and 


t> 


"^.(f-S)^- 


The  equations  of  equilibrium,  therefore,  between  these  and  the  EqnfttUm^ 
applied  forces  on  E  treated  as  a  rigid  body  give,  if  we  remove  plate  bent 
the  common  factor,  &c8y, 


by  any 

foroee. 


dx  ay 

^     a    dA.  dn    ^ 

'^     dy  dx 

„  dH  dK    ^ 

dy  dx 


(1). 


188 


ABSTRACT  DYNAMICS. 


[644. 


Eqiuttions 
of  lltre^8  ia 
plate  bi-nt 
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forces. 


Equations 
oofinectiiig 
str(>9M  and 
curvatuns. 


The  first  of  tbese,  with  a  and  /?  replaced  in  it  by  their  values 
from  the  second  and  third,  becomes 


^K     ^  efn      rf'A     „    dM     dL 

4-2 +  —  ^2 

dx*        dxdy      dy*  dx      dy 


(2). 


Now  K,  X,  w  denoting  component  curvatures  of  the  plate,  accord- 
ing to  the  system  of  §  639,  we  have  of  course 


d'z 


K~ 


k  = 


d'z 


d^Z 


dx*'     '^~dy*' 
and  hence  (10)  of  §  641  give 


1ir=    ,-  r- 


dxdy 


(3), 


_     d*z  d^z  -    rf*« 

dot?  dy*  dxdy 

d^z  j^d'z  d'z 

daf  dy'  dxdy 

-  d'z  d'z  ^   d^z 

dai*  dy'  dxdy 


(<)• 


Using  these  in  (2)  we  find  the  required  differential  equation  of 
the  disturbed  surface.  On  the  general  supposition  (§  643)  we 
must  regard  -4,  ^,  C,  a,  6,  c  as  given  functions  of  x  and  y. 
In  the  important  practical  case  of  a  homogeneous  plate  they  are 
constants ;  and  the  required  equation  becomes  the  linear  paii;ial 
differential  equation  of  the  fourth  order  with  constant  coefS- 
cients,  as  follows  : — 


.d*z     -,    d*z       ..^     n  \    d*z       ^     d*z       ^.v. 
dx*         do^dy    ^  ^  dafdy'         dxd/        dy 


d*z      _    dM     dL  .-. 


dx 


For  the  case  of  equal  flexibility  in  all  directions,  according  to 
§642  (13),  this  becomes 

^    d'z 


Psitial  dif- 
f«r«*niisl 
equation  of 
the  bent 
surface. 


or 


A 


A 


/dz' 
\dx'  ■*■ 
/  d'       d'  \' 
W  "^  dy')  ' 


doc^dy'      dy*)  dx 


Z- 


dM 
dx 


dL 
dy 


dL^ 
'dy\ 


(6). 


Boundary 
conditions  i 


646.  To  investigate  the  boundary  conditions  for  a  plate  of 
limited  dimensions,  we  may  first  consider  it  as  forming  part  of 
an  infinite  plate  bounded  by  a  normal  surface  drawn  through  a 
closed  curve  traced  on  its  middle  surface.  The  preceding  in- 
vestigation leads  immediately  to  expressions  for  the  force  and 
couple  on  any  portion  of  the  normal  bounding  surface.     If  then 
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the  portion  in  question  be  actually  cut  out  from  the  surround-  Bound»ry 

.  .         ,  .  •        .        conditions; 

ing  sheet,  and  if  a  distribution  of  force  and  couple  identical 
with  that  so  found  be  applied  to  its  edge,  its  elastic  condition 
will  remain  absolutely  unchanged  throughout  up  to  the  very 
normal  edge.  To  fulfil  this  condition  requires  three  equations, 
expressing  (1)  that  the  shearing  force  applied  to  the  edge  (that  PoImoo'b 
is,  the  applied  tangential  force  in  the  normal  surface  constitut- 
ing the  edge),  which  is  necessarily  in  the  direction  of  the 
normal  line  to  the  plate,  must  be  equal  to  the  required  amount, 
and  (2)  and  (3)  that  the  couple  applied  to  any  small  part  of  the 
edge  must  have  components  of  the  proper  amounts  round  any 
two  lines  in  the  plane  of  the  plate.  These  three  equations 
were  given  by  Poisson  as  necessary  for  the  full  expression  of 
the  boundary  condition  ;.  but  Kirchhoff  has  demonstrated  that  two sttffl- 
they  express  too  much,  and  has  shown  that  two  equations  pmvi^  hy 
suffice.  This  we  shall  prove  by  showing  that  when  a  finite 
plate  is  given  in  any  condition  of  stress,  or  free  from  stress,  we 
may  apply,  round  axes  everywhere  perpendicular  to  its  normal 
surface-edge,  any  arbitrary  distribution  of  couple  without  pro- 
ducing any  change  except  at  infinitely  small  distances  from 
the  edge,  provided  a  certain  distribution  of  force  also,  calcu- 
lated from  the  distribution  of  couple,  be  applied  to  the  edge, 
perpendicularly  to  the  plate. 

Let  XYy  -Ss,  be  an  infinitely  small  element  at  a  point  (a,  y) 
of  a  curve  traced  on  the  middle  surface  of  an 
iutiuite  plate;  and,  PX and  PY  being  pai'allel 
to  the  axes  of  a:  and  y,  let  YXP  =  </>.  Then, 
if  (,Ss  denote  the  shearing  force  in  the  normal 
snrfaoe  to  the  plate  through  8«,  and,  as  before 
(§  644),  a.  PY  And  p.  PX  he  those  in  normal 
surfaces  through  PY  and  PX,  we  must  have, 
for  the  equilibrium  of  the  triangle  YPX 
supposed  rigid  (§  5G4), 

{8«  =  a.Pr+)3.P-r,  whence  (  =  a8in<^+j3cos<^. 


KircbhofTi 


Usdng  here  for  a  and  P  their  values  by  (1)  of  §  644,  we  have 
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KlrchhofTi 

bounrlary 

equftUoat 

itivestl- 

g»ted. 


Next,  if  GSa  and  HSa  denote  the  components  round  XT,  and 
round  an  axis  perpendicular  to  it  in  the  plane  of  the  plate,  of 
the  couple  acting  across  the  normal  surface  through  Ss,  we  have 
[(2)  of  §637], 

&=:Acos'^  +  2Il8in^co8^  + Ksin'<^ (2), 

i7=(K-A)sin<^co8^  +  n(co8*<^-8in"<^) (3). 

If  (C  Of  H)  denoted  the  action  experienced  by  the  edge  in  virtue 
of  applied  forces,  all  the  plate  outside  a  closed  curve,  of  which  &r 
is  an  element,  being  removed,  these  three  equations  would  ex- 
press the  same  as  the  three  boundary  equations  given  by  Poisson. 
Lastly,  let  9S8«,  Gh%,  ^^  denote  the  force  perpendicular  to  the 
plate,  and  the  components  of  couple,  actually  applied  at  any 
point  {x,  y)  of  a  free  edge  on  the  length  h%  of  the  middle  curve. 
As  we  shall  immediately  see  (§  648),  if 


«-i+^(»-ff)=o. 


(*), 


the  plate  will  be  in  the  same  condition  of  stress  throughout,  ex- 
cept infinitely  near  the  edge,  as  with  (^  G^  H)  for  the  action  un 
the  edge.  Hence,  eliminating  {  and  II  between  these  four  equa- 
tions, there  remain  to  us  (2)  unchanged  and  another,  or  in  all 
these  two — 


e+ 


G^K cos^tf^  +  211  sin 4> cos <^  +  K sin'^  and  \ 

dK\   .    .     /,  .  dA    dn\        .     <i,,_ --      .^      •  «^mM^)' 

iV-PmV)]J 


which  are  KirchhofTs  boundary  equations. 


Pistrikm- 

ilOQOf 

•h««rinfc 
force  deter- 
mined, 
which 
produces 
Mune  flexure 
Mm^ven 
di>tribulioQ 
of  couple 
round 


perpcn- 
diculer  to 
boundarj.I 


646.  The  proposition  stated  at  the  end  of  last  section  is 
equivalent  to  this: — That  a  certain  distribution  of  normal 
shearing  force  on  the  bounding  edge  of  a  finite  plate  may  be 
determined  which  shall  produce  the  same  effect  as  any  given 
distribution  of  couple,  round  axes  everywhere  perpendicular  to 
the  normal  surface  supposed  to  constitute  the  edge.  To  prove 
this  let  equal  forces  act  in  opposite  directions  in  lines  EF,  E'F' 
on  each  side  of  the  middle  line  and  parallel  to  it,  constituting 
the  supposed  distribution  of  couple.  It  must  be  understood 
that  the  forces  are  actually  distributed  along  their  lines  of 
action,  and  not,  as  in  the  abstract  dynamics  of  ideal  rigid  bodies, 
applied  indifferently  at  any  points  of  these  lines;  bat  the 


. 
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amount  of  the  force  per  unit  of  length,  though  equal  in  the  ^^^''■ 

neighbouring  parts  of  the  two  lines,  must  differ  from  point  to  g;;^^*^ 

point  along  the  edge,  to  constitute  any  other  than  a  uniform  ™^. 

distribution   of   couple.     Lastly,  ^TiSnre 

we  may   suppose   the    forces   in  dti^"?™ 

the  opposite  directions  to  be  not  ^^"^lln 

confined  to  two  lines,  as  shown  StouS'to 

in  the  digram,  but  to  be  diffused 

over  the  two  halves  of  the  edge 

on   the    two  sides  of  its  middle 

line;  and  further,  the  amount  of 

tbem  in   equal   infinitely    small 

breadths    at    different    distances 

from  the  middle    line  must  be 

proportional   to   these    distances, 

as  stated  in  §  634  (3),  if  the  given 

distribution  of  couple  is  to  be  thoroughly  such  as  ^  of  §  64o. 
Let  now  the  whole  edge  be   divided  into   infinitely  small 

rectangles,  such  as  ABCD  in  the  diagram,  by  lines  drawn  per- 
pendicularly across  it.  In  one  of  these  rectangles  apply  a 
balancing  system  of  couples  consisting  of  a  diffused  couple 
equal  and  opposite  to  the  part  of  the  given  distribution  of 
couple  belonging  to  the  area  of  the  rectangle,  and  a  couple 
of  single  forces  in  the  lines  AD,  CD,  of  equal  and  opposite 
moment.  This  balancing  system  obviously  cannot  cause  any 
sensible   disturbance   (stress   or    strain)   in   the   plate,  except 

■  within  a  distance  comparable  with  the  sides  of  the  rectangle ; 
and,  therefore,  when  the  same  thing  is  done  in  all  the  rectangles 
into  which  the  edge  is  divided,  the  plate  is  only  disturbed  to 
an  infinitely  small  distance  from  the  edge  inwards  all  round. 
But  the  given  distribution  of  couple  is  thus  removed  (being 
directly  balanced  by  a  system  of  diffused  force  equal  and 
opposite  everywhere  to  that  constituting  it),  and  there  remains 
only  the  set  of  forces  applied  in  the  cross  lines.  Of  these  there 
are  two  in  each  cross  line,  derived  from  the  operations  per- 
formed in  the  two  rectangles  of  which  it  is  a  common  side,  and 
their  difference  alone  remains  effective.  Thus  we  see  that  if 
the  given  distribution  of  couple  be  uniform  along  the  edge,  it 
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may  be  removed  without  disturbing  the  condition  of  the  plate 
except  infinitely  near  the  edge :  in  other  words, 

Uniform  647.     A  uniform  distiHbutton  of  couple  along  the  whole  edge 

of  twisting  of  a  finite  plate,  everywhere  round  axes  in  the  plane  of  trie  plate, 
du«^  no  and  perpendicular  to  the  edge,  produces  distortion,  spreading  to 
only  infinitely  Small  distances  inwards  from  the  edge  all  round, 
and  no^stress  or  distortion  of  the  plate  as  a  whole.  The  truth  of 
this  remarkable  proposition  is  also  obvious  when  we  consider 
that  the  tendency  of  such  a  distribution  of  couple  can  only  be 
to  drag  the  two  sides  of  the  edge  infinitesimally  in  opposite 
directions  round  the  area  of  the  plate.  Later  (§  728)  we  shall 
investigate  strictly  the  strain,  in  the  neighbourhood  of  the  edge, 
produced  by  it,  and  we  shall  find  (§  729)  that  it  diminishes  with 
extreme  rapidity  inwards  from  the  edge,  becoming  practically  in- 
sensible at  distances  exceeding  twice  the  thickness  of  the  plate. 

Thedistri-  648.  A  distribution  of  couple  on  ths  edge  of  a  plate,  round 
bh«*rinK  oxcs  everywhere  in  the  plane  of  the  plate,  and  perpendicular  to 
produoea  the  edge,  of  any  given  amount  per  unit  of  length  of  the  edge,  may 
M  from  dis-  he  removed,  and,  instead,  a  distribution  of  force  perpendicular  to 

tribationof  .  .  J  J  r     r 

twisting  the  plate,  equal  in  amount  per  ujiit  length  of  the  edge,  to  the  rate 
of  variation  per  unit  length  of  the  amount  of  the  couple,  without 
altering  theflsxure  of  the  plate  03  a  whole,  or  producing  any  dis- 
turbance in  its  stress  or  strain  except  infinitely  near  the  edge. 

In  the  diagram  of  §  646  let  AB  =  S8.  Then  if  ZT  be  the 
amount  of  the  given  couple  per  unit  length  along  the  edge,  be- 
tween AD,  BC,  the  amount  of  it  on  the  rectangle -4 i/C/>  is  Hlif^ 
and  therefore  Hmxk&t  be  the  amount  of  the  forces  introduced  along 
AD,  CB,  in  order  that  they  may  constitute  a  couple  of  the  requi- 
site moment.  Similarly,  if  H'hs  denote  the  amount  of  the  couple 
in  the  contiguous  rectangle  on  the  other  side  of  BC,  the  force  in 
BG  derived  from  it  will  be  //'  in  the  direction  oppoHite  to  H, 
There  remains  effective  in  BC  a  single  force  equal  to  the  differ- 
ence, W—H. 

If  from  il  to  ^  be  the  direction  in  which  we  suppose  b,  a  length 
measured  along  the  edge  from  any  zero^oint,  to  increase,  we  have 

as 
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Thus  we  are  left  with  single  forces,  eqnal  to  --7-  &,  applied  in  bSSon^*" 

^  Bhearinff 

lines  perpendicularly  across  the  edge,  at  consecutive  distances  £^J^ 
&  from  one  another;   and  for  this  we  may  substitute,  wi*^- JJ^^dSi^ 
out  causing  disturbance  except  infinitely  near  the  edge,  a  con-  Sj?*:*°'' °' 
tinuous  distribution  of  transverse  force,  amounting  to  dHjds  per  oonplo- 
unit  length ;  which  is  the  proposition  to  be  proved.    The  direc- 
tion of  this  force,  when  dH/da  is  positive,  is  that  of  z  negative : 
whence  immediately  the  form  of  it  expressed  in  (4)  of  §  645. 

649.    As  a  first  example  of  the  application  of  these  equa-C^ofdr- 
tioDs,  we  shall  consider  the   very  simple  case   of  a  uniform 
plate  of  finite  or  infinite  extent,  symmetrically  influenced  in 
concentric  circles  by  a  load  distributed  symmetrically,  and  by 
proper  boundary  appliances  if  required. 

Let  the  origin  of  co-ordinates  be  chosen  at  the  centre  of  sym- 
metry, and  let  r,  0  be  polar  co-ordinates  of  any  point  P,  so  that 

x  =  r  cos  0,     f/  =  r  sin  0, 

The  second  member  of  (6),  §  644,  will  be  a  function  of  r,  which 
for  brevity  we  may  now  denote  simply  by  Z  (being  the  amount 
of  load  per  unit  area' when  the  applied  forces  on  each  small  part 
are  reducible  to  a  single  normal  force  through  some  point  of  it). 
Since  z  is  now  a  function  of  r,  and,  as  we  have  seen  before 

,        Id/  du\ 


I   J 

when  u  is  any  function  of  r,  equation  (6)  of  §  644  becomes 

A  d 

r  dr 
Hence 


ii'iUi't)]]'-- ■■•")■ 


^^j{^{rdr{^{rZdr'¥\C{\ogr--\y 

which  is  the  complete  integral,  with  the  four  arbitrary  constants 
explicitly  shown.  The  following  expressions,  founded  on  inter- 
mediate integrals,  deserve  attention  now,  as  promoting  a  thorough 
comprehension  of  the  solution ;  and  some  of  them  will  be  required 
later  for  expressing  the  boundary  conditions.  The  notation  of 
(7)  will  be  explained  in  §  650  : — 
VOL,  II.  13 
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PlAto 

drcuUirly 

■trained. 


(mclination,  divided  by  radius ;  or  curvature  in 
normal  section  perpendicular  to  radius 


^ 
^ 


) 

(curvature  in  radial  section) 
(sum  of  caryatares  in  rectangular  8ectionB)i 


•  ...(3). 


...(4), 


(5), 


ch'        rdr 


A-e 

Af* 


*frdrjjjrZdr+j^jrZdr+lC{(A+e)  logr+i{A-e)) 


H=0 


+iC'{A+c)-C"(A-e)^ 


..(6). 


J.  _    tPz      .  ds 
~    dt*        rdr 


(7). 


(A- 


''  dr  \r  drj     dr~     dr 

-I  I' 


=-i 


rZdr  +  C- 
r 


y 


.(8). 


Of  these  (6)  and  (8)  express,  according  to  the  notation  of  §  645, 
the  couple  and  the  shearing  force  acting  on  the  normal  surface 
cutting  the  middle  surfiEkce  of  the  plate  in  the  circle  of  radius  r. 
They  are  derivable  analytically  from  our  solution  (2)  by  means  of 
(2),  (3),  and  (1)  of  §  645,  with  (4)  of  §  644,  and  (15)  of  §  642. 
The  work  is  of  course  much  shortened  by  taking  y^O,  and 
x^Ty  and  using  (3)  and  (4)  of  the  present  section.  The  student 
may  go  through  this  process,  with  or  without  the  abbreviation,  as 
an  analytical  exercise ;  but  it  is  more  instructive^  as  well  as  more 
direct,  to  investigate  ab  initio  the  equilibrium  of  a  plate  sym- 
metrically strained  in  concentric  circles,  and  so,  in  the  course 
of  an  independent  demonstration  of  (6)  §  644,  for  this  case, 
or  (1)  §  649,  to  find  expressions  for  the  flexural  and  shearing 
stresses. 
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650.     It  is  clear  that,  in  every  part  of  the  plate,  the  normal  JjJj^JJ;,. 
sections  (§  637)  of  maximum  and  minimum,  or  minimum  and  JjJJ**^  ^' 
maximum,  bending  couples  are  those  through  and  perpen-**'*^ 
dicular  to  the  radius  drawn  from  0  the  centre  of  symmetry. 
At  distance  r  from  0,  let  L  and  0  be  the  bending  couples  in 
the  section  through  the  radius,  and   in  the  section  perpen- 
dicular to  it ;  so  that,  if  X  and  k  be  the  curvatures  in  these 
sections,  we  have,  by  (10)  of  §  641  and  (15)  of  §  642, 

6=c\+Afc  J ^^^• 

Let  also  ^  be  the  shearing  force  (§  616,  footnote)  in  the 
circular  normal  section  of  radius  r.  The  symmetry  requires 
that  there  be  no  shearing  force  in  radial  normal  sections. 

Considering  now  an  element,  E,  bounded  by  two  radii 
making  an  infinitely  small  angle  80  with  one  another,  and 
two  concentric  circles  of  radii  r-'^Sr  and  r  +  ^Br;  we  see 
that  the  equal  couples  LSr  on  its  radial  normal  sections,  round 
axes  falling  short  of  direct  opposition  by  the  infinitely  small 
angle  Sd,  have  a  resultant  equal  to  Lhrhd  round  an  axis  per- 
pendicular to  the  middle  radius,  in  the  negative  direction  when 
L  is  positive;  and  the  infinitely  nearly  equal  couples  on  its 
outer  and  inner  circular  edges  have  a  resultant  round  the  same 

axis,  equal  to  -7-  (Qrhd)  Sr,  being  the  difiference  of  the  values  taken 

by  Chrh0  when  r  —  ^  and  r'\'^r  are  put  for  r.  There  is  also 
the  couple  of  the  shearing  forces  on  the  outer  and  inner  edges, 
each  infinitely  nearly  equal  to  frSd ;  of  which  the  moment  is 
^rB0&r.  Hence,  for  the  equilibrium  of  E  under  the  action  of 
these  couples, 

-  LSrS0  +  J-  {Or)  SrS0  +  ^r&0Sr  =  0, 

or  -i  +  ~((?r)+rr=0 (10), 

if,  as  we  may  now  conveniently  do,  we  suppose  no  couples  to 
be  applied  from  without  to  any  part  of  the  plate  except  its 
bounding  edges.    Again,  considering  normal  forces  on  E,  we 

13—2 
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dent  invea-  have  t-  (trB0)  St  for  the  sum  of  those  acting  on  it  from  the  con- 

timtionfor  dv^ 

■tnin.  tiguous  matter  of  the  plate,  and  ZrBOBr  from  external  matter 
if,  as  above,  Z  denote  the  amount  of  applied  normal  force  per 
unit  area  of  the  plate.  Hence,  for  the  equilibrium  of  these 
forces, 

|;(?r)  +  Zr  =  0 (11). 

Substituting  for  fin  (11)  by  (10) ;  for  L  and  G  in  the  result 
by  (9) ;  and,  in  the  result  of  this,  for  \  and  k  their  expressions 
by  the  differential  calculus,  which  are  dz/rdr  and  cPz/dr*,  since 
the  plate  is  a  surface  of  revolution  differing  infinitely  little  from 
a  plane  perpendicular  to  the  axis,  we  arrive  finally  at  (1)  the 
differential  equation  of  the  problem.  Of  the  other  formulae  of 
§  649,  (6),  (7),  (8)  follow  immediately  from  (9)  and  (10)  now 
proved:  except  H^^O,  which  follows  from  the  fact  that  the 
radial  and  circular  normal  sections  are  the  sections  of  maximum 
and  minimum,  or  minimum  and  maximum,  curvature. 

interpre-         661.    We  are  now  able  to  perceive  the  meaning  of  each  of 

tetionof         1       /»  1  . 

termiin      the  four  arbitrary  constants. 


intognd. 


(1)  C"  is  of  course  merely  a  displacement  of  the  plate 
without  strain. 

(2)  C"  log  r  is  a  displacement  which  produces  anticlastic 
curvature  throughout,  with  ±  C'/r^  for  the  curvatures  in  the  two 
principal  sections :  corresponding  to  which  the  bending  couples, 
L,  Gy  are  equal  to  ±{A—c)  C"/?-*.  An  infinite  plane  plate,  with 
a  circular  aperture,  and  a  uniform  distribution  of  bending  couple 
applied  to  the  edge  all  round,  in  each  part  round  the  tangent  as 
axis,  would  experience  this  effect ;  as  we  see  from  the  fact  that 
the  stress  in  the  plate,  due  to  C,  diminishes  according  to  the 
inverse  square  of  the  distance  from  the  centre  of  symmetry. 
It  is  remarkable  that  although  the  absolute  value  of  the  deflec- 
tion, C"  log  r,  is  infinite  for  infinite  values  of  r,  the  restrictive 
condition  (3)  of  §  632  is  not  violated  provided  C7"  is  infinitely 
small  in  comparison  with  the  thickness :  and  it  may  be  readily 
proved  that  the  law  (1)  of  §  633  is,  in  point  of  fact,  fulfilled  by 
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this  deflection,  even  if  the  whole  displacement  has  rigorously  I?f^J{" 
this  value,  C"  log  r,  and  is  precisely  in  the  direction  perpen-  {JJJJJ^ 
dicular  to  the  undisturbed  plane.     For  this  case  f  =  0,  or  there 
is  no  shear. 

(3)  J(7V  is  a  displacement  corresponding  to  spherical 
curvature  :  and  therefore  involving  simply  a  uniform  synclastic 
stress  [§  638  (1)],  of  which  the  amount  is  of  course  [§  641 
(10)  or  (11)]  equal  io  A+c  divided  by  the  radius  of  curva- 
ture, or  {A'\-c)  X  \C\  agreeing  with  the  equal  values  given 
for  L  and  G  by  (6)  and  (7)  of  §  649.  In  this  case  also  f  —  0,  or 
there  is  no  shearing  force.  A  finite  plate  of  any  shape,  acted 
on  by  a  uniform  bending  couple  all  round  its  edge,  becomes 
bent  thus  spherically. 

(4)  i(7(log  r  —  1)?^  is  a  deflection  involving  a  shearing  force 
equal  to  —  ACjr,  and  a  bending  couple, 

iC{(^  +  c)logr  +  i(^-c)l> 
in  the  circle  of  distance  r  from  the  centre  of  symmetry. 

652.  It  is  now  a  problem  of  the  merest  algebra  to  find  sgnmetri- 
the  flexure  of  a  flat  ring,  or  portion  of  plane  plate  bounded  by  of  flat  ring, 
two  concentric  circles,  when  acted  on  by  any  given  bending 
couples  and  transverse  forces  applied  uniformly  round  its 
outer  and  inner  edges.  For  equilibrium,  the  forces  on  the 
outer  and  inner  edges  must  be  in  contrary  directions,  and  of 
equal  amounts.  Thus  we  have  three  arbitrary  data:  the 
amounts  of  the  couple  applied  to  the  two  edges,  each  reckoned 
per  unit  of  length,  and  the  whole  amount,  F,  of  the  force  on 
either  edge.     By  (4),  §  651,  or  (8)  of  §  649,  we  see  that 

-^=2^ (12); 

and  there  remain  unknown  the  two  constants,  C  and  C'\  to  be 
determined  from  the  two  equations  given  by  putting  the  ex- 
pression for  0  [(6)  of  §  649]  equal  to  the  equal  values  for  the 
values  of  r  at  the  outer  and  inner  edges  respectively. 

Example. — ^A  circular  table  (of  isotropic  material),  with  a 
concentric  circular  aperture,  is  supported  by  its  outer  edge, 
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SymmeM-  which  rests  simply  on  a  horizontal  circle ;  and  is  deflected  by 

of  flat  ring,  a  load  Uniformly  distributed  over  its  inner  edge  (or  vice  versd, 

inner  for  outer).     To  find  the  deflection  due  to  this  load  (which 

of  course  is  simply  added  to  the  deflection  due  to  the  weight, 

determined  below).     Here  G  must  vanish  at  each  edge. 

The  radii  of  the  outer  and  inner  edges  being  a  and  a\  the 
equations  are 

JC{(^  +  c)loga  +  i(^-c)}+iC'(^  +  c)-CV-<^)k  =  0, 


and  the  same  with  a'  for  a.     Hence 


Flaxnreor 
flat  ring 
equilibrated 
by  foroee 
■ymiDetrf- 
cally  distri- 
buted over 
its  edges; 


and 


C"(^-c)(i-i,)  =  -i(7(^  +  c)logJ, 


JC(il+c)(a»-.a'»)=:-iC7[(^+c){«'log«-a''lo«a')  +  i(^-c)(o'-a'«)]: 
and  thus,  using  for  C  its  value  (12),  we  find  [(2)  §  649] 


a^a!^  log  - 


z= 


2tA 


r,/    1  1     a»loga-a'>loga' .  ,  ii-c\    ,    .A+c  **  a'  .  ^,,1 

[i(-log  ,+1+^.-^,  °«--  +  i^  r'+ J^  -^rz^  logr+cr- J 

Putting  the  factor  of  r*  into  a  more  convenient  form,  and  assign- 
ing C"  so  that  the  deflection  may  be  reckoned  from  the  level  of 
the  inner  edge,  we  have  finally 

.       a  V*  log  -  ,  „  «  J  V 

Towards  showing  the  distribution  of  stress  through  the  breadth 
of  the  ring,  we  have  from  this,  by  §  649  (6), 

which,  as  it  ought  to  do,  vanishes  when  T=^a\  and  when  rso. 
Further,  by  §  649  (8), 

F 


i= 


2irr 


(15), 


whidi  shows  that,  as  is  obviously  tioie,  the  whole  amount  of  the 
transverse  force  in  any  concentric  circle  of  the  ring  is  equal  to  F. 


orer 
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663.    The  problem  of  §  652,  extended  to  admit  a  load  dis-fndwith 
tributed  in  any  symmetrical  manner  over  the  surface  of  the  metncaUy 

T        -  .  ■pread  ore 

nng  instead  of  merely  confined  to  one  edge,  is  solved  ^^ 
algebraically  in  precisely  the  same  manner,  when  the  terms 
dependent  on  Z,  and  exhibited  in  the  several  expressions  of 
§  649,  are  found  by  integration.  One  important  remark  we 
have  to  make  however :  that  iQuch  needless  labour  is  avoided 
by  treating  Z  as  a  discontinuous  function  in  these  integrations 
in  cases  in  which  one  continuous  algebraic  or  transcendental 
function  does  not  express  the  distribution  of  load  over  the 
whole  portion  of  plate  considered.  Unless  this  plan  were 
followed,  the  expression  for  ^,  dzfdr^  G,  and  ^  would  have  to  be 
worked  out  separately  for  each  annular  portion  of  plate  through 
which  Z  is  continuous,  and  their  values  equated  on  each  side 
of  each  separating  circle.  Hence  if  there  were  i  annular 
portions  to  be  thus  treated  separately  there  would  be  4t 
arbitrary  constants,  to  be  determined  by  the  4  (t  —  1)  equations 
so  obtained,  and  the  4  equations  expressing  that  at  the  outer 
and  inner  bounding  circular  edges  0  has  the  prescribed  values 
(whether  zero  or  not)  of  the  applied  bending  couples,  and  that 
z  and  ^  have  each  a  prescribed  value  at  one  or  other  of  these 
circles.  But  by  the  more  artful  method  (due  to  Fourier  and 
Poisson),  the  complication  of  detail  required  in  virtue  of  the 
discontinuity  of  Z  is  confined  to  the  successive  integrations; 
and  the  arbitrary  constants,  of  which  there  are  now  but  four, 
are  determined  by  the  conditions  for  the  two  extreme  bounding 
edges. 

Example, — ^A  circular  table  (of  isotropic  material),  with  a 
concentric  circular  aperture,  is  borne  by  its  outer  or  inner  edge 
which  rests  simply  on  a  horizontal  circular  support,  and  is 
loaded  by  matter  uniformly  distributed  over  an  annular  area  of 
its  surface,  extending  from  its  inner  edge  outwards  to  a  con- 
centric circle  of  given  radius,  c.  It  is  required  to  find  the 
flexure. 

First,  supposing  the  aperture  filled  up,  and  the  plate  uniform 
from  outer  edge  to  centre,  let  the  whole  circle  of  radius  c  be 
uniformly  loaded  at  the  rate  «?,  a  constant,  per  unit  of  its  area. 
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Z= 

frZdr^ 

\Vlienr=0 

w 

0 

M              <C 

w 

iwr* 

f.         >c 

0 

iwc* 

I. 

II. 

CIrcalar 
table  of 
itotropio 
material, 
supported 
symmetri' 
oaliy  on  its 
edge,  and 
vtrained 
only  by  itn 
own  weight 


We  have 


0 

iwc«(21og^+l) 
III. 


0 
^we*  [ -ir*  log  -  +c' J 


IT. 


dr 


dr 


0 
i',irc»  ^2/J  log  ^- r»  +  c« log^  +{c«^ 


T. 


Of  these  results,  v.  used  in  (2)  gives  the  general  solution;  and 
IV.,  III.,  and  II.  in  (6)  and  (8)  give  the  corresponding  expressions 
for  G  and  C  I^»  ^^^9  "^^  suppose  the  value  of  G  thus  found  to 
have  any  given  value  for  each  of  two  values,  r\  r",  of  r,  and  { to 
have  a  given  value  for  one  of  these  values  of  r,  we  have  three 
simple  algebraic  equations  to  iind  C,  C\  C";  and  we  solve  a  more 
general  problem  than  that  proposed;  to  which  we  descend  by 
making  the  prescribed  values  of  G  and  ^  zero.  The  power  of 
mathematical  expression  and  analysis  in  dealing  with  discon- 
tinuous functions,  is  strikingly  exemplified  in  the  applicability 
of  the  result  not  only  to  the  contemplated  case,  in  which  c  is  in- 
termediate between  r'  and  r";  but  also  to  cajses  in  which  c  is  less 
than  either  (when  we  fall  back  on  the  previous  case,  of  §  652), 
or  c  greater  than  either  (when  we  have  a  solution  more  directly 
obtainable  by  taking  Z=w  for  all  values  of  r). 

If  the  plate  is  in  reality  continuous  to  its  centre,  and  imiformly 
loaded  over  the  whole  area  of  the  circle  of  radius  c,  we  must 
have  (7  =  0  and  C7"  =  0  to  avoid  infinite  values  of  i  and  G  at  the 
centre :  and  the  equation  G  =  0  for  the  outer  boundary  of  the 
disc  gives  C  at  once,  completing  the  determination.  If,  lastly, 
we  suppose  c  to  be  not  less  than  the  ludius  of  the  disc,  we  have 
the  solution  for  a  uniform  circular  disc  uniformly  supported 
round  its  edge,  and  strained  only  by  its  own  weight 


Reduction  6M-  If  ^^ow  we  Consider  the  general  problem, — ^to  deter- 
prSielS'to  mine  the  flexure  of  a  plate  of  any  form,  with  an  arbitrary 
loiidover'  distribution  of  load  over  it,  and  with  arbitrary  boundary 
appliances,  subject  of  course  to  the  condition  that  all  the 
applied  forces,  when  the  data  are  entirely  of  force,  must  con- 
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stitute  an  equilibrating  system ;  -we  may  immediately  reduce  Redaction 
this  problem  to  the  simpler  one  in  which  there  is  no  load  prSbienTto 
distributed  over  the  area,  but  arbitrary  boundary  appliances  i(»do?er 
only.    We  shall  merely  sketch  the  mathematical  investigation. 


First  it  is  easily  proved,  as  for  a  corresponding  expi'cssion  for 
three  independent  variables  in  §  491  (c),  that 

(- 


(^,  +  ^Sh'^ogDdx'dy'^2^f> (1), 


where  p  is  any  function  of  two  independent  variables,  oj',  y'; 
p  the  same  function  of  a;,  y)  D  denotes  s/{(a;  — a;')'  +  (y  — y')'}; 
and  //  denotes  integration  over  an  area  comprehending  all  values 
of  x\  y\  for  which  p  does  not  vanish.     Hence 

W*5^)«-^ (2), 

if  «  =  7^  Sj^'^y'  log  DJJdx"dy"Z"  log  Z>' (3), 

where  D' =  J{{x"  -  xy  +  (y"  ~  t/)'}  ;  and  if  ^"  and  Z  denote 
the  values  for  (x",  y")  and  (a,  y)  of  any  arbitrary  function  of  two 
independent  variables.  Let  this  function  denote  the  amount  of 
load  per  unit  of  area,  which  we  may  suppose  to  vanish  for  all 
values  of  the  co-ordinates  not  included  in  the  plate;  and  to  avoid 
trouble  regarding  limits,  let  all  the  integrals  be  supposed  to 
extend  from  -oo  to  +oo.  We  thus  have,  in  z  =  u,  a  solution 
of  our  equation  (2):  and  therefore  z  —  u  must  satisfy  the  same 
equation  with  the  second  member  replaced  by  zero :  or,  if  j 
denote  a  general  solution  of 

(£*.:•)■-» «. 

then  »  =  w  +  j (5) 

is  the  general  solution  of  (2).  The  boundary  conditions  for  {  are 
of  course  had  by  substituting  n+2  for  «  in  the  directly  prescribed 
boundary  equations,  whatever  they  may  be. 

665.    Mathematicians  have  not  hitherto  succeeded  in  solving  Flat  drcn-' 
this  problem  with  complete  generality,  for  any  other  form  of  oiS/'SU  ^ 
plate  than  the  circular  ring  (or  circular  disc  with  concentric  wived, 
circular  aperture);    Having  given   (§§   640,   653)   a   detailed 
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Flat  circa-  solution  of  the  problem  for  this  case,  subject  to  the  restriction  of 
only  case  symmetry,  we  shall  merely  indicate  the  extension  of  the  analysis 
solved.  to  include  any  possible  non-symmetrical  distribution  of  strain. 
The  same  analysis,  under  much  simpler  conditions,  will  occur  to 
us  again  and  again,  and  will  be  on  some  points  more  minutely 
detailed,  when  we  shall  be  occupied  with  important  practical 
problems  regarding  electric  influence,  fluid  motion,  and  electric 
and  thermal  conduction,  through  cylindrical  spaces. 

Taking  the  centre  of  the  circular  bounding  edges  as  origin  for 
polar  co-ordinates,  let 

We  easily  find  by  transformation 

daf'^'dy'^r  dr\drj  "^  r^  (W ^  ^' 

If  we  put  logr  =  ^,  orr  =  €^ (7), 

•^'>««™  g*0"-'(fl*S) w- 

Hence  if,  as  before,  v*  denote  -r^  +  -p-.  t 

oar     dx^ 

v-'-^c^^^y-'d^*^). » 

This  equated  to  zero  gives 

i^^-*^" (i«). 

if  V  denote  any  solution  of 

d^v     d'v    ^  ,,,. 

i&*  +  5^=0 (11)- 

We  shall  see,  when  occupied  with  the  electric  and  other  problems 
referred  to  above,  that  a  general  solution  of  this  eqiiation,  appro- 
priate for  our  present  problem  as  for  all  involving  the  expression 
of  arbitrary  functions  of  6  for  particular  values  of  ^,  is 

t;  =  5{(ii,cos«  +  ^,sinitf)e^+(«,ooB*fl  +  »,8initf)€-^}...(12), 

where  -4,,  ^„  *„  »,  are  constants.  That  this  is  a  solution,  is 
of  course  verified  in  a  moment  by  differentiation.     From  it  we 
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readily  find  (and  the  result  of  course  is  verified  also  by  diffe- 
rentiation), 

(18), 

V*  being  any  solution  of  (11),  which  may  be  conveniently  taken 
as  given  by  (12)  with  accented  letters  J/,  etc.,  to  denote  four 
new  constants.  If  now  the  arbitrary  periodic  functions  of  B^ 
with  2ir  for  period,  given  as  the  values  whether  of  displacement, 
or  shearing  force,  or  couple,  for  the  outer  and  inner  circular 
edges,  be  expressed  by  Fourier's  theorem  [§  77  (14)]  in  simple 
harmonic  series;  the  two  equations  [§  645  (5)]  for  each  edge, 
applied  separately  to  the  coefficients  of  cos  i0  and  sin  t0  in  the 
expressions  thus  obtained,  give  eight  equations  for  determining 
the  eight  constants  A^,  91,,  ^„  »<,  -4/,  «/,  -ff/,  »/. 

666.  Although  the  problem  of  fulfilling  arbitrary  boundary 
conditions  has  not  yet  been  solved  for  rectangular  plates,  there 
is  one  remarkable  case  of  it  which  deserves  particular  notice ; 
not  only  as  interesting  in  itself,  and  important  in  practical 
application,  but  as  curiously  illustrating  one  of  the  most 
difficult  points 
[§§646, 648]  of  the 
general  theory.  A 
rectangular  plate 
acted  on  perpen- 
dicularly by  a 
balancing  system 
of  four  equal  pa* 
rallel  forces  ap- 
plied at  its  four  ^ 
corners,  becomes  strained  to  a  condition  of  uniform  anti- 
clastic  curvature  throughout,  with  the  sections  of  no-flexure 
parallel  to  its  sides,  and  therefore  with  sections  of  equal  oppo- 
site maximum  curvature  in  the  normal  planes  inclined  to  the 
sides  at  45^  This  follows  immediately  from  §  648,  if  we 
suppose  the  comers  rounded  off  ever  fio  little,  and  the  forces 
diffused  over  them. 


Flat  circu- 
lar ring  the 
only  oaae 
hitherto 
lolved. 


Beetanga* 
lar  plate, 
h«la  and 
loaded  by 
diagonal 
pairs  of 
coruen. 
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Heetangu*  Or,  in  each  of  an  infinite  number  of  normal  lines  in  the  edee 

held  and  AB^  let  a  pair  of  opposite  forces  each  equal  to  \P  be  applied ; 

diagonal  which  cannot  disturb  the  plate.     These,  with  halves  of  the  single 

oornen.  forces  P  in  the  dissimilar  directions  at  the  comers  A  and  B,  con- 

stitute a  diffused  couple  over  the  whole  edge  AB^  amounting  in 
moment  per  unit  of  length  to  \P,  round  axes  perpendicular 
to  the  plane  of  the  edge.  Similarly,  the  other  halves  of  the 
forces  P  at  the  corners  A^  B,  with  halves  of  those  at  C  and 
Z>  and  introduced  balancing  forces,  constitute  diffused  couples 
over  the  edges  CA  and  DB ;  and  the  remaining  halves  of  the 
corner  forces  at  C  and  2>,  with  introduced  balancing  forces,  con- 
stitute a  diffused  couple  over  CD;  each  having  iP  for  the 
amount  of  moment  per  unit  length  of  the  edge  over  which  it  is 
diffused.  Their  directions  are  mutually  related  in  the  manner 
specified  in  §  638  (2),  and  thus  taken  all  together,  they  constitute 
an  anticlastic  stress  of  value  il  =  ^P.  Hence  (§642)  the  result 
is  uniform  anticlastic  strain  amounting  to  ^P/k,  and  having  its 
axes  incUned  at  45**  to  the  edges ;  that  is  to  say  (§  639),  a  flexure 
with  maximum  curvatures  on  the  two  sides  of  the  tangent 
plane  each  equal  to  ^  P/k,  and  in  normal  sections  in  the  positions 
stated. 

667.  Few  problems  of  physical  mathematics  are  more 
curious  than  that  presented  by  the  transition  from  this  solu- 
tion, founded  on  the  supposition  that  the  greatest  deflection 
is  but  a  small  fraction  of  the  thickness  of  the  plate,  to  the 
solution  for  larger  flexures,  in  which  comer  portions  will  bend 
approximately  as  developable  surfaces  (cylindrical,  in  fact),  and 
a  central  quadrilateral  part  will  remain  infinitely  nearly  plane ; 
and  thence  to  the  extreme  case  of  an  infinitely  thin  perfectly 
flexible  rectangle  of  inextensible  fabric.  This  extreme  case  may 
be  easily  observed  and  experimented  on  by  taking  a  carefully 
cut  rectangle  of  paper  (§  145),  supporting  it  by  fine  threads 
attached  to  two  opposite  comers,  and  kept  parallel,  while  two 
equal  weights  are  hung  by  threads  from  the  other  comers. 

Tranimii-        668.    The  definitions  and  investigations  regarding  strain  of 

through  an  RR  154 — 190  constitute  a  kinematical  introduction  to  the  theory 

of  elastic  solids.     We  must  now,  in  commencing  the  elementary 

dynamics  of  the  subject,  consider   the  forces  called  into  play 


Tnniition 
toflnito 
flexures  in- 
didited. 
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throueh  the  interior  of  a  solid  when  brought  into  a  condition  of  Tmnmii*. 

,  o  o  ^  non  of  force 

strain.     We  adopt,  from  Rankine*,  the  term  stress  to  designate  JJjJSfJij^^Ji 
such  forces,  as  distinguished  ifrom  strain  defined  (§  154)  to  ex- 
press the  merely  geometrical  idea  of  a  change  of  volume  or 
figure. 

669.  When  through  any  space  in  a  body  under  the  action  HomoKcne- 
of  force,  the  mutual  force  between  the  portions  of  matter  on  the 
two  sides  of  any  plane  area  is  equal  and  parallel  to  the  mutual 
force  across  any  equal,  similar,  and  parallel  plane  area,  the  stress 
is  said  to  be  homogeneous  through  that  space.  In  other  words, 
the  stress  experienced  by  the  matter  is  homogeneous  through 
any  space  if  all  equal  similar  and  similarly  turned  portions  of 
matter  within  this  space  are  similarly  and  equally  influenced  by 
force. 

660.  To  be  able  to  find  the  distribution  of  force  over  the  Forcetitms- 

mitted 

surface  of  any  portion  of  matter  homogeneously  stressed,  we^cjj^'^yv 
must  know  the  direction,  and  the  amount  per  unit  area,  of  the  eiaaticsoiid. 
force  across  a  plane  area  cutting  through  it  in  any  direction. 
Now  if  we  know  this  for  any  three  planes,  in  three  different 
directions,  we  can  find  it  for  a  plane  in  any  direction,  as  we  see 
in  a  moment  by  considering  what  is  necessary  for  the  equili- 
brium of  a  tetrahedron  of  the  substance.  The  resultant  force  on 
one  of  its  faces  must  be  equal  and  opposite  to  the  resultant  of 
the  forces  on  the  three  others,  which  is  known  if  these  faces  are 
parallel  to  the  three  planes  for  each  of  which  the  force  is  given. 

661.  Hence  the  stress,  in  a  body  homogeneously  stressed,  is  specifica- 
completely  specified  when  the  direction,  and  the  amount  per  unit  itreM; 
area,  of  the  force  on  each  of  three  distinct  planes  is  given.  It  is, 

in  the  analytical  treatment  of  the  subject,  generally  convenient 
to  take  these  planes  of  reference  at  right  angles  to  one  another. 
But  we  should  immediately  fall  into  error  did  we  not  remark 
that  the  specification  here  indicated  consists  not  of  nine  but  in  bynxindo^ 
reality  only  of  six  independent  elements.  For  if  the  equili-  elements, 
brating  forces  on  the  six  faces  of  a  cube  be  each  resolved  into 
three  components  parallel  to  its  three  edges  OX,  OY,  OZ,  we 
have  in  all  18  forces;  of  which  each  pair  acting  perpendicularly 

•  Cambridge  and  Dublin  Mathematical  Journal^  1850. 
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neoesaanr 

for  equill- 

brinm. 


0 


..r 


X::: 


Specifica- 
tion of  a 
stress;  by  six 
indepen- 
dent ele- 
ments: 
three  simple 
longitudinal 
stresses, 
and  three 
simple 
shearing 
stresses. 


Simple  lon- 
gitudinal, 
and  shear- 
ing, stresses. 


Force 
across  any 
surface  in 
terms  of 
rectangular 
specifica- 
tion of 
stress. 


on  a  pair  of  opposite  faces,  being  equal  and  directly  opposed, 
balance  one  another.  The  twelve^  tangential  components  that 
remain  constitute  three  pairs  of  couples  having  their  axes  in  the 

direction  of  the  three  edges,  each 
of  which  must  separately  be  in 
equilibrium.  The  diagram  shows 
T^  the  pair  of  equilibrating  couples 
having  OY  for  axis;  from  the 
consideration  of  which  we  infer 
that  the  forces  on  the  faces  (zy), 
parallel  to  OZ,  are  equal  to  the 
^  forces  on  the  faces  (j/x),  parallel 
to  OX  Similarly,  we  see  that 
the  forces  on  the  faces  (yx),  paral- 
lel to  OY,  are  equal  to  those  of  the  faces  {xz)^  parallel  to  OZ; 
and  that  the  forces  on  (xz),  parallel  to  OX,  are  equal  to  those 
on  {ey),  parallel  to  OY. 

662.  Thus,  any  three  rectangular  planes  of  reference  being 
chosen,  we  may  take  six  elements  thus,  to  specify  a  stress:  P,  Q, 
It  the  normal  components  of  the  forces  on  these  planes;  and  S, 
T,  U  the  tangential  components,  respectively  perpendicular  to 
OX,  of  the  forces  on  the  two  planes  meeting  in  OX,  perpendicu- 
lar to  OY,  of  the  forces  on  the  planes  meeting  in  0  Y,  and  per- 
pendicular to  0  F,  of  the  forces  on  the  planes  meeting  in  0  F;  each 
of  the  six  forces  being  reckoned  per  unit  of  area.  A  normal  com- 
ponent will  be  reckoned  as  positive  when  it  is  a  traction  tending 
to  separate  the  portions  of  matter  on  the  two  sides  of  its  plane. 
P,  Q,  R  are  sometimes  called  longitudinal  stresses,  sometimes 
simple  normal  tractions,  and  8,  T,  U  shearing  stresses. 

From  these  data,  to  £nd  in  the  manner  explained  in  §  660,  the 
force  on  any  plane,  specified  by  I,  m,  n,  the  direction-cosines  of 
its  normal ;  let  such  a  plane  cut  OX,  0  T,  OZ  in  the  three  points 
X,  F,  Z,  Then,  if  the  area  XYZ  be  denoted  for  a  moment  by 
A,  the  areas  YOZ,  ZOX,  XOY,  being  its  projections  on  the  three 
rectangular  planes,  will  be  respectively  equal  to  Al,  Am,  An, 
Hence,  for  the  equilibrium  of  the  tetrahedron  of  matter  bounded 
by  those  four  triangles,  we  have,  H  F,  0,  H  denote  the  com- 
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ponents  of  the  force  experienced  hj  the  first  of  them,  XYZ,  per  Foroe 
unit  of  its  area,  surftwe  in 

terms  of 

F.A=P.lA+U.mA  +  T.nA,  ISSSSl" 

and  the  two  symmetrical  equations  for  the  components  parallel  to  stren. 
OT  and  OZ.     Hence,  dividing  by  -4,  we  conclude 

F  =  Fl-¥  Um-¥Tn\ 

G^m-^Qm-^Sni (1). 

H=Tl  '\-  Sm+En] 

These   expressions  stand   in  the  well-known  relation  to  the 

ellipsoid 

Paf+Qy'+B2^-h2{SyZ'\-Tzx+Uxi/)  =  l (2), 

according  to  which,  if  we  take 

and  if  X,  /t,  V  denote  the  direction-cosines  and  p  the  length  of  the 
perpendicular  from  the  centre  to  the  tangent  plane  at  (x,  y^  z)  of 
the  ellipsoid,  we  have 


pr  pr  pr 


We  conclude  that 


663.  For  any  fully  specified  state  of  stress  in  a  solid,  astreu- 
quadric  surface  may  always  be  determined,  which  shall  represent 

the  stress  graphically  in  the  following  manner: — 

To  find  the  direction,  and  the  amount  per  unit  area,  of  the 
force  acting  across  any  plane  in  the  solid,  draw  a  radius  per- 
pendicular to  this  plane  from  the  centre  of  the  quadric  to  its 
surface.  The  required  force  will  be  equal  to  the  reciprocal  of 
the  product  of  the  length  of  this  radius  into  the  perpendicular 
frx)m  the  centre  to  the  tangent  plane  at  the  extremity  of  the 
radius,  and  will  be  perpendicular  to  this  tangent  plane. 

664.  From  this  it  follows  that  for  any  stress  whatever  there  Prindpfti 
are  three  determinate  planes  at  right  angles  to  one  another  such  axes  of  a 
that  the  force  acting  in  the  solid  across  each  of  them  is  precisely 
perpendicular  to  it.    These  planes  are  called  the  principal  or 
normal  planes  of  the  stress;  the  forces  upon  them,  per  unit  area, 

— ^its  principal  or  normal  traction^;  and  the  lines  perpendicular 
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PriDciiwi  to  them, — its  principal  or  normal  axes,  or  simply  its  axes.  The 
axMofa  three  principal  semi-diameters  of  the  quadric  surface  are  equal 
to  the  reciprocals  of  the  square  roots  of  the  principal  tractions. 
If,  however,  in  any  case  each  of  the  three  principal  tractions 
is  negative,  it  will  be  convenient  to  reckon  them  rather  as 
pressures;  the  reciprocals  of  the  square  roots  of  which  will  be 
the  semi-axes  of  a  real  stress-ellipsoid  representing  the  distri- 
bution of  force  in  the  manner  explained  above,  with  pressure 
substituted  throughout  for  traction. 

Varieties  666.  When  the  three  principal  tractions  are  all  of  one  sign, 
qiudrio.  the  stress-quadric  is  an  ellipsoid;  the  cases  of  an  ellipsoid  of 
revolution  and  a  sphere  being  included,  as  those  in  which  two, 
or  all  three,  are  .equal.  When  one  of  the  three  is  negative  and 
the  two  others  positive,  the  surface  is  a  hyperboloid  of  one  sheet. 
When  one  of  the  normal  tractions  is  positive  and  the  two  others 
negative,  the  surface  is  a  hyperboloid  of  two  sheets. 

666.  When  one  of  the  three  principal  tractions  vanishes, 
while  the  other  two  are  finite,  the  stress-quadric  becomes  a 
cylinder,  circular,  elliptic,  or  hyperbolic,  according  as  the  other 
two  are  equal,  unequal,  of  one  sign,  or  of  contrary  signs.  When 
two  of  the  three  vanish,  the  quadric  becomes  two  planes;  and 
the  stress  in  this  case  is  (§  662)  called  a  simple  longitudinal 
stress.  The  theory  of  principal  planes,  and  principal  or  noimal 
tractions,  just  stated  (§  664),  is  then  equivalent  to  saying  that 
any  stress  whatever  may  be  regarded  as  made  up  of  three 
simple  longitudinal  stresses  in  three  rectangular  directions. 
The  geometrical  interpretations  are  obvious  in  all  these  cases. 

Composition     667.    The  Composition  of  stresses  is  of  course  to  be  effected 

of  stresses.  .  _ 

by  adding  the  component  tractions  thus: — If  (PpQj,  fij,  8^,  T^,  U^, 
(P,,  Q,,  R^  8^,  jT,,  £/"J,  etc.,  denote,  according  to  §  662,  any 
given  set  of  stresses  acting  simultaneously  in  a  substance,  their 
joint  effect  is  the  same  as  that  of  a  single  resultant  stress  of 
which  the  specification  in  corresponding  terms  is  (ZP,  XQ,  XB, 

Lasriof  668.    Each  of  the  statements  that  have  now  been  made  (§§ 

strain  and  .  i.-ii  •/••t  ?i 

amis  com-  659,  667)  regarding  stresses,  is  applicable  to  infinitely  smaU 
strains,  if  for  traction  perpendicular  to  any  plane,  reckoned  per 
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unit  of  its  area,  we  substitute  elonnation,  in  the  lines  of  the  ^^  of 

'  ,  »'  ^       strain  ana 

traction,  reckoned  per  unit  of  length;  and  for  half  the  tangential  Jj^*^*"" 
traction  parallel  to  any  direction,  shear  in  the  same  direction 
reckoned  in  the  manner  explained  in  §  175.  The  student  will 
find  it  a  useful  exercise  to  study  ^n  detail  this  transference  of 
each  one  of  those  statements,  and  to  justify  it  by  modifying  in 
the  proper  manner  the  results  of  §§  171,  172,  173,  174,  175, 
185,  to  adapt  them  to  infinitely  small  strains.  It  must  be  re- 
marked that  the  strain-quadric  thus  formed  according  to  the 
rule  of  §  663,  which  may  have  any  of  the  varieties  of  character 
mentioned  in  §§  665,  666,  is  not  the  same  as  the  strain-ellipsoid 
of  §  160,  which  is  always  essentially  an  ellipsoid,  and  which,  for 
an  infinitely  small  strain,  differs  infinitely  little  from  a  sphere. 

The  comparison  of  §  172,  with  the  result  of  §  661  regarding 
tangential  tractions,  is  paHicularly  interesting  and  important 

669.  The  following  schedule  of  the  meaning  of  the  elements 
constituting  the  corresponding  rectangular  specifications  of  a 
strain  and  stress  explained  in  preceding  sections,  will  be  found 
convenient: — 


Componento 
of  the 


straia. 

e 

f 
9 

a 


stresB. 
P 

Q 

R 

S 


U 


Planes;  of  which 

relative  motion,  or 

across  which  force 

is  reckoned. 

yz 
ZX 

xy 


{ 

{: 


yx 

ZX 


zy 
xy 


xz 
yz 


Direction 
of  relative 
motion  or 
of  force. 

X 

y 


y 

z 

z 

X 
X 

y 


Reetangnlar 
elements  of 
strains  and 


670.    If  a  unit  cube  of  matter,  given  under  any  stress  (P,  Q,  work  done 
jR,  S,  Tf  U),  be  subjected  further  to  such  infinitesimal  change  within  a 
of  this  stress  as  shall  produce  an  infinitely  small  simple  longi-  •oAi^ 
tudinal  strain  e  alone,  the  work  done  on  it  will  be  Pe ;  since,  of 
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wwkdone  the  component  forces  P,  U,  T  parallel  to  OX,  U and  T do  no 
within  %  work  in  virtue  of  this  strain.  Similarly  Of.  Ra  are  the  works 
^^^  done  if,  the  same  stress  acting,  infinitesimal  strains  f  or  g  are 
produced,  either  of  them  alone.  Again,  if  the  cube  experiences 
a  simple  shear,  a,  whether  we  regard  it  (§  172)  as  a  diflfereutial 
sliding  of  the  planes  yx^  parallel  to  y,  or  of  the  planes  zx, 
parallel  to  z^  we  see  that  the  work  done  is  Sa :  and  similarly, 
Tb  if  the  strain  is  simply  a  shear  6,  parallel  to  OZ,  of  planes  zy, 
or  parallel  to  OX,  of  planes  xy:  and  Uc  if  the  strain  is  a  shear  c, 
parallel  to  OX,  of  planes  xz,  or  parallel  to  OY,  of  planes  yz. 
Hence  the  whole  work  done  by  the  stress  (P,  Q,  iJ,  S,  T,  U)  on 
a  unit  cube  taking  the  additional  infinitesimal  strain  {Cyf^g, 
a,  fc,  c),  while  the  stress  varies  only  infinitesimally,  is 

J^jP^j,  Pe  +  Qf+Rg^Sa  +  Th^-  Uc (3). 

It  is  to  be  remarked  that,  inasmuch  as  the  action  called  a  stress 
is  a  system  of  forces  which  balance  one  another  if  the  portion 
of  matter  experiencing  it  is  rigid,  it  cannot  (§  551)  do  any  work 
when  the  matter  moves  in  any  way  without  change  of  shape: 
and  therefore  no  amount  of  translation  or  rotation  of  the  cube 
taking  place  along  with  the  strain  can  render  the  amount  of 
work  done  different  from  that  just  found. 

If  the  side  of  the  cube  be  of  any  length  p,  instead  of  unity, 
each  force  will  be  p"  times,  and  each  relative  displacement  p 
times;  and  therefore  the  work  done  p'  times  the  respective 
amounts  reckoned  above.  Hence  a  body  of  any  shape,  and 
of  cubic  content  C,  subjected  throughout  to  a  uniform  stress 
(P,  Q,  P,  S,  r,  V)  while  taking  uniformly  throughout  an  ad- 
ditional strain  (^,/,  g,  a,  6,  c),  experiences  an  amount  of  work 
equal  to 

(Pc+0/+Pflr  +  /Sfa+r6+Crc)C (4). 

Work  don«  It  is  to  bc  remarked  that  this  is  necessarily  equal  to  the  work 
fiMoof  R  done  on  the  bounding  surface  of  the  body  by  forces  applied  to  it 
•olid.  from  without.     For  the  work  done  on  any  portion  of  matter 

within  the  body  is  simply  that  done  on  its  surface  by  the  matter 
touching  it  all  round,  as  no  force  acts  at  a  distance  from  without 
on  the  interior  substance.  Hence  if  we  imagine  the  whole  body 
divided  into  any  number  of  parts,  each  of  any  shape,  the  sum 
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of  the  works  done  on  all  these  parts  is,  by  the  disappearance  of  Wmjaone 

*  "f  *\  onthesur- 

equal  positive  and  negative  terms  expressing  the  portions  of  the  '»<»?'» 
•work  done  on  each  part  by  the  contiguous  parts  on  all  its  sides,  ^^^ 
and  spent  by  these  other  parts  in  this  action,  reduced  to  the 
integral  amount  of  work  done  by  force  from  without,  applied  all 
round  the  outer  surface. 

The  analytical  verification  of  this  is  instructive  with  regard  to 
the  syntax  of  the  mathematical  language  in  which  the  theory  of 
the  transmission  of  force  is  expressed.  Let  x,  y,  z  he  the  co- 
ordinates of  any  point  within  the  body ;  W  the  whole  amount 
of  work  done  in  the  circumstances  specified  above  ;  and  ///  in- 
tegration extended  throughout  the  space  occupied  by  the  body: 
so  that 

W^JJf(Pe-k-Qf+Eg-hSa  +  Tb+Uc)dxdydz (5). 

If  now  we  denote  by  a,  P,  y  the  component  displacements  of  any 
point  of  the  matter  infinitely  near  the  point  (a;,  y,  z),  experienced 
when  the  additional  strain  (e,  /^  g,  a,  6,  c)  takes  place,  whether 
non-rotationally  (§  182)  and  with  some  point  of  the  body  fixed, 
or  with  any  motion  of  translation  whatever  and  any  infinitely 
small  rotation,  by  adapting  §  181  (5)  to  infinitely  small  strains 
according  to  our  present  notation  (§  669),  and  using  in  it  strain-oom- 
§  190  («),  we  have  tormsordis- 


*"5i'  -^"d^'  ^^Tz' 

_dp     dy       r_^y     ^  _^<*     ^P 

dz      dy^  dx     dz^  dy      dx 


placement. 


(6). 


With  these,  (5)  becomes  ^^^  ^^ 

through 


Hence  by  integration 

W=SS[(Pa^'Vp-\^Ty)dydz^-(Ua'¥Q?-k'8y)dzdz  +  [Ta^-Sp  +  Ri)dxdy\ (8), 

the  limits  of  the  integrations  being  so  taken  that,  if  da  denote 
an  element  of  the  bounding  surface,  //  integration  all  over  it,  and 
I,  rtiyn  the  direction-cosines  of  the  normal  at  any  point  of  it,  the 
expression  means  the  same  as 

W  =  SJ{(Pa+Up^-Ty)l-^{Ua-\-QP-\-Sy)m-^{Ta-^SP+Ry)n]diT..,{^)', 

14—2 


interior; 
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which,  with  the  terms  grouped  otherwise,  becomes 
W^  J j{{PUUm+Tn)a+{m+Qni'^Sn)P+{TUSm+Rn)y}da... (10). 

w^^one^  ^^®  second  member  of  this,  in  virtue  of  (1),  expresses  directly 

on  lorface.  ^he  work  done  by  the  forces  applied  from  without  to  the  bounding 

Bur&ce. 

Diffisrentu      671.     If,  now,  we  suppose  the  body  to  yield  to  a  stress  (P,  Q, 
jrork  done   JJ^  g,  T,  U),  and  to  oppose  this  stress  only  with  its  innate  resist- 
ance to  change  of  shape,  the  differential  equation  of  work  done 
will  [by  (4)  with  de,  df,  etc.,  substituted  for  e,f,  etc.]  be 

dw^Pde'\'Qdf'^Edg  +  Sda+  Tdb+Udc (11), 

if  w  denote  the  whole  amount  of  work  done  per  unit  of  volume 
in  any  part  of  the  body  while  the  substance  in  this  part  ex- 
periences a  strain  (e,  f,  g,  a,  J,  c)  from  some  initial  state  re- 
Fhy^icaiap-  garded  as  a  state  of  no  strain.  This  equation,  as  we  shall  see 
later,  under  Properties  of  Matter,  expresses  the  work  done  in 
a  natural  fluid,  by  distorting  stress  (or  difference  of  pressure  in 
different  directions)  working  against  its  innate  viscosity;  and 
%D  is  then,  according  to  Joule's  discovery,  the  dynamic  value  of 
the  heat  generated  in  the  process.  The  equation  may  also  be 
applied  to  express  the  work  done  in  straining  an  imperfectly 
elastic  solid,  or  an  elastic  solid  of  which  the  temperature  varies 
during  the  process.  In  all  such  applications  the  stress  will 
depend  partly  on  the  speed  of  the  straining  motion,  or  on  the 
varying  temperature,  and  not  at  all,  or  not  solely,  on  the  state 
of  strain  at  any  moment,  and  the  system  will  not  be  dynamically 
conservative. 

Perfectly         672.   Definition. — ^A  perfectly  elastic  body  is  a  body  which, 

elastic  body      iri.  ^..  ^^      * 

defined,  in  When  brougnt  to  any  one  state  of  strain,  requires  at  all  times 
dynamics,  the  same  stress  to  hold  it  in  this  state-;  however  long  it  be 
kept  strained,  or  however  rapidly  its  state  be  altered  from  any 
other  strain,  or  from  no  strain,  to  the  strain  in  question.  Here, 
according  to  our  plan  (§§  443,  448)  for  Abstract  Dynamics,  we 
ignore  variation  of  temperature  in  the  body.  If,  however,  we 
add  a  condition  of  absolutely  no  variation  of  temperature,  or 
of  recurrence  to  one  specified  temperature  after  changes  of 
strain,  we  have  a  definition  of  that  property  of  perfect  elasticity 
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towards  which  highly  elastic  bodies  in  nature  approximate;  and  itscon- 
which  is  rigorously  fulfilled  by  all  fluids,  and  may  be  so  by^iMm^nt 

.  in  iifttore. 

some  real  solids,  as  homogeneous  crystals.  But  inasmuch  as 
the  elastic  reaction  of  every  kind  of  body  against  strain  varies 
with  varying  temperature,  and  (a  thermodynamic  consequence 
of  this,  as  we  shall  see  later)  any  increase  or  diminution  of 
strain  in  an  elastic  body  is  necessarily  accompanied  by  a 
change  of  temperature;  even  a  perfectly  elastic  body  could  not^ 
in  passing  through  different  strains,  act  as  a  rigorously  conser- 
vative system,  but,  on  the  contrary,  must  give  rise  to  dissipation 
of  energy  in  consequence  of  the  conduction  or  radiation  of  heat 
induced  by  these  changes  of  temperature. 

But  by  making  the  changes  of  strain  quickly  enough  to  pre- 
vent any  sensible  equalization  of  temperature  by  conduction  or 
radiation  (as,  for  instance,  Stokes  has  shown,  is  done  in  sound 
of  musical  notes  travelling  through  air);  or  by  making  them 
slowly  enough  to  allow  the  temperature  to  be  maintained 
sensibly  constant*  by  proper  appliances;  any  highly  elastic,  or 
perfectly  elastic  body  in  nature  may  be  got  to  act  very  nearly 
as  a  conservative  system. 

673.   In  nature,  therefore,  the  integral  amount,  w,  of  work  Potentiiii 
defined  as  above,  is  for  a  perfectly  elastic  body,  independent  ■",.?"^?*{5 
(§  274)   of   the   series  of  configurations,  or  states  of  strain,  strained, 
through   which  it   may  have  been  brought  from  the  first  to 
the  second  of  the   specified   conditions,  provided  it  has  not 
been  allowed  to  change  sensibly  in  temperature  during  the 
process. 

The  analytical  statement  is  that  the  expression  (11)  for  dw 
must  be  the  differential  of  a  function  of  e,  /,  g^  a,  6,  c,  regarded 
as  independent  variables ;  or,  which  means  the  same,  to  is  a 
function  of  these  elements,  and 


(12). 


p_dw        ^_  dw        p_^^ 
"Sc'      ^'^d/'  dg' 

CT__C?M?  m_^'^  TT^^^ 

da*  db*  dc' 

*  "On  the  Thermoelastio  and  Thermomagnetic  Properties  of  Matter" 
(W.  Thomson).  Quarterly  Journal  of  Mathematics,  April,  1855 ;  Mathematical 
and  Physical  Papers,  Art.  zlyiii.  Part  vii. 
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Potential 
energy  of 
an  elastic 
solid  held 
strained. 


W  = 


Stress-oom- 
poneiits  ex- 
pressed in 
terms  of 
strain. 


(13). 


In  Appendix  C,  we  shall  return  to  the  comprehensive  analytical 
treatment  of  this  theory,  not  confining  it  to  infinitely  small  strains 
for  which  alone  the  notation  (e,  ^  ...),  as  defined  in  §  669,  is 
convenient.  In  the  meantime,  we  shall  only  say  that  when  the 
whole  amount  of  strain  is  infinitely  small,  and  the  stress-com- 
ponents are  therefore  all  altered  in  the  same  ratio  as  the  strain- 
components  if  theBe  are  altered  all  in  any  one  ratio;  w  must  be  a 
homogeneous  quadratic  function  of  the  six  variables  e,y,  g,  a,  b,  c, 
which,  if  we  denote  by  (e,  «),  (^y)...(e,y)...  constants  depend- 
ing on  the  quality  of  the  substance  and  on  the  directions  chosen 
for  the  axes  of  co-ordinates,  we  may  write  as  follows : — 

i  {{e.  e)  e'  +  (/,/)/-+  (jg,  g)  ^  +  (a,  a)  a'+  (6,  h)  fe'+  (c,  c)  c« 

-»-  2  («,/)^+  ^(e,g)eg-{-2(e,  a)ea-^2  (e,  b)eb  +  2(e,  c)ec 

-^^{/,9V9  +  2(/,  a)/a^  2  (/,6)/&+  2(/,c)/c 

+  2(jg,a)ga  +  2  (g,  b)gb-^2(g,c)gc 

+  2  (a,  b)ab-h2  (a,  c)  ac 

+2{b,c)bc} 

The  21  coefficients  {e,  c),  (/,/),,. (b,  c),  in  this  expression  con- 
stitute the  21  "coefficients  of  elasticity,"  which  Green  first 
showed  to  be  proper  and  essential  for  a  complete  theory  of  the 
dynamics  of  an  elastic  solid  subjected  to  infinitely  stnall  strains. 
The  only  condition  that  can  be  theoretically  imposed  upon  these 
coefficients  is  that  they  must  not  permit  t^?  to  become  negative  for 
any  values,  positive  or  negative,  of  the  strain-components  e,y) ... . 
Under  Properties  of  Matter,  we  shall  see  that  an  untenable  theory 
(Boscovich's),  falsely  worked  out  by  mathematiciana,  has  led  to 
relations  among  the  coefficients  of  elasticity  which  experiment  has 
proved  to  be  false. 

Eliminating  w  from  (12)  by  (13)  we  have 

P  =  (c,  6)  6  +  (e,/)/+  (e,  g)g  +  (e,  a)  a  +  (e,  b)b  +  (e,  c)  c 

Q  =  (e,/)6+  (//)/+  (/,  9)9  +  (/, «)  «  +  (/,6)6  +  (/,c)  c 
etc.  etc. 


etc. 


etc. 


(14). 


These  equations  express  the  six  components  of  stress  (P,  Q^  B, 
S,  T,  U)  &a  linear  functions  of  the  six  components  of  strain 
(«» /  9i  «>  ^  ^)  wi^^h  1  ^  Cijualities  [namely  (e,  /)  =  {/,  e),  etc.] 
among  their  36  coefficients,  which  leave  only  21  of  them  inde- 
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pendent.     The  mere  principle  of  superposition  (which  we  have  8treMH»m- 

,  ,  ponento  ex- 

used  above  in  establishing  the  quadratic  form  for  w)  might  pressed  ia 
have  been  directly  applied  to  demonstrate  linear  formulsB  for  the  strain, 
stress-components.  Thus  it  is  that  some  authors  have  been  led  to 
lay  down,  as  the  foundation  of  the  most  general  possible  theory 
of  elasticity,  six  equations  involving  36  coefficients  supposed 
to  be  independent.  But  it  is  only  by  the  principle  of  energy  that, 
as  first  discovered  by  Green,  the  fifteen  pairs  of  these  coefficients 
are  proved  to  be  equal. 

The  algebraic  transformation  of  equations  (14)  to  express  the  ?*™^""gQtg 
strain-components  singly,  by  linear  functions  of  the  stress-com-  expr»  saed 
ponents,  may  be  directly  effected  of  course  by  forming  the  proper  of  ainss. 
determinants  from  the  36  coefficients,  and  taking  the  36  proper 
quotients.     From  a  known   determinantal  theorem,   used   also 
above  [§  313  (c?)]>it  follows  that  there  are  15  equalities  between 
pairs  of  these  36  quotients,  because  of  the  15  equalities  in  pairs 
of  the  coefficients  of  c,/,  etc.,  in  (14).     Thus,  if  we  denote  by 

[p,p],  [6,  e],...[/^,  (2], ...  [<3,p]... 

the  set  of  36  determinantal  quotients  found  by  that  process  (being, 
therefore,  known  algebraic  functions  of  the  original  coefficients 
(e,  e),  (/,/),  ...  etc.),  we  have 

e=[P,F]P+[P,Q]Q+[P,B]R+[P,S]S+[P,T]T^[F,U]U'i 
f--[Q,P]P-^[Q,Q]Q^[Q,R]R+[Q,S]S^[Q,T]T+[Q,U]uL 

etc.  etc.  J 

and  these  new  coefficients  satisfy  15  equations 

[P,  Q]=[Q,  F],  [P,  B]^.[Ji,  P] (17). 

By  what  we  proved  in  §  313  (d)  when  engaged  with  precisely 
the  same  algebraic  transformation,  we  see  that  [P,  jP],  [Qj  Q],  ..., 
[Py  Q], ...  are  simply  the  coefficients  of  P*,  Q', ...,  2PQy  ...  in  the 
expression  for  2to  obtained  by  eliminating  e,/,  ...  from  (13),  so 
that 

«;=J{[P,P]P'+[(2,(2](2»+...  +  2[P,(?]PG+:2[P,7?]Pi?+...}...(18); 

and 

[dwl      .     [dfvl  [dwl     ] 

'=wHm'^W&[ (,9). 

[divl     ,      rdw~\  [dwl      \ 
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where  the  brackets  [  ]  denote  the  partial  differential  coefficients 
taken  on  the  supposition  that  w  is  expressed  an  a  function  of 
F,  Q,  etc.,  as  in  (19);  to  distinguish  them  from  those  of  equations 
(12)  which  were  taken  on  the  supposition  that  w  is  expressed 
as  a  function  of  e,  fy  etc.,  as  in  (13).  We  have  also,  as  in 
§313((;), 

w  =  J(Pe  +  Q/'+/?^  +  ^a  +  T6+  Uc) (20); 

which  might  have  been  put  down  in  the  beginning,  as  it  8im[»]7 
expresses  that 

Awra«e  674.    The  average  stress,  due  to  elasticity  of  the  solid,  when 

throiMchany  strained  from  its  natural  condition  to  that  of  strain  (e,fy  q,  a,  6,  c) 
■Lraiii.        is  (as  from  the  assumed  applicability  of  the  principle  of  super- 
position we  see  it  must  be)  just  half  the  stress  required  to  keep 
it  in  this  state  of  strain. 


Compare 

««70,(8)(4) 

(0). 


HomoKcne- 

OUNnPBS 

d«Aued. 


Molecular 
hjrpotbesui 


anHumes  a 
Tvry  flue 
grained 
texture  in 
crystalB, 
but  no 
ultimate 
liomufrene- 

OUAieSB. 


676.  A  body  is  called  homogeneous  when  any  two  equal, 
similar  parts  of  it,  with  corresponding  lines  parallel  and  turned 
towards  the  same  parts,  are  undistinguishable  from  one  another 
by  any  difiference  in  quality.  The  perfect  fulfilment  of  this 
condition  without  any  limit  as  to  the  smallness  of  the  parts, 
though  conceivable,  is  not  generally  regarded  as  probable  for 
any  of  the  real  solids  or  fluids  known  to  us,  however  seemingly 
homogeneous.  It  is,  we  believe,  held  by  all  naturalists  that 
there  is  a  molecular  structure,  according  to  which,  in  compound 
bodies  such  as  water,  ice,  rock-crystal,  etc.,  the  constituent 
substances  lie  side  by  side,  or  arranged  in  groups  of  finite 
dimensions,  and  even  in  bodies  called  simple  {i.e.,  not  known 
to  be  chemically  resolvable  into  other  substances)  there  is  no 
ultimate  homogeneousness.  In  other  words,  the  prevailing 
belief  is  that  every  kind  of  matter  with  which  we  are  acquainted 
has  a  more  or  less  coarse-grained  texture,  whether  having  visible 
molecules,  as  great  masses  of  solid  stone-  or  brick-building,  or 
natural  granite  or  sandstone  rocks;  or,  molecules  too  small  to 
be  visible  or  directly  measureable  by  us  (but  not  infinitely  small)  * 
in  seemingly  homogeneous   metals,  or  continuous  crystals,  or 

*  Probably  not  undiscoverahly  small,  although  of  dimensions  not  yet  known 
to  us.    See  Appendix  F.  on  "  Size  of  Atoms.'' 


\ 
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liqiiids,  or  gases.     We  must  of  course  return  to  this  subject 
under  Properties  of  Matter ;  and  in  the  meantime  need  only  Scaien  of 
say   that  the  definition  of  homogeneousness  may  be  applied  homoffeno- 


ousness. 


practically  on  a  very  large  scale  to  masses  of  building  or  coarse- 
grained conglomerate  rock,  or  on  a  more  moderate  scale  to 
blocks  of  common  sandstone,  or  on  a  very  small  scale  to  seem- 
ingly homogeneous  metals*;  or  on  a  scale  of  extreme,  undis- 
covered fineness,  to  vitreous  bodies,  continuous  crystals,  solidified 
gums,  as  India  rubber,  gum-4uubic,  etc.,  and  fluids. 

676.  The  substance  of  a  homogeneous  solid  is  called  wo-  iwiiopio 

,  ,  ,  ,         and  eolo- 

tropic  when  a  spherical  portion  of  it,  tested  by  any  physicsd  tropin 
agency,  exhibits  no  difference  in  quality  however  it  is  turned,  defined. 
Or,  which  amounts  to  the  same,  a  cubical  portion  cut  from  any 
position  in  an  isotropic  body  exhibits  the  same  qualities  rela- 
tively to  each  pair  of  parallel  faces.  Or  two  equal  and  similar 
portions  cut  from  any  positions  in  the  body,  not  subject  to  the 
condition  of  parallelism  (§  675),  are  undistinguishable  from  one 
another.  A  substance  which  is  not  isotropic,  but  exhibits  dif- 
ferences of  quality  in  different  directions,  is  called  eolotropic, 

677.  An  individual  body,  or  the  substance  of  a  homogeneous  laotrow 
solid,  may  be  isotropic  in  one  quality  or  class  of  qualities,  but  tropjor 
eolotropic  m  others.  sets  of 

properties. 

Thus  in  abstract  dynamics  a  rigid  body,  or  a  group  of  bodies 
rigidly  connected,  contained  within  and  rigidly  attached  to  a 
rigid  spherical  surface,  is  kinetically  symmetrical  (§  285)  if  its 
centre  of  inertia  is  at  the  centre  of  the  sphere,  and  if  its  moments 
of  inertia  are  equal  round  all  diameters.  It  is  also  isotropic 
relatively  to  gravitation  if  it  is  centrobaric  (§  534),  so  that  the 
centre  of  a  figure  is  not  merely  a  centre  of  inertia,  but  a  true 
centre  of  gravity.  Or  a  transparent  substance  may  transmit 
light  at  diflferent  velocities  in  diflferent  directions  through  it 
(that  is,  be  doubly  refracting),  and  yet  a  cube  of  it  may  (and 
generally  does  in  natural  crystals)  absorb  the  same  part  of  a 
beam  of  white  light  transmitted  across  it  perpendicularly  to 

•  Which,  however,  we  know,  as  recently  proved  by  Deville  and  Van  Troost, 
ar»  porous  enough  at  high  temperatures  to  allow  very  free  percolation  of  gases. 
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any  of  its  three  pairs  of  faces.  Or  (as  a  crystal  which  exhibits 
dichroism)  it  may  be  eolotropic  relatively  to  the  latter,  or  to 
either  optic  quality,  and  yet  it  may  conduct  heat  equally  in  all 
directions. 

Pnwtiwi  678.  The  remarks  of  §  675  relative  to  homogeneousness 
ofisotropy,  in  the  aggregate,  and  the  supposed  ultimately  heterogeneous 
gpneouancBs  toxtuTO  of  all  substaDces  however  seemingly  homogeneous, 
tropy,  to  the  indicate  corresponding  limitations  and  non-rigorous  practical 
the  awre-    interpretations  of  isotropy. 

molecules. 

Conditions  679.  To  be  clastically  isotropic,  we  see  first  that  a  spherical 
eiajttio  or  cubical  portion  of  any  solid,  if  subjected  to  uniform  normal 
pressure  (positive  or  negative)  all  round,  must,  in  yielding, 
experience  no  deformation :  and  therefore  must  be  equally  com- 
pressed (or  dilated)  in  all  directions.  But,  further,  a  cube  cut 
from  any  position  in  it,  and  acted  on  by  tangential  or  shearing 
stress  (§  662)  in  planes  parallel  to  two  pairs  of  its  sides,  must 
experience  simple  deformation,  or  shear  (§  171),  in  the  same 
direction,  unaccompanied  by  condensation  or  dilatation*,  and 
the  same  in  amount  for  all  the  three  ways  in  which  a  stress 
may  be  thus  applied  to  any  one  cube,  and  for  diflferent  cubes 
taken  from  any  different  positions  in  the  solid. 

MeMuresof  680.  Hcnco  the  elastic  quality  of  a  perfectly  elastic,  homo- 
tocompre*.  geneous,  isotropic  solid  is  fully  defined  by  two  elements: — its 

sion  and  re-°.  ^  .  "f  .  -^  .mi 

Biatanceto   resistance  to  compression,  and  its  resistance  to  distortion.     The 

distortion.  .      •*• 

amount  of  uniform  pressure  in  all  directions,  per  unit  area  of 
its  surface,  required  to  produce  a  stated  very  small  compression, 
measures  the  first  of  these,  and  the  amount  of  the  shearing 
stress  required  to  produce  a  stated  amount  of  shear  measures 

*  It  must  be  remembered  that  the  changes  of  figure  and  volume  we  are  con- 
cerned with  are  so  small  that  the  principle  of  superposition  is  applicable;  so 
that  if  any  shearing  stress  produced  a  condensation,  an  opposite  shearing 
stress  would  produce  a  dilatation,  which  is  a  violation  of  the  isotropic  condition. 
But  it  is  possible  that  a  shearing  stress  may  produce,  in  a  truly  isotropic  solid, 
condensation  or  dilatation  in  proportion  to  the  square  of  its  value:  and  it  is 
probable  that  such  effects  may  be  sensible  in  India  rubber,  or  cork,  or  other 
bodies  susceptible  of  great  deformations  or  compressions,  with  persistent  elas- 
ticity. 
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the  second.     The  numerical  measure  of  the  first  is  the  com- 
pressing pressure  divided  by  the  diminution  of  the  bulk  of 
a  portion  of  the  substance  which,  when  uncompressed,  occupies 
the  unit   volume.     It  is   sometimes    called    the    elasticity  q/*Biiik- 
volumey  or  the  resistance  to  compression,  or  the  hulk-modulus  mu^iuiua  of 
of  elasticity  or  the  modulus  of  compression.     Its  reciprocal,  or  Son!' 
the  amount  of  compression  on  unit  of  volume  divided  by  the 
compressing  pressure,  or,  as  we  may  conveniently  say,  the  com- 
pression per  unit  of  volume,  per  unit  of  compressing  pressure, 
is  commonly  called  the  compressibility.    The  second,  or  resist-  Comprpfr 
ance  to  change  of  shape,  is  measured  by  the  tangential  stress 
(reckoned  as  in  §  662)  divided  by  the  amount  of  the  distortion  Rigiditif,  or 
or  shear  (§  175)  which  it  produces,  and  is  called  the  modulus  3f^^' 
of  rigidity,  or  for  brevity  rigidity  of  the  substance,  or  its 
elasticity  of  figure. 

681.  From  §  169  it  follows  that  a  strain  compounded  of  a 
simple  extension  in  one  set  of  parallels,  and  a  simple  contrac- 
tion of  equal  amount  in  atiy  other  set  perpendicular  to  those, 

is  the  same  as  a  simple  shear  in  either  of  the  two  sets  of  Discrepant 
planes  cutting  the   two   sets  of  parallels  at   45^.      And  the  of  Bh(»r  and 
numerical  measure  (§  175)  of  this  shear,  or  simple  distortion^  stress,  from 
is  equal  to  double  the  amount  of  the  elongation  or  contraction  lonKitudinai 
(each  measured,  of  course,  per  unit  of  length).     Similarly,  we  sires^^s  re- . 
see  (§  668)  that  a  longitudinal  traction  (or  negative  pressure)  involved, 
parallel  to  one  line,  and  an  equal  longitudinal  positive  pressure 
parallel  to  any  line   at   right   angles  to   it,   is  equivalent  to 
a  shearing  stress   of  tangential  tractions  (§  661)  parallel   to 
the  planes  which  cut  those  lines  at  45**.     And  the  numerical 
measure  of  this  shearing  stress,   being  (§  662)  the  amount  of 
the  tangential  traction  in  either  set  of  planes,  is  equal  to  the 
amount    of    the    positive    or  negative    normal    pressure,  not 
doubled. 

682.  Since   then  any  stress  whatever  may  be  ma^le  up  of  strain  pro- 
simple  longitudinal  stresses,  it  follows  that,  to  find  the  relation  a -iPicie 
between  any  stress  and  the  strain  produced  by  it,  we  have  only  stress. 

to  find  the   strain   produced   by  a  single   longitudinal    stress, 
which  we  may  do  at  once  thus: — A  simple  longitudinal  stress. 


220 


ABSTRACT  DYNAMICS. 


[682. 


Btraixipro- 
ductMl  by 
a  single 
longitudinal 
sfcreis. 


i^JH 


^-JT 


P,  is  equivalent  to  a  uniform 
dilating  tension  i-P  in  all  di- 
rections, compounded  with  two 
shearing  stresses,  each  equal  to 
^P,  and  having  a  common  axis 
in  the  line  of  the  given  longi- 
tudinal stress,  and  their  other 
two  axes  any  two  lines  at  right 
angles  to  one  another  and  to  it. 
The  diagram,  drawn  in  a  plane 
through  one  of  these  latter  lines, 
and  the  former,  sufficiently  in- 
dicates the  synthesis;  the  only 
forces  not  shown  being  those  perpendicular  to  its  plane. 

Hence  if  n  denote  the  rigidity,  and  k  the  bvlk-modulus 
[being  the  same  as  the  reciprocal  of  the  compressibility 
(§  680)],  the  effect  will  be  an  equal  dilatation  in  all  directions, 
amounting,  per  unit  of  volume,  to 

k  


(1), 


compounded  with  two  equal  shears,  each  amounting  to 

^p 


n 


(2). 


and  having  (§  679)  their  axes  in  the  directions  just  stated  as 
those  of  the  shearing  stresses. 


683.  The  dilatation  and  two  shears  thus  determined  may 
be  conveniently  reduced  to  simple  longitudinal  strains  by  still 
following  the  indications  of  §  681,  thus: 

The  two  shears  together  constitute  an  elongation  amounting 
to  jP/w  in  the  direction  of  the  given  force,  P,  and  equal  contrac- 
tion amounting  to  ^Pju  in  all  directions  perpendicular  to  it. 
And  the  cubic  dilatation  ^P/A;  implies  a  linear  dilatation,  equal 
in  all  directions,  amounting  to  ^  Pjk.  On  the  whole,  therefore, 
we  have 


Hfnoe 
YouriK'n 

modulus 

(«686) 
_9nk 

...(3).     "*»*+»• 
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linear  eloDgation  =  -Pf  q-  +  gr) ,  in  the  direction  of 

the  applied  stress,  and 
linear  contraction  =  -P(jt qtJ*  in  all  directions 

perpendicular  to  the  applied  stress. 

684.  Hence  when  the  ends  of  a  column,  bar,  or  wire,  of 
isotropic  material,  are  acted  on  by  equal  and  opposite  forces, 

3i'  — 2n 
it  experiences  a  lateral  linear  contraction,  equal  to   *,«, r  of  Hatioof 

^  ^  2(3A:  +  w)        lateral  oon- 

^  traction  to 

the  longitudinal  dilatation,  each  reckoned  as  usual  per  unit  ion«it«<i»n*i 
of  linear  measure.  One  specimen  of  the  fallacious  mathe- 
matics above  referred  to  (§  673),  is  a  celebrated  conclusion  of 
Navier's  and  Poisson's  that  this  ratio  is  J,  which  requires 
the  rigidity  to  be  f  of  the  bulk -modulus,  for  all  solids : 
and  which  was  first  shown  to  be  false  by  Stokes*  from 
many  obvious  observations,  proving  enormous  discrepancies 
from  it  in  many  well-known  bodies,  and  rendering  it  most  im- 
probable that  there  is  any  approach  to  a  constancy  of  ratio 
between  rigidity  and  bulk-modulus  in  any  class  of  solids. 
Thus  clear  elastic  jellies,  and  India  rubber,  present  familiar 
specimens  of  isotropic  homogeneous  solids,  which,  while  differ- 
ing very  much  from  one  another  in  rigidity  ("  stiffness  "),  are 
probably  all  of  very  nearly  the  same  compressibility  as  water. 
This  being  3qq^qqq  per  pound  per  square  inch;  the  bulk-  ' 
modulus,  measured  by  its  reciprocal,  or,  as  we  may  read  it, 
"308000  lbs.  per  square  inch,"   is   obviously   many  hundred 

k 

times  the  absolute  amount  of  the  rigidity  of  the  stiffest  of  those 
substances.    A  column  of  any  of  them,  therefore,  when  pressed 
together  or  pulled  out,  within  its  limits  of  elasticity,  by  balanc-  different  for 
ing  forces  applied  to  its  ends  (or  an  India-rubber  band  when  aubttance* 
pulled  out),  experiences  no  sensible  change  of  volume,  though  jeiiy  too 
very  sensible  change  of  length.     Hence  the  proportionate  ex- 
tension or  contraction  of  any  transverse   diameter  must  be 
sensibly  equal  to  \  the  longitudinal  contraction  or  extension: 

*  On  the  Friction  of  Flaids  in  Motion,  and  the  Equilibrinm  and  Motion  of 
Elastic  Solids. — Trans,  Camh,  Phil,  Jour,^  April,  1845.  See  also  Can\Jb,  and  DvJb* 
Math.  Jour,,  March,  1848. 
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djffCTentfor  and  foF  all  ordinary  stresses,  such  substances  may  be  practically 
fS)m  rfo?  regarded  as  incompressible  elastic  solids.  Stokes  gave  reasons 
jfiijrtoo     for  believing  that  metals  also  have  in  general  greater  resist- 

foroork.  o  ..... 

ance  to  compression,  in  proportion  to  their  rigidities,  than 
according  to  the  fallacious  theory,  although  for  them  the  dis- 
crepancy is  very  much  less  than  for  the  gelatinous  bodies.  This 
probable  conclusion  was  soon  experimentally  demonstrated  by 
Wertheim,  who  found  the  ratio  of  lateral  to  longitudinal  change 
of  linear  dimensions,  in  columns  acted  on  solely  by  longitudinal 
force,  to  be  about  ^  for  glass  and  brass ;  and  by  Kirch  hoff,  who, 
by  a  very  well-devised  experimental  method,  found  '387  as  the 
value  of  that  ratio  for  brass,  and  "294  for  iron.  For  copper  we 
find  that  it  probably  lies  between  '226  and  "441,  by  recent 
experiments*  of  our  own,  measuring  the  torsional  and  longi- 
tudinal rigidities  (§§  596,  599,  686)  of  a  copper  wire. 

Suppotition  685.  All  theso  results  indicate  rigidity  less  in  proportion  to 
perfed        the  bulk-modulus  than   according:  to   Navier's   and   Poisson's 

Holid 

groundien.  theory.  And  it  has  been  supposed  by  many  naturalists,  who 
have  seen  the  necessity  of  abandoning  that  theory  as  inapplic- 
able to  ordinary  solids,  that  it  may  be  regarded  as  the  proper 
theory  for  an  ideal  perfect  solid,  and  as  indicating  an  amount  of 
rigidity  not  quite  reached  in  any  real  substance,  but  approached 
to  in  some  of  the  most  rigid  of  natural  solids  (as,  for  instance, 
iron).  But  it  is  scarcely  possible  to  hold  a  piece  of  cork  in  the 
hand  without  perceiving  the  fallaciousness  of  this  last  attempt 
to  maintain  a  theory  which  never  had  any  good  foundation. 
By  careful  measurements  on  columns  of  cork  of  various  forms 
(among  them,  cylindrical  pieces  cut  in  the  ordinary  way  for 
bottles)  before  and  after  compressing  them  longitudinally  in  a 
Bramah's  press,  we  have  found  that  the  change  of  lateral 
dimensions  is  insensible  both  with  small  longitudinal  contrac- 
tions and  return  dilatations,  within  the  limits  of  elasticity,  and 
with  such  enormous  longitudinal  contractions  as  to  ^  or  ^  of 
the  original  length.  It  is  thus  proved  decisively  that  cork  is 
much  more  rigid,  while  metals,  glass,  and  gelatinous  bodies  are 

•  On  the  Elasticity  and  Viscosity  of  Metals  (W.  Thomson).    Proc,  R.  5., 
May,  1865.     See  Art.  *  Elasticity,'  Encijc,  Dritan, 
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all  less  rigid,  in  proportion  to  bulk-modulus  than  the  supposed 
"  perfect  solid ; "  and  the  utter  worthlessness  of  the  theory  is 
experimentally  demonstrated. 

686.     The  modulus  of  elasticity  of  a  bar,  wire,  fibre,  thin  Tounjr's 
filament,  band,  or  cord  of  any  material  (of  which  the  substance  SnecL  ^ 
Deed  not  be  isotropic,  nor  even  homogeneous  within  one  normal 
section),  as  a  bar  of  glass  or  wood,  a  metal  wire,  a  natural  fibre, 
an  India-rubber  band,  or  a  common  thread,  cord,  or  tape,  is 
a  term  introduced  by  Dr  Thomas  Young*  to  designate  what 
we  also  sometimes  call  its  longitudinal  rigidity:   that  is,  the  Samesa 
quotient  obtained  by  dividing   the  simple  longitudinal  force  rigidity, 
required  to  produce  any  infinitesimal  elongation  or  contraction 
by  the  amount  of  this  elongation  or  contraction  reckoned  as 
usual  per  unit  of  length. 

♦  Extract  from  Encycl.  Brit,  Art.  ♦Elasticity,*  §  42.  ^'Young's  Modulus,'' or 
Modtilui  of  Simple  Longitudinal  Stress, — Thomas  Young  caUed  the  modulus  of 
elasticity  of  an  elastic  solid  the  amount  of  the  end-pull  or  end-thrust  required  to 
produce  any  infinitesimal  elongation  or  contraction  of  a  wire,  or  har,  or  column 
of  the  substance  multiplied  by  the  ratio  of  its  length  to  the  elongation  or  con- 
traction. In  this  definition  the  definite  article  is  clearly  misapplied.  There  are, 
as  we  have  seen,  twomoduluses  of  elasticity  for  an  isotropic  solid, — one  measuring 
elasticity  of  bulk,  the  other  measuring  elasticity  of  shape.  An  interesting  and 
instructive  illustration  of  the  confusion  of  ideas  so  often  rising  in  physical  science 
from  faulty  logic  is  to  be  found  in  **An  Account  of  an  Experiment  on  the  Elas- 
ticity of  Ice:  By  Benjamin  Bevan,  Esq.,  in  a  letter  to  Dr  Thomas  Young,  Foreign 
Sec.  B.  S."  and  in  Young's  "Note"  upon  it,  both  published  in  the  Transactions 
of  the  Royal  Society  for  1826.  Bevan  gives  an  interesting  account  of  a  well- 
designed  and  well-executed  experiment  on  the  flexure  of  a  bar,  8*97  inches  thick, 
10  inches  broad,  and  100  inches  long,  of  ice  on  a  pond  near  Leighton  Buzzard 
(the  bar  remaining  attached  by  one  end  to  the  rest  of  the  ice,  but  being  cut  free 
by  a  saw  along  its  sides  and  across  its  other  end),  by  which  he  obtained  a  fairly 
accurate  determination  of  "the  modulus  of  ice*'  (his  result  was  21,000,000  feet); 
and  says  that  he  repeated  the  experiment  in  various  ways  on  ice  bars  of  various 
dimensions,  some  remaining  attached  by  one  end,  others  completely  detached, 
and  found  results  agreeing  with  the  first  as  nearly  "as  the  admeasurement  of 
the  thickness  could  be  ascertained."  He  then  proceeds  to  compare  "the  modulus 
of  ice"  which  he  had  thus  found  with  "the  modulus  of  water,"  which  he  quotes 
from  Young's  Lectures  as  deduced  from  Canton's  experiments  on  the  compressi- 
bility of  water.  Young  in  his  "Note"  does  not  point  out  that  the  two  moduluses 
were  essentially  different,  and  that  the  modulus  of  his  definition^  the  modulus  de- 
terminable from  the  flexure  of  a  bar,  is  essentially  zero  for  every  fluid.  We  now 
caU  "Young's  modulus"  the  particular  modulus  of  elasticity  defined  as  above  by 
Y'oung,  aad  so  avoid  all  confusion. 
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Weight-  687.     Instead  of  reckoning  Young's  modulus  in  units  of 

and  leiiKih  weight,  it  is  sometimes  convenient  to  express  it  in  terms  of  the 

weight  of  the  unit  length  of  the  rod,  wire,  or  thread.     The 

modulus  thus  reckoned,  or,  as  it  is  called  by  some  writers,  the 

length  of  the  modulus,  is  of  course  found  by  dividing  the  weight- 

Veiodty  of  modulus  by  the  weight  of  the  unit  length.    It  is  useful  in  many 

Bim  ?e*      applications  of  the  theoiy  of  elasticity;  as,  for  instance,  in  this 

itiS*^^'^  result,  which  will  be  proved  later : — the  velocity  of  transmission 

through  a    Qf  longitudinal  vibrations  (as  of  sound)  along  a  bar  or  cord,  is 

equal  to  the  velocity  acquired  by  a  body  in  falling  from  a 

height  equal  to  half  the  length  of  the  modulus*.     For  other 

examples  see  §  791,  a,  below. 

Spedflp  688.     The  specific  Young's  modulus  of  elasticity  of  an  isotropic 

modulus  of  substance^  or,  as  it  is  most  often  called,  simply  the  Young's  modu- 
body.  Ins  of  the  suhstance,  is  the  Young's  modulus  of  a  bar  of  it  having 

some  definitely  specified  sectional  area.   If  this  be  such  that  the 
weight  of  unit  length  is  unity,  the  Young's  modulus  of  the  sub- 
stance will  be  the  same  as  the  length  of  the  modulus  of  any  bar 
of  it :  a  system  of  reckoning  which,  as  we  have  seen,  has  some 
advantages  in  application.     It  is,  however,  more  usual  to  choose 
a  common  unit  of  area  as  the  sectional  area  of  the  bar  referred 
to  in  the  definition.     There  must  also  be  a  definite  under- 
in  terms  of  Standing  as  to  the  unit  in  terms  of  which  the  force  is  measured, 
unit;  or  of    which  may  be  either  the  absolute  unit  (§  223):  or  the  gravi- 
gntTityon    tatiou  uuit  for  a  specified  locality ;  that  is  (§  226),  the  weight 
^S^  in  that  locality  of  the  unit  of  mass.    Experimenters  hitherto 
io»utj.       have  stated  their  results  in  terms  of  the  gravitation  unit,  each 
for  his  own   locality;    the   accuracy   hitherto  attained  being 
scarcely  in  any  cases  sufficient  to  require  corrections  for  the 

*  It  is  to  be  nnderstood  that  the  yibrations  in  qnestion  are  so  mnch  spread 
ont  through  the  length  of  the  body,  that  inertia  does  not  sensibly  inflnenoe  the 
transverse  contractions  and  dilatations  which  (unless  the  substance  have  in  this 
respect  the  peculiar  character  presented  by  cork,  §  684)  take  place  along  with 
them.  Also,  under  thermodynamics,  we  shall  see  that  changes  of  temperature 
produced  by  the  varying  stresses  cause  changes  of  temperature  which,  in  ordinary 
solids,  render  the  velocity  of  transmission  of  longitudinal  vibrations  sensibly 
greater  than  that  calculated  by  the  rule  stated  in  the  text,  if  we  use  the  static 
moduluM  as  understood  from  the  definition  there  given ;  and  we  shall  learn  to 
take  into  account  the  thermal  effect  by  using  a  definite  static  modulus^  or  kinetic 
modulus,  according  to  the  circumstances  of  any  case  that  may  occur. 
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different  forces  of  gravity  in  the  different  places  of  observation,  intennsof 
Corresponding  statements  apply  to  the  modulus  of  rigidity,  unit;  or  of 
Young's  word  "Modulus'*    is  also  used  conveniently  enough  gravity  on 
in  the  expression  "Modulus  of  Rupture,"  which  is  almost  a  maw  in  any 

*■  *  particular 

synonym  for  "Tenacity."  (See  table  of  Moduluses  and  Strengths,  locauty. 
article  **  Elasticity,"  Encyclopcedia  Britannica,  new  edition.)  It 
means  the  greatest  pull  that  can  be  applied  to  a  wire,  or 
bar,  or  rod  of  the  substance  without  breaking  it.  It  may  be 
reckoned  either  in  units  of  force  per  unit  of  area,  of  the  cross 
section;  or  it  may  be  reckoned  in  terms  of  the  length  which 
the  bar  must  have  to  be  equal  in  weight  to  the  breaking  force, 
and  when  so  reckoned  it  is  called  the  '^  Length-Modulus  of 
Rupture." 

689.  The  most  useful  and  generally  convenient  specifica- 
tion of  the  modulus  of  elasticity  of  a  substance  is  in  grammes- 
weight  per  square  centimetre.  This  has  only  to  be  divided  by 
the  specific  gravity  of  the  substance  to  give  the  length,  of  the 
modvlue.  British  measures,  however,  being  still  unhappily 
sometimes  used  in  practical  and  even  in  high  scientific  state- 
ments, we  may  have  occasion  to  refer  to  reckonings  of  the 
modulus  in  pounds  per  square  inch  or  per  square  foot,  or  to 
length  of  the  modulus  in  feet. 

690.  The  reckoning  most  commonly  adopted  in  British 
treatises  on  mechanics  and  practical  statements  is  pounds  per 
square  inch.  The  modulus  thus  stated  must  be  divided  by 
the  weight  of  12  cubic  inches  of  the  solid,  or  by  the  product 
of  its  specific  gravity  into  '4337*,  to  find  the  length  of  the 
modulus,  in  feet. 

*  This  decimal  being  the  weight  in  lbs.  of  12  onbio  inches  of  water.  The  one 
great  advantage  of  the  French  metrical  system  is,  that  the  mass  of  the  miit 
Yolmne  (1  cubic  centimetre)  of  water  at  its  temperature  of  maiimnTn  density 
(80-945)  is  unity  (1  gramme)  to  a  sufficient  degree  of  approximation  for  almost 
all  practical  purposes.  Thus,  according  to  this  system,  the  density  of  a  body 
and  its  specific  gravity  mean  one  and  the  same  thing;  whereas  on  the  British 
no-system  the  density  is  expressed  by  a  number  found  by  multiplying  the  specific 
gravity  by  one  number  or  another,  according  to  the  choice  of  a  cubic  inch,  cubic 
foot,  cubic  yard,  or  cubic  mile  that  is  made  for  the  unit  of  volume;  and  the  grain, 
scruple,  gunmaker*s  drachm,  apothecary's  drachm,  ounce  Troy,  ounce  avoirdu- 
pois, pound  Troy,  pound  avoirdupois,  stone  (Imperial,  Ayzshire,  Lanarkshire, 
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To  reduce  from  pounds  per  square  inch  to  grammes  per 
square  centimetre,  multiply  by  70*31,  or  divide  by  '014223. 
French  engineers  generally  state  their  results  in  kilogrammes 
per  square  millimetre,  and  so  bring  them  to  more  convenient 
numbers,  being  ^q^^^q  of  the  inconveniently  large  numbers  ex- 
pressing moduluses  in  grammes  weight  per  square  centimetre. 

Heferied  691.  The  same  statements  as  to  units,  reducing  factors,  and 
modoiuei  ^^™"^*1  designations,  are  applicable  to  the  bulk-modulus  of 
toSnaSP^  any  elastic  solid  or  fluid,  and  to  the  rigidity  (§  680)  of  an 
isotropic  body;  or,  in  general,  to  any  one  of  the  21  modu- 
luses in  the  expressions  [§  673.  (14)]  for  stresses  in  terms  of 
strains,  or  to  the  reciprocal  of  any  one  of  the  21  moduluses  in 
the  expressions  [§  673.  (16)]  for  strains  in  terms  of  stresses,  as 
well  as  to  the  modulus  defined  by  Toung. 

P»c*i«i         691  a.     The  convenience,  for  residents  on    the  Earth,  of 

rules  tor  '  ' 

▼eiocitiesof  the  leugth-reckoning  of  moduluses  is  illustrated  by  the  theo- 
rems stated  at  the  end  of  §  687,  and  others  analogous  to  it  as 
follows : — 

njitortionai      (1)   The  velocity  of  propagation  of  a  wave  of  distortion  in  an 
change  of    isotropic  homogeneous  solid  is  equal  to  the  velocity  acquired  by 
a  body  in  falling  through  a  height  equal  to  half  the  length- 
modulus  of  rigidity. 

Compres-         (2)    The  Velocity  of  the  other  kind  of  wave  possible  in  an 

■ional,  inan.^'^.  "^  i-ii. 

eiMUo  isotropic  homogeneous  solid,  that  is  to  say  a  wave  analogous  to 
that  of  sound,  is  equal  to  the  velocity  acquired  by  a  body  falling 
through  a  height  equal  to  half  the  length-modulus  for  simple 

longitudinal  strain  (compare  §  686) ;  just  as  the  Young's  modu- 

# 

Dumbartonshire),  Bione  for  hay,  stone  for  com,  quarter  (of  a  hundredweight), 
quarter  (of  corn),  hundredweight,  or  ton,  that  is  chosen  for  unit  of  mass.  It  is  a 
remarkable  phenomenon,  belonging  rather  to  moral  and  social  than  to  physical 
science,  that  a  people  tending  naturally  to  be  regulated  by  common  sense  should 
voluntarily  condemn  themselves,  as  the  British  have  so  long  done,  to  unnecessary 
hard  labour  in  every  action  of  common  business  or  scientific  work  related  to 
measurement;  from  which  all  the  other  nations  of  Europe  have  emancipated 
themselves.  We  have  been  informed,  through  the  kindness  of  the  late  Pro- 
fessor  W.  H.  Miller,  of  Cambridge,  that  he  concludes,  from  a  very  trustworthy 
comparison  of  standards  by  Kupffer,  of  St  Petersburgh,  that  the  weight  of  a  cubic 
decimetre  of  water  at  temperature  of  maximum  density  is  1000*018  grammes. 
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las  is  reckoned  for  simple  stress.  The  modulus  for  simple 
longitudinal  strain  may  be  found  by  enclosing  a  rod  or  bar  of 
tbe  substance  in  an  infinitely  rigid,  perfectly  smooth  and  firic- 
tionless  tube  fitting  it  perfectly  all  round,  and  then  dealing  with 
it  as  the  rod  with  its  sides  all  free  is  dealt  with  for  finding  the 
Young's  modulus.  Of  course  it  is  understood  that  the  ideal 
tube,  which  gives  positive  normal  pressure  when  the  two  ends 
of  the  elastic  rod  within  it  are  pressed  together,  must  be  sup- 
posed to  give  the  negative  normal  pressure,  or  the  normal 
traction,  required  to  prevent  lateral  shrinkage,  when  the 
two  ends  of  the  wire  are  pulled  asunder.  (Compare  §  684 
above.) 

(3)  The  velocity  of  sound  in  a  liquid  is  the  velocity  a  body  Oomprw- 
would  acquire  in  falling  through  a  height  equal  to  half  the  Uquidt 
length-modulus  of  compression. 

(4)  The  Newtonian  velocity  of  sound  (that  is  to  say,  the  oomppet- 
velocity  which  sound  would  have  in  air  if  the  pressure  in  the  sm; 
course  of  the  vibration  varied  simply  according  to  Boyle's  law 
without  correction  for  the  heat  of  condensation,  and  the  cold  of 
rarefaction)  is  equal  to  the  velocity  a  body  would  acquire  in 
falling  through  half  the  height  of  the  homogeneous  atmosphere 

for  the  actual  temperature  of  the  air  whatever  it  may  be.  ("  The 
Height  of  the  Homogeneous  Atmosphere"  is  a  short  expression 
commonly  used  to  designate  the  depth  that  an  ideal  incompres- 
sible liquid  of  the  same  density  as  air  must  have  to  give  by  its 
weight  the  same  pressure  at  the  bottom  as  the  actual  pressure 
of  the  air  at  the  supposed  temperature  and  density.) 

(5)  The  velocity  of  a  long  wave*  in  water  of  uniform  depth,  «»J2^ 
supposed  incompressible,  is  the  velocity  a  body  would  acquire  in  Uquid; 
falling  through  a  height  equal  to  half  the  depth. 

(6)  The  velocity  of  propagation  of  a  transverse  pulse  in  a  tnnsremi 
stretched  chord  is  equal  to  the  velocity  acquired  by  a  body  itntohed 
falling  through  a  height  equal  to  half  the  length  of  a  quantity 

of  cord  amounting  in  weight  to  the  stretching  force. 

*  A  "Long  wave  "  is  a  teohnioal  expression  in  the  theory  of  waves  in  water  used 
to  denote  a  wave  of  which  the  length  is  a  large  multiple  (20  or  80  or  more)  of 
the  depth. 

15—2 
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^Jgjjjjtt  691  b.  "  Resilience  "  is  a  very  useful  word,  introduced  about 
Stf^iu?  ^^^7  years  ago  (when  the  doctrine  of  energy  was  beginning  to 
^^  become  practically  appreciated)  by  Lewis  Gordon,  first  professor 
^'^  of  engineering  in  the  university  of  Glasgow,*  to  denote  the  quan- 
tity of  work  that  a  spring  (or  elastic  body)  gives  bade  when 
strained  to  some  stated  limit  and  then  allowed  to  return  to  the 
condition  in  which  it  rests  when  free  from  stress.  The  word 
''  resilience "  used  without  special  qualifications  may  be  under- 
stood as  meaning  extreme  resilience,  or  the  work  given  back  by 
the  spring  after  being  strained  to  the  extreme  limit  within 
which  it  can  be  strained  again  and  again  without  breaking  or 
taking  a  permanent  set.  In  aU.  cases  for  which  Hooke's  law 
of  simple  proportionality  between  stress  and  strain  holds,  the 
resilience  is  obviously  equal  to  the  work  done  by  a  constant 
force  of  half  the  amount  of  the  extreme  force  acting  through 
a  space  equal  to  the  extreme  deflection. 

691c.  When  force  is  reckoned  in  "gravitation  measure," 
resilience  per  unit  of  the  spring's  mass  is  simply  the  height 
that  the  spring  itself,  or  an  equal  weight,  could  be  lifted  against 
gravity  by  an  amount  of  work  equal  to  that  given  back  by  the 
spring  returning  from  the  stressed  condition. 

691  d.  Let  the  elastic  body  be  a  long  homogeneous  cylinder 
or  prism  with  flat  ends  (a  bar  as  we  may  call*  it  for  brevity)^ 
and  let  the  stress  for  which  its  resilience  is  reckoned  be  positive 
normal  pressures  on  its  ends.  The  resilience  per  unit  mass  is 
equal  to  the  greatest  height  from  which  the  bar  can  fall  with 
its  length  vertical,  and  impinge  against  a  perfectly  hard  friction- 
less  horizontal  plane  without  suffering  stress  beyond  its  limits 
of  elasticity.  For  in  this  case  (as  in  the  case  of  the  direct  im- 
pact of  two  equal  and  similar  bars  meeting  with  equal  and  oppo- 
site velocities,  discussed  above,  §§  303,  304),  the  kinetic  energy 
of  the  translational  motion  preceding  the  impact  is,  during  the 
first  half  of  the  collision,  wholly  converted  into  potential  energy 
of  elastic  force,  which  during  the  second  half  of  the  collision  is 
wholly  reconverted  into  kinetic  energy  of  translational  motion 
in  the  reverse  direction.  During  the  whole  time  of  the  collision 
the  stopped  end  of  the  bar  experiences  a  constant  pressure,  and 
at  the  middle  of  the  collision  the  whole  substance  of  the  bar 


691  d.]  STATICS.  229 

is  for  an  instant  at  rest  in  the  same  state  of  compression  as  it  Di^Msion 
would  have  permanently  if  in  equilibrium  under  the  influence  enoe,  from 

£^x%.  Bum* 

of  that  pressure  and  an  equal  and  opposite  pressure  on  the  ^qi^ 
other  end.  From  the  beginning  to  the  middle  of  the  collision  BrST' 
the  compression  advances  at  a  uniform  rate  through  the  bar 
from  the  stopped  end  to  the  free  end.  Every  particle  of  the 
bar  which  the  compression  has  not  reached  continues  moving 
uniformly  with  the  velocity  of  the  whole  before  the  collision 
until  the  compression  reaches  it,  when  it  instantaneously  comes 
to  rest.  The  part  of  the  bar  which  at  any  instant  is  all  that  is 
compressed  remains  at  rest  till  the  corresponding  instant  in  the 
second  half  of  the  collision. 

691  e.  From  our  preceding  view  of  a  bar  impinging  against 
an  ideal  perfectly  rigid  plane,  we  see  at  once  all  that  takes 
place  in  the  real  case  of  any  rigorously  direct  longitudinal 
collision  between  two  equal  and  similar  elastic  bars  with  flat 
ends.  In  this  case  the  whole  of  the  kinetic  energy  which  the 
bodies  had  before  collision  reappears  as  purely  translational 
kinetic  energy  after  collision.  The  same  would  be  approxi-^ 
mately  true  of  any  two  bars,  provided  the  times  taken  by  a 
pulse  of  simple  longitudinal  stress  to  run  through  their  lengths 
are  equal.  Thus  if  the  two  bars  be  of  the  same  substance,  or 
of  different  substances  having  the  same  value  for  Young's 
modulus,  the  lengths  must  be  equal,  but  the  diameters  may  be 
unequal.  Or  if  the  Young's  modulus  be  different  in  the  two 
bars,  their  lengths  must  be  inversely  as  the  IQuare  root  of  its 
values.  To  all  such  cases  the  laws  of  ^'collision  between  two 
perfectly  elastic  bodies,"  whether  of  equal  or  unequal  masses,  as 
given  in  elementary  dynamical  treatises,  are  applicable.  But 
in  every  other  case  part  of  the  translational  energy  which  the 
bodies  have  before  collision  is  left  in  the  shape  of  vibrations 
after  collision,  and  the  translational  energy  after  collision  is 
accordingly  less  than  before  collision.  The  losses  of  energy 
observed  in  common  elementary  dynamical  experiments  on 
collinon  between  solid  globes  of  the  same  substance  are  partly 
due  to  this  cause.  If  they  were  wholly  due  to  it  they  would 
be  independent  of  the  substance,  when  two  globes  of  the  same 
substance  are  used.    They  would  bear  the  same  proportion  to 
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the  whole  energy  in  every  case  of  collision  between  two  equal 
Aii^t^  globes,  or  again,  in  every  case  of  collision  between  two  globes 
^^  of  any  stated  proportion  of  diameters,  provided  in  each  case 
^^-  the  two  which  collide  are  of  the  same  substance;  but  the 
proportion  of  translational  energy  converted  into  vibrations 
would  not  be  the  same  for  two  equal  globes  as  for  two  unequal 
globes.  Hence  when  differences  of  proportionate  losses  of  energy 
are  found  in  experiments  on  different  substances,  as  in  Newton's 
on  globes  of  glass,  iron,  or  compressed  wool,  this  must  be  due 
to  imperfect  elasticity  of  the  material  It  is  to  be  expected 
that  careful  experiments  upon  hard  well-polished  globes  striking 
one  another  with  such  gentle  forces  as  not  to  produce  even  at 
the  point  of  contact  any  stress  approaching  to  the  limit  of  elas- 
ticity, will  be  found  to  give  results  in  which  the  observed  loss 
of  translational  energy  can  be  almost  whoUy  accounted  for  by 
vibrations  remaining  in  the  globes  after  collision. 

691/  Easamples  of  Resilience. — Example  1. — In  respect  to 
simple  longitudinal  pull,  the  extreme  resilience  of  steel  piano- 
forte wire  of  No.  22  Birmingham  wire  gauge,  of  density  7*727, 
weighing  0*34  grammes  per  centimetre  (calculated  by  multi* 
plying  the  breaking  weight  of  106  kilognunmes  into  half  the 
elongation  produced  by  it,  namely  ^)  is  6163  metre-grammes 
(gravitation  measure)  per  ten  metres  of  the  wire.  Or,  what- 
ever the  length  of  the  wire,  its  resilience  is  equal  to  the 
work  required  to  lift  its  weight  through  172  metres. 

Example  2. — ^The  torsional  resilience  of  the  same  wire,  twisted 
in  either  direction  as  feu:  as  it  can  be  without  giving  it  any 
notable  permanent  set,  was  found  to  be  equal  to  the  work 
required  to  lift  its  weight  through  1*3  metre& 

Example  3. — The  extreme  resilience  of  a  vulcanized  india- 
rubber  band  weighing  12*3  grammes  was  found  to  be  equal  to 
the  work  required  to  lift  its  weight  through  1200  metres.  This 
was  found  by  stretching  it  by  gradations  of  weights  up  to  the 
breaking  weighty  representing  the  results  by  aid  of  a  curve,  and 
measuring  its  area  to  find  the  integral  work  given  back  by  the 
spring  after  being  stretched  by  a  weight  just  short  of  the  break- 
ing weight. 
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692.    In  §§  681,  682  we  examined  the  effect  of  a  simple  stress  n- 
longitudinal  stress,  in  producing  elongation  in  its  own  direc- maintain 
tion,  and  contraction  in  lines  perpendicular  to  it.    With  stresses  loni^itadioai 
substituted  for  strains,  and  strains  for  stresses,  we  may  apply 
the  same  process  to  investigate  the   longitudinal  and   lateral 
tractions  required  to  produce  a  simple  longitudinal  strain  (that 
is,  an  elongation  in  one  direction,  with  no  change  of  dimensions 
perpendicular  to  it)  in  a  rod  or  solid  of  any  shape. 

Thus  a  simple  longitudinal  strain  e  is  equivalent  to  a  cubic 
dilatation  e  without  change  of  figure  (or  linear  dilatation  ^ 
equal  in  all  directions),  and  two  shears  consisting  each  of  dila- 
tation ^  in  the  given  direction,  and  contraction  ^  in  each  of 
two  directions  perpendicular  to  it  and  to  one  another.  To 
produce  the  cubic  dilatation,  e,  alone  requires  (§  680)  a  normal 
traction  ke  equal  in  all  directions.  And,  to  produce  either  of 
the  shears  simply,  since  the  measure  (§  175)  of  each  is  }e, 
requires  a  shearing  stress  equal  to  nx^e,  which  consists  of 
tangential  tractions  each  equal  to  this  amount,  positive  (or 
drawing  outwards)  in  the  line  of  the  given  elongation,  and 
negative  (or  pressing  inwards)  in  the  perpendicular  direction. 
Thus  we  have  in  all 

normal  traction  =  (A;  +  |ti)0,  in  the  direction  of  the  ^ 

given  strain,  and 
notmal  traction  =  (i  —  |n)e,  in  every  direction  per- 
pendicular to  the  given  strain. 

603.    If  now  we  suppose  any  possible  infinitely  small  strain  straM- 
(e,  f,  jr,  a,  b,  c),  according  to  the  specification  of  §  669,  to  be  S  tems^t' 
given  to  a  body,  the  stress   (P,  Q,  E,  S,  T,  U)   required  to  fsotropi? 
maintain  it  will  be  expressed  by  the  following  formulae,  ob- 
tained by  successive  applications  of  §  692   (4)  to  the  com- 
ponents e,/,  g  separately,  and  of  §  680  to  a,  &,  c : — 

8=^na,  T^nb,  U^nc, 

Q  =  a/+38(5r+6), 

-B=  «(/ +  38  (e +/),  y (5). 

where  fSL=^k  +  ^n,    3B  =  A;-^w, 


..(4). 
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691    Similarly,  by  §  680  and  §  682  (3),  we  have 

111 

n  n  n 


where  M= 


9nk 


Sk  +  n' 


(6), 


J  3A;-2fi      -Jf    - 

^^^  ^  ^  0/Q7     . \  ~  2 ^> 

as  the  formulae  expressing  the  strain  (e,f,  g,  a,  b^  c)  in  terms  of 
the  stress  (P,  Q,  B,  8,  T,  U),  They  are  of  course  merely  the 
algebraic  inversions  of  (5) ;  and  (§  673)  they  might  have  been 
found  by  solving  these  for  6,/,  gr,  a,  h,  c,  regarded  as  the  un- 
known quantities.  M  is  here  introduced  to  denote  Young's 
modulus  (§  683). 

Bqaationof      $95.     To  express  the  equation  of  energy  for  an  isotropic 
tbenme.    substance,  we  may  take  the  general  formula,  [§  673  (20)], 

w  =  \{Pe-\-  Qf'{- Bg  +  Sa'{-Tb+  Uc) 

and  eliminate  from  it  P,  Q,  etc.,  by  (5)  of  §  693,  or,  again,  «,/) 
etc.,  by  (6)  of  §  694,  we  thus  find 

2tff-(i?+|n)(««+/«+|^)  +  2(*-{n)(/p  +  p«  +  <r/)+n(a»+&«+c«)  1 

FandA-  696.    The  mathematical  theory  of  the  equilibrium  of  an 

probiemi     elastic  solid  presents  the  following  general  problems : — 

of  mathe- 

^iSiorji  -^  solid  of  any  given  ahape^  when  undisturbed,  is  acted  on  in 

its  substance  by  force  distributed  through  it  in  any  given  manner, 
and  displacements  are  arbitrarily  produced,  or  forces  arbitrarily 
applied,  over  its  bounding  surface.  It  is  required  to  find  the 
displacement  of  every  point  of  its  substance. 

This  problem  has  been  thoroughly  solved  for  a  shell  of 
homogeneous  isotropic  substance  bounded  by  surfaces  which, 
when  undisturbed,  are  spherical  and  concentric  (§  735) ;  but 
not  hitherto  for  a  body  of  any  other  shape.    The  limitations 
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under  which  solutions  have  been  obtaiaed  for  other  cases  (thin 
plates,  and  rods),  leading,  as  we  have  seen,  to  important 
practical  results,  have  been  stated  above  (§§  588,  632).  To 
demonstrate  the  laws  (§§  591,  633)  which  were  taken  in  an- 
ticipation will  also  be  one  of  our  applications  of  the  general 
equations  for  interior  equilibrium  of  an  elastic  solid,  which  we 
now  proceed  to  investigate. 

697.    Any  portion  in  the  interior  of  an  elastic  solid  may  be  ^P^^^i^ 
regarded  as  becoming  perfectly  rigid  (§  564)  without  disturb-  equiUbrium. 
ing  the  equilibrium  either  of  itself  or  of  the  matter  round  it. 
Hence  the  traction  exerted  by  the  matter  all  round  it,  regarded 
as  a  distribution  of  force  applied  to  its  surface,  must^  with  the 
applied  forces  acting  on  the  substance  of  the  portion  considered, 
fulfil  the  conditions  of  equilibrium  of  forces  acting  on  a  rigid 
body.  This  statement,  applied  to  an  infinitely  small  rectangular 
parallelepiped  of  the  body,  gives  the  genera]  differential  equa- 
tions of  internal  equilibrium  of  an  elastic  solid.     It  is  to  be 
remarked  that  three  equations  suffice ;  the  conditions  of  equili-  pp;2?Med 
brium  for  the  couples  being  secured  by  the  relation  established  eqiutkmt. 
above  (§  661)  among  the   six   pairs  of  tangential  component 
tractions  on  the  six  faces  of  the  figure. 

Let  {x,  y,  z)  be  any  point  within  the  solid,  and  &6, 8^,  iz  edges 
respectively  parallel  to  the  rectangular  axes  of  reference,  of  an 
infinitely  small  parallelepiped  of  the  solid  having  that  point  for 
its  centre. 

If  P,  Q,  R,  S,  T,  U  denote  (§  662)  the  stress  at  (a;,  y,  z),  the 
average  amounts  of  the  component  tractions  (see  table,  §  669)  on 
the  faces  of  the  parallelepiped  will  be 


parallel 


on  the  two  faces  hyZz 


*(2'*^.}8«)8y&,      „         „  OZ, 

Taking  the  symmetrical  expressions  for  the  tractions  on  the  two 
other  pairs  of  faces,  and  summing  for  all  the  faces  all  the  com- 
ponents parallel  to  the  three  axes  separately,  we  have 


234 


Oeneiml 
cqiulifMif  of 
interior 
equilibrinm. 


▲BSTBACT  DYNAMICS. 
(S^^  +  S)*^^'  paraUeltoOX, 


[697. 


jSxSy&Sf 


/dU    dQ     dS 
\dx      dy     dz 


a^t*^'^ 


It 


>f 


»> 


OT, 


OZ. 


(2); 


Let  now  X,  F,  Z  denote  the  components  of  the  applied  force 
on  the  subfltanoe  at  (a:,  y^ «),  reckoned  per  unit  of  yolume;  so  that 
XhaAyZzy  Yhx&yhz^  Z&x&yhz  will  be  their  amounts  on  the  small 
portion  in  question.  Adding  these  to  the  corresponding  com- 
ponents just  found  for  the  tractions,  equatiog  to  zero,  and  omitting 
the  factor  &cSy&f,  we  have 

dP     dU     dT     ^    ^ 
^^dy-'di^^^^ 

^  +  ^^^^7=^0 
dx      dy      dz 

dT     dS     dR     ^     ^ 
dx      dy      dz 

which  are  the  general  equations  of  internal  stress  required  for 
equilibrium. 

If  for  P,  Q,  R^  Sf  Ty  U  we  substitute  the  linear  functions  of 
0,  y)  jf ,  a,  6,  e  in  terms  of  which  they  are  expressed  by  (14)  of 
§  673,  we  have  the  equations  of  internal  strain.  And  if  we 
elimiDate  «,  fy  g,  a,  6,  e  by  (6)  of  §  670  we  have,  for  (a,  j8,  y)  the 
components  of  the  displacement  of  any  interior  point  in  terms  of 
{Xf  y,  z)  its  undisplaced  position  in  the  solid,  three  linear  partial 
differential  equations  of  the  second  degree,  which  are  the  equa- 
tions  of  internal  equilibrium  in  their  ultimate  form.  It  is  to  be 
remarked  that,  by  supposing  the  coefficients  (a,  e),  («,  /),  etc, 
to  be  not  constant,  but  given  functions  of  {x,  y,  2),  we  avoid 
limiting  the  investigation  to  a  homogenous  body. 


donMhej'  698.  These  equations  beine  sufficient  as  well  as  necessary 
the  ibroM  for  the  equilibrium  of  the  body,  they  must  secure  that  the  con- 
suppoted  dition  of  §  697  is  fulfilled  for  any  and  every  finite  portion  of 
thetizequft*  it.    Tois  18  easily  verified. 

eqailibrinm 

ioa rigid  i;^^  ///  denote  integration  throughout  any  particular  part  of 
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the  solid,  da  an  element  of  the  surface  bounding  this  part,  and 
[//]  integration  over  the  whole  of  this  surface.     We  have 

Hence,  integrating  each  term  once,  attending  to  the  limits  as  in 
Appendix  A.,  and  denoting  by  /,  m,  n  the  direction-cosines  of 
the  normal  through  dUr^ 

fffXdxdydz  =  -  UAP^dz  +  Udxdx + Tdxdy)] = -  [//{PI  +  CTw + Tn)iUrl 
and  therefore  [§  662  (1)] 

fffXdxdydz  +  [J JFda]^0  (3). 

Again  we  have 

Now,  integrating  by  parts,  etc.,  as  in  Appendix  A.,  we  have 
ifly^  dxdydz  =  {jfyBrndtr]  -  fffScbcdyck, 

and  Verifloation 

j„  of  cqmttkms 

Cuj  J  J  J       rrc  a  J  -i       rrcoj   j   j  dequill- 


\\\z-r-  dxdydz  =  [ffzSndo]  -  fffSdxdydz,  h^m  tar 

JJJ    (*Z  any  part 


Hence 


sisr 


///(y  f  - « S)  <^y<^ = UfdfSm  -  «s»)i<r]. 


Using  this  in  the  preceding  expression,  integrating  the  other 
terms  each  once  simply  as  before,  and  using  §  662  (1),  we  find 

fffiyZ-zY)  dxdydz -i-[ff{yH-zG)da]^0 (4). 

The  six  equations  of  equilibrium  being  (3),  (4),  and  the  sym- 
metrical equations  relative  to  y  and  z,  are  thus  proved. 

For  an  isotropic  solid,  the  equations  (2)  become  of  course  much  Simplifled 
simpler.     Thus^  using  (9)  of  §  693,  eliminating  «,  /,  g,  a,  b,  e  forisouopio 
by  (6)  of  §  670,  grouping  conveniently  the  terms  which  result, 
and  putting 

«»=(*+i») (»), 
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we  find 


m 


m 


+  X  =  0 


dx\dx  dy  dz)  \flte*  d^  d^) 
dy\dx  dy  dz)  \daf  dy'  da^J 
dz\dx     dy     dz)        \da^     dy*     ds^J 


...(6), 


or,  as  we  jdaj  write  tbem  ahortly, 

J*  JO  J« 

if  we  put 

da     dp     ^y_©  /Q\ 

dx     dy     dz       V'^  '' 

and 

d^       (P    '  d^        .  ,^v 

^^^^^"'^ W' 

so  that  8  shall  denote  the  amount  of  dilatation  in  volume  ex- 
perienced bj  the  substance;  and  v'  ^^^  same  Sjrmbol  of  operation 
as  formerly  [Appendix  A.  and  B.,  and  ^  491,  492,  499,  eta]. 

BtvenMit'i      609.    One  of  tbe  most  beautiful  applications  of  the  general 
totoraion    equations  of  internal  equilibrium  of  an  elastic  solid  hitherto 
i  made  is  that  of  M.  de  St  Venant  to  "the  torsion  of  prisms.*" 

>  To  one  end  of  a  long  straight  prismatic  rod,  wire,  or  solid  or 

hollow  cylinder  of  any  form,  a  given  couple  is  applied  in  a  plane 
u^iteEi  P©ip6>i<licular  to  the  length,  while  the  other  end  is  held  fast :  it 
is  required  to  find  the  degree  of  twist  (§  120)  produced,  and 
the  distribution  of  strain  and  stress  throughout  the  prism.  The 
conditions  to  be  satisfied  here  are  that  the  resultant  action  be- 
tween the  substance  on  the  two  sides  of  any  normal  section  is 
a  couple  in  the  normal  plane,  equal  to  the  given  couple.  Our 
work  for  solving  the  problem  will  be  much  simplified  by  first 
establishing  the  following  preliminary  propositions: — 

*  Mimoirt9  de$  SavanU  Etrangert.  1855.  **l>e  la  Torsion  dee  Prismes,  avec 
des  oonsid^rations  mi  leva  Flexion,"  olo. 
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700.  Let  a  solid  (whether  aeolotropic  or  isotropic)  be  so  Lemnm. 
acted  on  by  force  applied  from  without  to  its  boundary,  that 
throughout  its  interior  there  is  no  normal  traction  on  any 
plane  parallel  or  perpendicular  to  a  given  plane,  XOY,  which 
implies,  of  course,  that  there  is  no  shearing  stress  with  axes 
in  or  parallel  to  this  plane,  and  that  the  whole  stress  at  any 
point  of  the  solid  is  a  simple  shearing  stress  of  tangential 
forces  in  some  direction  in  the  plane  parallel  to  XO  Y,  and  in 
the  plane  perpendicular  to  this  direction.     Then — 

(1.)  The  interior  shearing  stress  must  be  equal,  and  simi- 
larly directed,  in  all  parts  of  the  solid  lying  in  any  line  perpen- 
dicular to  the  plane  XOY. 

(2.)  It  being  premised  that  the  traction  at  every  point  of 
any  surface  perpendicular  to  the  plane  XOY  is,  by  hypothesis, 
a  distribution  of  force  in  lines  perpendicular  to  this  plane;  the 
integral  amount  of  it  on  any  closed  prismatic  or  cylindrical 
surface  perpendicular  to  XOY,  and  bounded  by  planes  parallel 
to  it,  is  zero. 

(3.)  The  matter  within  the  prismatic  surface  and  terminal 
planes  of  (2.)  being  supposed  for  a  moment  (§  564)  to  be 
rigid,  the  distribution  of  tractions  referred  to  in  (2.)  con- 
stitutes a  couple  whose 
moment,  divided  by  the 
distance  between  those 
terminal  planes,  is  equal 
to  the  resultant  force  of 
the  tractions  on  the  area 
of  either,  and  whose  plane 
is  parallel  to  the  lines 
of  these  resultant  forces. 

In  other  words,  the  mo-      O  TT 

ment  of  the  distribution  of  forces  over  the  prismatic  surface 
referred  to  in  (2.)  round  any  line  {OY  or  OX)  in  the  plane  XOY^ 
is  equal  to  the  sum  of  the  components  (T  or  /S),  perpendicular 
to  the  same  line,  of  the  traction  in  either  of  the  terminal  planes 
multiplied  by  the  distance  between  these  planes. 


238 


ABSTRACT  DYNAMICS. 


[700. 


lAOBOJOUk, 


^Ti 


to 


Tto 


i 


To  prove  (1.)  consider  for  a  moment  as  rigid  (§  564)  an 
infinitesimal  prism,  AB  (of  sectional  area  to),  perpendicular  to 

XOYy  and  having  plane  ends,  A,  B,  parallel 
to  it.  There  being  no  forces  on  its  sides  (or 
cylindrical  boundary)  perpendicular  to  its 
length,  its  equilibrium  so  far  as  motion  in 
the  direction  of  any  line  {OX),  perpendi- 
cular to  its  length,  requires  (§  551,  i.)  that 
the  components  of  the  tractions  on  its  ends 
be  equal  and  in  opposite  directions.  Hence, 
in  the  notation  of  §  662,  the  shearing 
stress  components,  T,  must  be  equal  at  A 
and  B;  and  so  must  the  stress  components  B,  for  the  same 
reason. 

To  prove  (2.)  and  (3.)  we  have  only  to  remark  that  they  are 
required,  according  to  §  551, 1,  and  li.,  for  the  equilibrium  of 
the  rigid  prism  referred  to  in  (3.). 

Or,  analytically,  by  the  general  equations  (2)  of  §  697,  since 
jr  =  0,  7=0,  ^=0,  P  =  0,  ^  =  0,  72  =  0,  [7=0,  by  hypothesis; 
we  have 

f =».  s-» <•). 

and 

dT     dS 


dx      dy 


(2). 


Of  these  (1.)  prove  that  8  and  T  are  functions  of  x  and  ^'without 
z,  or,  in  words,  (1.)  And  if  //  denote  integration  over  the  whole 
of  any  closed  area  of  XOY,  we  have 

of  which  the  second  member,  when  the  limits  of  the  e£fected  and 
indicated  integrations  are  properly  assigned,  is  found  to  be  the 
same  as 

/(T'sin  ^  +  Sgo&  <I>)  da, 

where  /  denotes  integration  over  the  whole  bounding  curve,  ds 


*  The  brackets  [  ],  as  here  used,  denote  integrals  assigned  properly  for  the 
bounding  curve. 
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an  element  of  its  length,  and  ^  the  inclination  of  cb  to  XO.  L^mmA. 
But,  by  (1)  §  662,  with  ^  =  sin^,  m^cos^,  n  =  0,  we  have 

ir=rsm«^  +  ^cos«^ (3), 

if  H  denote  the  traction  (parallel  to  OZ)^  reckoned  as  usual  per 
unit  of  area,  experienced  bj  the  bounding  prismatic  surface. 

Hence 


/Ai^S)"^*-/"" «' 


and  therefore,  because  of  (2), 

iHd9=0  (5), 

which  is  (2.)  in  symbola  Again  we  have,  by  integration  by  parts, 

and  substitution,  (2),  of  ^  ^^^  ""  ^ ' 

fJTdxdy  =  U^xdyf  -  jjx^  dxdy 

^[jTxdy]*  +.l{x^  dxdy^lSTxdy^-^lJSxda]* 

^Jx(Tsmtf>+ScoB4>)d8=JxHd8 (6), 

which  proves  (3.) 

701.  For  a  solid  or  hollow  circular  cylinder,  the  solution  of 
§699  (given  first,  we  Tjelieyg;  by  ^Coulpmli][  obviously  is  that 
each  circular  normal  section  remains  unchanged  in  its  own 
dimensions,  figure,  and  internal  arrangement  (so  that  every 
straight  line  of  its  particles  remains  a  straight  line  of  un- 
changed length),  but  is  turned  round  the  axis  of  the  cylinder 
through  such  an  angle  as  to  give  a  uniform  rate  of  twist  (§  120) 
equal  to  the  applied  couple  divided  by  the  product  of  the 
moment  of  inertia  of  the  circular  area  (whether  annular  or 
complete  to  the  centre)  into  the  rigidity  of  the  substance. 

For,  if  we  suppose  the  distribution  of '  strain  thus  specified  to  Torsional 
be  actually  produced,  by  whatever  application  of  stress  is  neces-  circuUur 
sary,  we  have,  in  every  part  of  the  substance,  a  simple  shear  ^  ^  ^' 
parallel  to  the  normal  section,  and  perpendicular  to  the  radius 
through  it.     The  elastic  reaction  against  this  requires  to  balance 

*  The  brackets  [  ],  as  here  used,  denote  integrals  assigned  properly  for  the 
bounding  curve. 
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it  (§§  679,  682),  a  simple  distortiDg  stress  consisting  of  forces  in 
the  normal  Bection,  directed  as  the  shear,  and  others  in  planes 
through  the  axis,  and  directed  parallel  to  the  axis.  The  amount 
of  the  shear  is,  for  parts  of  the  substance  at  distance  r  from  the 
axis^  equal  obviously  to  rr,  if  r  be  the  rate  of  twist  Hence  the 
amount  of  the  tangential  force  in  either  set  of  planes  is  nrr  per 
unit  of  area,  if  n  be  the  rigidity  of  the  substance.  Hence  there 
is  no  force  between  parts  of  the  substance  lying  on  the  two  sides 
of  any  element  of  any  circular  cylinder  coaxal  with  the  bounding 
cylinder  or  cylinders;  and  consequently  no  force  is  required  on 
the  cylindrical  boundary  to  maintain  the  supposed  state  of  strain. 
And  the  mutual  action  between  the  parts  of  the  substance  on  the 
two  sides  of  any  normal  plane  section  consists  of  force  in  this 
plane,  directed  perpendicular  to  the  radius  through  each  point, 
and  amounting  to  wvr  per  unit  of  area.  The  moment  of  this  dis- 
tribution of  force  round  the  axis  of  the  cylinder  is  (if  cib-  denote 
an  element  of  the  area)  nrffdar^y  or  the  product  of  nr  into  the 
moment  of  inertia  of  the  area  round  the  perpendicular  to  its  plane 
through  its  centre,  which  is  therefore  equal  to  the  moment  of  the 
couple  applied  at  either  end. 

Prism  of  702.  Similarly,  we  see  that  if  a  cylinder  or  prism  of  any 
ooDBto^ned  shape  be  compelled  to  take  exactly  the  state  of  strain  above 
*^*^  specified  (§  701)  with  the  line  through  the  centres  of  inertia  of 
the  normal  sections,  taken  instead  of  the  axis  of  the  cylinder, 
the  mutual  action  between  the  parts  of  it  on  the  two  sides  of 
any  normal  section  will  be  a  couple  of  which  the  moment  will 
be  expressed  by  the  same  formula,  that  is,  the  product  of  the 
rigidity,  into  the  rate  of  twist,  into  the  moment  of  inertia  of 
the  section  round  its  centre  of  inertia. 

requijnei  The  only  additional  remark  required  to  prove  this  is,  that  if 

■nctiou  OD 

its  aides.  the  forces  in  the  normal  section  be  resolved  in  any  two  rect- 

angular directions,  OX,  OY,  the  sums  of  the  components,  being 
respectively  nrjjxda  and  nrffydcr,  each  vanish  by  the  property 
(§  230)  of  the  centre  of  inertia. 

Traction  on        703.    But  for  any  other  shape  of  prism  than  a  solid   or 

prism  con-  Symmetrical  hollow  circular  cylinder,   the  supposed   state  of 

a  simple      Strain  will  require,  besides  the  terminal  opposed  couples,  force 

parallel  to  the  length  of  the  prism,  distributed  over  the  pris* 
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matic  boundary,  in  proportion  to  the  distance  along  the  tangent  Tnction  on 
from  each  point  of  the  surface,  to  the  point  in  which  this  line  pri«m  con- 
is  cut  by  a  perpendicular  to  it  from  the  centre  of  inertia  of  the  *  simple 
normal  section.    To  prove  this  let  a  normal  section  of  the 
prism  be  represented  in  the  annexed  diagram.    Let  PK^  re- 
presenting the  shear  at  any  point,  P,  close  to  the  prismatic 
boundary,  be  resolved  into  PN  and  PT  respectively  iJong  the 

normal  and  tangent. 
The  whole  shear,  PK, 
being  equal  to  rr,  its 
component,  PN^  is 
equal  to  rr  sin  o)  or 
T .  PE.  The  corre- 
sponding component 
of  the  required  stress 
is  nr.PE,  and  involves 
(§  661)  equal  forces  in 
the  plane  of  the  dia- 
gram, and  in  the  plane  through  TP  perpendicular  to  it,  each 
amounting  to  nr .  PE  per  unit  of  area. 

An  application  of  force  equal  and  opposite  to  the  distribu- 
tion thus  found  over  the  prismatic  boundary,  would  of  course 
alone  produce  in  the  prism,  otherwise  free,  a  state  of  strain 
which,  compounded  with  that  supposed  above,  would  give  the 
state  of  strain  actually  produced  by  the  sole  application  of 
balancing  couples  to  the  two  ends.    The  result,  it  is  easily  stvenant'a 
seen  (and  it  will  be  proved  below),  consists  of  an  increased  to  give  ^e 
twist,  together   with  a  warping  of  naturally   plane  normal  daoeS^ 
sections,  by  infinitesimal  displacements  perpendicular  to  them-ingooupiea 
selves,  into  certain  surfaces  of  anticlastic  curvature,  with  equal  the  ends, 
opposite  curvatures  in  the  principal  sections  (§  130)  through 
every  point.     This  theory  is  due  to  St  Venant.  who  not  only 
pointed  out  the  falsity  of_tbe  supposition  admitted  by.fieveral 
previous  writers,  that  Coulomb's  law  holds  for  other  forms  of 
]5HBnrtBan  tlie  solid  or  hollow  circular  cylinder,  but  discovered 
fiiHy  the^nature  of  the  requisite  correction,  reduced  the  deter- 
mination of  it  to  a  problem  of  pure  mathematics,  worked  out 
the  solution  for  a  great  variety  of  important  and  curious  cases^ 

VOL.  II.  16 
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compared  the  results  with  observation  in  a  manner  satisfactory 

and  interesting  to  the  naturalist^  and  gave  conclusions  of  great 

value  to  the  practical  engineer. 

Hydro-  704.    ^q  take  advantage  of  the  identity  of  mathematical 

analogue     conditions  in  St  Venant's  torsion  problem,  and  a  hydrokinetic 

problem,     problem  first  solved  a  few  years  earlier  by  Stokes*,  to  give 

the  following  statement,  which  will  be  found  very  useful  in 

estimating  deficiencies  in  torsional  rigidity  below  the  amount 

calculated  from  the  fallacious  extension  of  Coulomb's  law : — 

706.  Conceive  a  liquid  of  density  n  completely  filling  a 
closed  infinitely  light  prismatic  box  of  the  same  shape  within 
as  the  given  elastic  prism  and  of  length  unity,  and  let  a  couple 
be  applied  to  the  box  in  a  plane  perpendicular  to  its  length. 
The  effective  moment  of  inertia  of  the  liquid  ■(•  will  be  equal  to 
the  correction  by  which  the  torsional  rigidity  of  the  elastic 
prism  calculated  by  the  false  extension  of  Coulomb's  law  must 
be  diminished  to  give  the  true  torsional  rigidity. 

Further,  the  actual  shear  of  the  solid,  in  any  infinitely  thin 
plate  of  it  between  two  normal  sections,  wiU  at  each  point  be, 
when  reckoned  as  a  dififerential  sliding  (§  172)  parallel  to  their 
planes,  equal  to  and  in  the  same  direction  as  the  velocity  of  the 
liquid  relatively  to  the  containing  box. 

torsion''^'  706.  To  provo  thesc  propositions  and  investigate  the  mathe- 
probiem.  matical  equations  of  the  problem,  we  first  show  that  the  con- 
ditions of  the  case  (§  699)  are  verified  by  a  state  of  strain 
compounded  of  (1)  a  simple  twist  round  the  line  through  the 
centres  of  inertia,  and  (2)  a  distorting  of  each  normal  section 
by  infinitesimal  displacements  perpendicular  to  its  plane :  then 
find  the  interior  and  surface  equations  to  determine  this  warp- 
ing :  and  lastly,  calculate  the  actual  moment  of  the  couple  to 
which  the  mutual  action  between  the  matter  on  the  two  sides 
of  any  normal  section  is  equivalent. 

Taking  OX,  OF  in  any  normal  section  through  0  any  con- 
venient point  (not  necessarily  its  centre  of  inertia),  and  OZ  per- 

♦  "On  some  oases  of  Fluid  Motion. "—Coto*.  Phil.  Trans,  1848;  or  Mathe- 
matical  and  Physical  Papers,  Stokes,  Vol.  i„  page  17. 

t  That  is,  the  moment  of  inertia  of  a  rigid  solid  which,  as  will  be  proved  in 
Vol.  n.,  may  be  fixed  within  the  box,  if  the  liquid  be  removed,  to  make  its 
motions  the  same  as  they  are  with  the  liquid  in  it. 
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pendicular  to  them,  let  a;  +  a,  y  +  P^  z  +  y  be  the  co-ordinates  of 
the  position  to  which  a  point  (a;>  y^  z)  of  the  unstrained  solid  is 
displaced,  in  virtue  of  the  compound  strain  just  described.  Thus 
y  will  be  a  function  of  x  and  y,  without  «;  and,  if  the  twist 
(1)  be  denoted  by  r  according  to  the  simple  twist  reckoning  of 
§  120,  we  shall  have 

aj  +  o  =  aJcos(T2;)-y8in  (t«),   y  +  j8  =  a;sin(T«)  +  ycos(T2;)...(7). 
Hence,  for  infinitely  small  ralues  of  «r, 

a  =  -T^,  p  =  rxz (8). 

Adhering  to  the  notation  of  ^  670,  693,  only  changing  to  Saxon  Eqnfttionf 
letters,  we  naye  itreas,  and 

^  J  internftl 

»  =  0,f  =  0,B=0,«  =  TO+|3:,i=_^  +  g,t  =  0 (9).     ««»ii*»»*«»- 

Hence  [§  693  (5)] 
P=0,C  =  0,i?=0,^=n(«  +  ^|),7'=n(-Ty+^),?7=0...(10). 

And  with  the  notation  of  §  698,  (8)  and  (9), 

8  =  0,  v'a  =  0,  v'^  =  0 (11). 

Hence  if  also  g+  |^  =  0 (12). 

the  equations  of  internal  equilibrium  [§  698  (6)]  are  all  satisfied. 
For  the  surface  traction,  with  the  notation  of  §§  662,  700,  we 
have,  by  §  662  (1), 

F=0,  (?  =  0,  ^=5^sin<^  +  AS'cos<^ (13);      Surfaoe 

or  eliminating  T  and  S  by  (10),  and  introducing  dy/dp  to  denote  be  made 
the  rate  of  variation  of  y  in  the  direction  perpendicular  to  the 
prismatic  surface,  and  q  {PE  of  §  703)  the  distance  from  the 
point  of  the  surface  for  which  H  is  expressed,  to  the  intersection 
of  the  tangent  plane  with  a  perpendicular  from  0, 


or 


E.n{il-n). 


...(14). 


To  find  the  mutual  action  between  the  matter  on  the  two  Ooupie  re- 
sides of  a  normal  section,  we  first  remark  that,  inasmuch  as  each  tnction  in 
of  the  two  parts  of  the  compound  strain  considered  (the  twist  jlwiion. 
and  the  warping)  separately  fulfils  the  conditions  of  §  700,  we 
must  have 

JJTdxdy^fxffds,  and  fJ&lxdy^JyHds (15). 

16—2 
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Hence  when  the  prescribed  surface  conditioa  ^  =  0  is  fulfilled, 

we  have  JJTdxdy^O,  JjSdxdi/  =  0 (16), 

and  there  remains  only  a  couple 

in  the  plane  of  the  normal  section.     That  coodition,  by  (14), 
gives 

dy 


Hydro- 
kinetic  ap- 
plication of 
torsional 
equation. 


dp 


rq, 


or  -~  cos  ^  +  —  sin  <^  =  T (y  sin  ^  - 05 cos  ^) .. .(18), 


n//( 


""-^-yzf^^^y^ 


St  Tenant's 
invention  of 
solvable 
oaacs. 


for  every  point  of  the  prismatic  surface. 

We  shall  see  in  Vol.  ii.  that  (12)  and  (18)  are  differential 
equations  which  determine  a  function,  y,  of  Xj  y,  such  that  dyjdx 
and  dyjdy  are  the  components  of  the  velocity  of  a  perfect  liquid 
initially  at  rest  in  a  prismatic  box  as  described  in  §  705,  and  set 
in  motion  by  communicating  to  the  box  an  angular  velocity,  r, 
in  the  direction  reckoned  negative  round  OZ :  and  that  the 
time-integral  (§  297)  of  the  continuous  couple  by  which  this  is 
done,  however  suddenly  or  gradually,  is 

dy     ^  dxj 

which  is  the  excess  of  nrjj  {ot?  +  y*)  dxdy  over  N.  Also,  a  and 
b  in  (9)  are  the  components,  parallel  to  OX  and  OF,  of  the 
velocity  of  the  liquid  relatively  to  the  box,  since  —  ry  and  rx  are 
the  components  of  the  velocity  of  a  point  (a;,  y)  rotating  in  the 
positive  direction  round  OZ  with  the  angular  velocity  r.  Hence 
the  propositions  (§  705)  to  be  proved. 

707.  M.  de  St  Venant  finds  solutions  of  these  equations  in 
two  ways : — (A.)  Taking  any  solution  whatever  of  (12),  he  finds 
a  series  of  curves  for  each  of  which  (18)  is  satisfied,  and  any 
one  of  which,  therefore,  may  be  taken  as  the  boundary  of  a 
prism  to  which  that  solution  shall  be  applicable :  and  (B.)  By 
the  purely  analytical  method  of  Fourier,  he  solves  (12),  subject 
to  the  surface  equation  (18),  for  the  particular  case  of  a  rect- 
angular prism. 

(A.)  For  this  M.  de  St  Yenant  finds  a  general  integral  of 
the  boundary  condition,  viewed  as  a  differential  equation  in 
terms  of  the  two  variables  a;,  y,  thus : — ^Multiplying  (18)  by  cfe, 
and  replacing  sin  f^  (is  and  cos^e&  by  their  values  dy  and  —dx^ 
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wehave         ^<fy-gefe-irrf(«'  +  jO  =  0 (19).      V^'^t 

In  this  the  first  two  terms  constitute  a  complete  differential  of  a 
function  of  x  and  y,  independent  variables ;  because  y  satisfies 
(1 2).     Thus,  denoting  this  function  by  u,  we  have 

-1=^—       d^  =  -—  ^20^ 

dx     dy^         dy~    dx ^     '* 

and  (19)  becomes     du  -  \rd  (a*  +  y*)  =  0, 

which  requires  that     w  ~  Jt  (a:*  +  y*)  =  C (21), 

for  every  point  in  the  boundary.     It  is  to  be  remarked  that, 

because 

d  dy       d  dy 

cLedy'^dydx* 
we  have,  from  (20),     ^  +  ^^  =  0 (22); 

or  u  also,  as  y,  fulfils  the  equation  ^*u=0,  A  function, 
algebraically  homogeneous  as  to  a;,  y,  which  satisfies  this  equation 
is  [Appendix  B.  (a)]  a  spherical  harmonic  independent  of  z. 
Hence  a  homogeneous  solution  of  integral  degree  i  can  only  be 
the  part  of  Appendix  B.  (39)  not  containing  z.     This  is 

where  [Appendix  B.  (26)] 

f=aj  +  vy,  and  rj^^x-vy, 
V  standing  for  «/  - 1 ; 
or,  if  we  change  the  constants  so  that  the  constants  may  be  real, 

A{{x-^vyY-^{x-vyY}^vB{{x-^vyy^{x-vyY} (23), 

or,  in  terms  of  polar  co-ordinates, 

2f^{Acosie-^BBinie) (24). 

Using  this  solution  for  the  case  t  =  2  and  (without  loss  of 
generality)  putting  -S  =  0,  we  have 

«  =  2.i(x--y") (25); 

whence  by  (20)  y  =  -4ilajy (26); 

and  the  equation  (21)  of  the  series  of  bounding  curves  to  which 
this  solution  is  applicable  is 

5+^  =  1 <27), 
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Solution  for 

elliptic 

dylinder. 


Bt  yetunfs 
inTention  of 
8olT*ble 


Solntion 
for  ea  nilate- 
raltruDgle. 


if  we  put,  for  brevity, 


=  a' 


C 


ir+2A 


=  b\ 


whicli  give 


1  A  «'^  ** 


.(28). 


80  that  (26)  becomes      y  ==  -  t  -«— Ta  ^ 

Using  this  in  (17)  we  have 

iV=  nr  {//  (as'  +  y')  dxdy  -^^,  //  (a:*  -  y')  dxch,}, 

or,  if  I,  J  denote  the  moments  of  .inertia  of  the  area  of  the 
normal  section,  round  the  axes  of  x  and  y  respectively, 

J!^^nr[j-^I-^^^,{J-I)} (29); 


...(SO). 


or,  lastly,  as  we  have  for  the  elliptic  area  (27), 

Another  very  simple  but  most  interesting  case  investigated 
by  M.  de  St  Tenant,  is  that  arrived  at  by  taking  a  harmonic  of 
the  third  degree  for  u.  Thus,  introducing  a  factor  ^r/a  for 
the  sake  of  homogeneity  and  subsequent  convenience^  we  have 


iI(a^-8y»«)-iT(«'  +  yO  =  C, 


a 


(31). 


or  in  polar  co-ordinates, 

^-7'cos3e-jTr«  =  C, 


as  an  equation  giving,   by  different  values  of  C,  a  series  of 
bounding  lines,  for  which 


Y^iI(y'-3x'y)  =  -jVsm3<? 


a 


a 


(32) 


is  the  solution  of  (12),  siibject  to  (18).     For  the  particalar  value 


C  =  - 


2 
1ST 


a'T 


(31)  gives  three  straight  lines,   the  sides  of   an  equilateral 
triangle  having  a  for  perpendicular  from  an  angle  to  the  opposite 
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side,  and  placed  relatively  to  x  and  y,  as  shown  in  the  diagram  Solution 
(§  708,  below).     Thus  we  have  the  complete  solution  of  the  nS  t^igie, 
torsion  problem  for  a  prism  whose  normal  section  is  an  equi- 
lateral triangle.     Equation  (17)  worked  out  for  this  area,  with 
(32)  for  y,  gives 

But  {K  being  the  proper  moment  of  inertia  of  the  triangle,  and 
A  its  area) 


9J3         9  3^3 

and  thus,  for  the  torsional  rigidity,  we  have  the  several  ex- 
pressions 

•^        S       IT  ^  4  ^  tA  ^  A9  ^     W-^*  /OQ\ 

Similarly,  taking  for  u  a  haimonic  of  the  fourth  degree  and  For  corvi- 
adjusting  the  constants   to  his  wants,   St  Tenant  finds  the  eqtuires, 
equation, 

a;*  +  y*  -  a  (»*  -  Cic'y '  +  y*)  =  l-al  .^. 

or  r*  -  ar*  cos  4:6  =  1 -a  j 

to  give,  for  different  values  of  a,  a  series  of  curvilinear  squares 
(see  diagram  of  §  708  (3),  below),  all  having  rounded  comers, 
except  two  similar  though  differently  turned  curvilinear  squares 
with  concave  sides  and  acute  angles  corresponding  to  a  =  *5, 
and  o  =  -  J  (^2  —  1) ;  for  each  of  which  the  torsion  problem  is 
algebraically  solved. 

And  by  taking  u  the  sum  of  two  harmonics,  of  the  fourth  and  Fot  star 
eighth  degrees  respectively,  and  properly  adjusting  the  constants,  rounded 
he  finds  ^"* 


__  1  _  3  fl     1 « 


«• 


...(35), 


as  the  equation  of  the  curve  shown  in  §  709,  diagram  (4),  for 
which  therefore  the  torsion  problem  is  solved. 

(B.)  The  integration  (21)  of  the  boundary  equation,  introduced  ndu^ra  ^ 
by  St  Tenant  for  use  in  his  synthesis^  (A.)  is  also  very  useful  in  ^^i!^' 
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Bt  Venant'g 
reduction 
to  Green's 
problem. 


Solution  (or 
rectsngukr 
prism. 


found  bj 
Fourier's 
Analysis. 


the  analytical  mvestigation,  although  he  has  not  so  applied  it. 
First,  we  may  remark,  that  the  determination  of  u  for  a  given 
form  of  prism  is  a  partictdar  case  of  ^'Green's  problem"  proved 
possible  and  determinate  in  Appendix  A^  {e) ;  being  to  find  u^  a 
function  of  x,  y  which  shall  satisfy  the  equation 

for  every  point  of  the  area  bounded  a  certain  given  closed  circuity 
subject  to  the  condition, 

(36) 


«=^T(x'  +  y") 

for  every  point  of  the  boundary. 

When  u  is  found,  equations  (20)  and  (17)  with  (10)  complete 
the  solution  of  the  torsion  problem. 

For  the  case  of  a  rectangular  prism,  the  solution  is  much 
facilitated  by  taking 


.(37). 


which  gives  ,  . 

and  for  boundary  condition, 

f;=(iT-^)a*+(iT  +  ^)y'-A  ^ 

If  the  rectangle  be  not  square,  let  its  longer  sides  be  parallel  to 
OX]  and  let  a,  6  be  the  lengths  of  each  of  the  longer  and  each 
of  the  shorter  sides  respectively.     Take,  now, 

.4=ir,  and  B^\iV (38). 

The  boundary  condition  becomes 

v  =  0  when  y  =  ^\hf 

"^^  t^  =  -T(i*'-y^  when  x=^^] ^^^^ 

To  solve  the  problem  by  Fourier's  method  (compare  with  the 
more  difficult  problem  of  §  655),  the  requisite  expansion  of 
^'  -  y*  is  clearly* 

*  Obtainable,  as  a  matter  of  oonrse,  from  Fomier's  general  theorem,  but  most 
easily  by  two  snocdBsiTe  IntegrationB  of  the  common  formula 

Jtsboos  ^  - 1  cob  S^ + i  cob  59  -  etc. 


=*i«) 
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i5«_y«  =  r^_j  jMcosiy-KaCosSiy  +  ^coflSi^-etc.  |..  (40); 

where,  for  brevity   rj  =  iry/h.  \  y^^v 

And,  for  the  same  cause,  putting  f=ira;/6/ 

we  have,  for  the  form  of  solution, 

«  =  S{^«+,.-t««'f+5^^,.^<««'«}co6(2i+l), (42). 

which    satisfies    (37),    and   gives    t;  =  0   for   y  =  ^  ^h.      The 
residual    boundaiy    condition    gives,    for    determining    A^.^^ 


aod  B^^^, 


(43). 


-  r i  .+(2<+l)»a/26  .    »         ^-(2f +l)ira/26-l  _     8t6*     (~  1)* 

-L'^M+i*  +^2<+l«  J  ^»  (2i  +  l)»J 

These  two  equations  give  a  common  value  for  the  two  unknown 
quantities  A^^^^  -^2<+i>  ^^^^  which  (42)  becomes 

^'^ ^y   ^'^  (2t  -i-  1)'  ^-(2<-H)>a/2fe  ^  ^+(2i+l)ra/26  ^08(2*-^  l)iy...(44). 

From  this  we  find,  by  (37),  (38),  and  (20^ 
and  (17)  gives,  for  the  torsional  rigidity, 

7=^  [4-  y  a^(-2?Ti?i^r<«-^^)'^/^J-^^^>' 

If  we  had  proceeded  in  all  respects  as  above,  only  taking  J  =  -  |r 
instead  of  ^  =  ^r,  in  (37),  we  should  have  obtained  expres- 
sions for  y  and  N/ty  seemingly  veiy  different,  but  necessarily 
giving  the  same  values.  These  other  expressions  may  be  written 
down  immediately  by  making  the  interchange  x,  y,  a,  b  for  y,  x, 
6,  a  in  (45)  and  (46),  and  changing  the  sign  of  each  term  of  (45). 
They  obviously  converge  less  rapidly  than  (45)  and  (46)  if,  as 
we  have  supposed,  a  >  6,  and  it  is  on  this  account  that  we  pro- 
ceeded as  above  rather  than  in  the  other  way.  The  comparison 
of  the  results  gives  astonishing  theorems  of  pure  mathematics. 


Extension 
to  a  class  of 
curvilinear 
rectangles. 


Lam6*s 
transforma- 
tion  to  plane 
isothermal 
co-ordi- 
nates. 


Theorem  of 
Stokes  and 
Lam6. 
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such  as  rarely  fall  to  the  lot  of  those  mathematicians  who  confine 
themselves  to  pure  analysis  or  geometry^  instead  of  allowing  them- 
selves to  be  led  into  the  rich  and  beautifiil  fields  of  mathematical 
truth  which  lie  in  the  way  of  physical  research. 

A  relation  discovered  by  Stokes*  and  Lam^f  independently 
[which  we  have  already  used  in  equations  (20),  (22)]  taken  in 
connexion  with  Lamp's  method  of  curvilinear  co-ordinates^,  allows 
us  to  extend  the  Fourier  analytical  method  to  a  large  class  of 
curvilinear  rectangles,  including  the  rectlinear  rectangle  as  a 
particular  case,  thus  :-^ 

Let  f  be  a  function  of  x^  y  satisfying  the  equation 

g-^=o W. 

and,  as  this  shows  that  -h-dy  —  -j-dx  is  a  complete  difiTerential, 
let 

'-/d*-!'^) m-- 

or,  which  means  the  same, 

^  =  ^     and  ^  =  -^  ^9) 

dy     dx'  dx        dy ^     '' 

This  other  function  17  also,  as  we  see  from  (49),  satisfies  the 
equation 

S-0  =  » M- 

And,  also  because  of  (49),  two  intersecting  curves,  whose  equar 
tions  are 

f=^>  -n^B (51), 

cut  6ne  another  at  right  angles.  Let  now,  A  and  B  being 
supposed  given,  x  and  y  be  determined  by  these  two  equations. 
The  point  whose  co-ordinates  are  sc,  y  may  also  be  regarded  as 
specified  by  {Ay  i?),  or  by  the  values  of  f,  %  which  give  curves 

♦  On  the  Steady  Motion  of  IncompreBsible  Fluids.  Camh,  FUl  Tram,, 
1842;  or  Mathematical  and  Physical  Papers,  Stokes,  Vol.  I.,  page  1. 

t  M^moire  snr  lea  IoIb  de  r^quilibre  du  fioide  6th6r^  Journal  de  VEcole 
Polytechnique,  1834. 

t  See  Thomson  on  the  Equations  of  the  Motion  of  Heat  referred  to  Curvi- 
linear coordinates.  Camb,  Math.  Journal,  1845;  or  Eeprint  of  Mathematical 
and  Physioal  Papers,  Art.  n. 


707J  STATICS.  251 

intersecting  in  {Xj  y).    Thus  ((,  rj)  with  any  particular  valaes  Theorem  or 
assigned  to  j  and  17,  specifies  a  point  in  a  plane.     Common  Lam?  ^ 
rectilinear  co-ordinates  are  clearly  a  particolar  case  (rectilinear 
orthogonal  co-ordinates)  of  the  system  of  curvilinear  orthogonal 
co-ordinates  thus  defined.     Let  now  tf,  any  function  of  x,  y,  be 
transformed  into  terms  of  f,  17.     We  have,  by  differentiation, 

d^'^  dxt"  dC  W'  "*"  ^y  V  "^     ^^7  UiB  dx  ■**  dy  dy) 

d^u/drf     drf\     dufd^i     (f*A      du/d^-q     d'r)\  . 

which  is  reduced  by  (49)  and  (60)  to 

d^u     <Jfu 
da^'^dy' 


V.  ^      /c?w     ef*w\  fd^*     d^\ 


d'u     d^u 
Hence  the  equation       •   ^a  "*•  ^~«  =  ^ 

transforms  into  dP'^'d^  "     ^    '* 

_  ..  du     dy      du        dy 

AJbo the relationa       ^=^.   ^  =  -^- 

tranaform,  in  virtue  of  (49),  into 

diidy     du_    dy 

drj^di'   di       dri ^^^^• 

Hence  the  general  problem  of  finding  u  and  y  has  precisely  the  Solution  for 
same  statement  in  terms  of  ^,  17,  as  that  given  above,  (22),  (36),  pUne  m^ 
and  (20),  in  terms  of  as,  y,  with  this  exception,  that  we  have  not 
u-\T{^'k''if)f  but  if/(f,  if)  denote  the  function  of  ^,  17  into 
which  ac*  +  y"  transforms, 

«*-  il/*(f>  ^)  ^or  every  point  of  the  boundary (66). 

The  solution  for  the  curvilinear  rectangle 


^  = 
^ 


:l  ] <") 


is,  on  Fouriei^s  plan, 


where  Aij  Ai  are  to  be  determined  by  two  equatiousy  obtained 
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Solution  for 
rectangle  of 
plane  iso- 
thermalB. 


Example. 
BrectanRle 
boanded  by 
two  con- 
oen trio  arcs 
and  two 
radiL 


•\ 


thus: — Equate  the  coefficient  of  Bin  iw^/a  when  17=  0  and  when 
17  =  ^  respectively  to  the  coefficiente  of  sin  tir^/a  in  the  expanfiions 
of /(f,  0)  and/(f,  P)  in  series  of  the  form 


P. sin  —  +P,sin — ^  +P  sin  — ^ -I- etc. 
a  a  a 


.(69) 


by  Fourier's  theorem,  §  77.     Similarly,  ^<,  jff/,  are  determined 
from  the  expansions  of/(0,  rj)  andy*(a,  rf),  in  series  of  the  form 


"^.^-^-^"l -0^0x1^  + etc. 


Q^san^  +  Q,fan-^+Q, 


(60). 


Of  one  extremely  simple  example,  very  interesting  in  theory 
and  valuable  for  practical  mechanics^  we  shall  indicate  the 
details. 


Let 


^  =  »«8v/^.- (")• 


This  clearly  satisfies  (47);  and  it  gives,  by  (48), 


«  =  tan-*?^. 

X 


.(62). 


The  solution  may  be  expressed  on  the  same  plan  as  in  (37)... 
(45)  by  a  series  of  sines  of  multiples  of  in;/a,  if  we  take* 


(63), 


.(64), 


-       ,€**C08(/?-2t7) 

^  cosp 

which,  with  (54),  gives    ^+7-1  =  ^ 

and  leaves,  as  boundary  conditions  in  the  solution  for  v, 

^       \  cosjS     j  *       ' 

*  I  coap     )  ' 

and      v  =  0  when  17  =  0,  and  when  rf  =  p. 

The  last  condition  shows  that  the  P^  and  B^  part  of  (58)  is  proper 
for  expressing  1;,  and  the  first  two  determine  B^  and  B^  as 
usual. 


(65). 


*  It  Bhould  be  noticed  that  this  Bolution  fails  for  the  ease  of  p^i{2i+l)  w. 


707.] 


STATICS. 


253 


Or  'when  it  ib  best  to  have  the  result  in  series  of  sines  of 


multiples  of  ir^/a ,  we  may  take 


u  =  w?+  Jra*  n  + A 


(66), 


Bectengle 
bounded  by 
two  oon- 
oentrioarc^ 
and  two 
radii 


which,  with  (54),  gives     ^  +  -_  =  0. 


(67), 


to 


and  leaves,  as  boundary  conditions  in  the  solution  for  w, 

=  ^ra*  i€    -  1 i\  when  iy  =  0,  and  when  rj  =  pA       .^  . 

and  117  =  0  when  f=0,  and  when  ^=a.  J 

The  last  shows  that  the  A^  and  A{  part  of  (58)  is  proper  for  to^ 
and  the  two  first  determine  A^^  A^, 


708.  St  Venant's  treatise  abounds  in  beautiful  and  instruc- 
tive graphical  illustrations  of  his  results,  from  which  we  select 
the  following : — 

(1)  Elliptic  cylinder, — The  plain  and  dotted  curvilinear  arcs 
are  "contour  lines"  {coupes  topographiqaes)  of  the  section  as 


Contour 
line*  of  nor- 
mal section 
of  elliptic 
cylinder  as 
warped  07 
torsion: 
equilateral 
hyperbolas. 


warped  by  torsion ;  that  is  to  say,  lines  in  which  it  is  cut  by 
a  series  of  parallel  planes,  each  perpendicular  to  the  axis,  or 
lines  for  which  7  (§  706)  has  different  constant  values.  These 
lines  are  [§  707  (28)]  equilateral  hyperbolas  in  this  case.    The 
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Contour 
lines  of  nor- 
mal flection 
of  triangu- 
lar prism,  as     a  1\ '.  W 
warped  by     Vf*"''' 
torsion. 


arrows  indicate  the  direction  of  rotation  in  the  part  »of  the 
prism  above  the  plane  of  the  diagram. 

(2)  Equilateral  triangular 
prism.  —  The  contour  lines 
are  shown  as  in  case  (1) ; 
the  dotted  curves  being  those 
where  the  warped  section 
falls  below  the  plane  of  the 
diagram,  the  direction  of 
rotation  of  the  part  of  the 
prism  above  the  plane  be- 
ing indicated  by  the  bent 
arrow. 

(3)     This  diagram  shows  the  series  of  lines  represented  by 
curvmneaV  (34)  of  §  707,  with  the  indicated  values  for  a.     It  is  remarkable 

sauares  for 

wnich  tor-  -<■  >■ 

sionprob-  w    t 

lem  IS 

solvable. 


DiagTam  of 
St  Venant'd 


that  the  values  a  =  0*5  and  a  =  — ^(/v/2  — 1)  give  similar  but 
not  equal  curvilinear  squares  (hollow  sides  and  acute  angles), 
one  of  them  turned  through  half  a  right  angle  relatively  to  the 
other.     Everything  in  the  diagram  outside  the  larger  of  these 
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squares  is  to  be  cut  away  as  irrelevant  to  the  physical  problem ; 
the  series  of  closed  curves  remaining  exhibits  figures  of  prisms, 
for  any  one  of  which  the  torsion  problem  is  solved  algebraically. 
These  figures  vary  continuously  from  a  circle,  inwards  to  one 
of  the  acute-angled  squares,  and  outwards  to  the  other:  each, 
except  these  extremes,  being  a  continuous  closed  curve  with 
no  angles.  The  curves  for  a  =  0*4  and  a  =  -•  0*2  approach  re- 
markably near  to  the  rectilinear  squares,  partially  indicated  in 
the  diagram  by  dotted  lines. 

(4)     This  diagram  shows  the  contour  lines,   in  all  respects  Contour 
as  in  the  cases  (1)  and  (2),  for  the  case  of  a  prism  having  for  venanfa 

quatre 
points  ar- 
rondU." 


section  the  figure  indicated.  The  portions  of  curve  outside 
the  continuous  closed  curve  are  merely  indications  of  mathe- 
matical extensions  irrelevant  to  the  physical  problem. 
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(5)     This  showB  as,  in  the  other  cases,  the  contour  Iidcs   f<i' 


Eiiiptio  (6),  (7),  (8).    These  are  shaded  drawings,  abowing  the  ap- 

ffil^i?"    pearances  presented  by  elliptic,  square,  and  flat  rectangular 


L^EMc 


bars  under  exaggerated  torsion,  as  may  be  realized  with  such 
a  substance  as  India  rubber. 
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709*  Inasmuch  as  the  moment  of  inertia  of  a  plane  area 
about  an  axis  through  its  centre  of  inertia  perpendicular  to  its 
plane  is  obviously  equal  to  the  sum  of  its  moments  of  inertia 
round  any  two  axes  through  the  same  point,  at  right  angles  to 
one  another  in  its  plane,  the  fallacious  extension  of  Coulomb's 
law,  referred  to  in  §  703,  would  make  the  torsional  rigidity  of  a 
bar  of  any  section  equal  to  nJM  (§  694)  multiplied  into  the  sum 
of  its  flexural  rigidities  (see  below,  §  715)  in  any  two  planes  at 
right  angles  to  one  another  through  its  length.  The  true  theory, 
as  we  have  seen  (§§  705,  706),  always  gives  a  torsional  rigidity, 
less  than  this.  How  great  the  deficiency  majbe_  expected  to 
t>e  m  cases  in  which  the  figure  ot  tne  section  presents  project- 
ing angles,  or  considerable  prominences  (which  may  be  imagined 
from  the  hydrokinetic  analogy  we  have  given  in  §  705),  has 
been  pointed  out  by  M.  de  St  Yenant,  with  the  important 
practical  appUcation,  that  strengthening  ribs,  or  projections 
(see,  for  instance,  the  fourth  annexed  diagram),  such  as  are 
introduced  in  engineering  to  give  stiffness  to  beams,jLaveJie 
reverse  of  a  good  effect  when  torsional  rigidity  or  strength  is  an 
object,  although  they  are  truly  of  great  value  in  increasing  the 
flexural  rigidity,  and  giving  strength  to  bear  ordinary  strains, 
which  are  always  more  or  less  flexural  With  remarkable 
ingenuity  and  mathematical  skill  he  has  drawn  beautiful  illus- 
trations of  this  important  practical  principle  from  his  algebraic 
and  transcendental  solutions  [§707  (32),  (34),  (35),  (45)].    Thus 


Torafonal 
rigidity  leu 
in  propor- 
tion to  «am 
of  principal 
flexural 
rigidities 
than  ac- 
cording to 
f^ae  exten- 
sion (1 70S) 
of  Cou- 
lomb's law. 


I 


Batiosof 
torsional 
rigidities 
to  those  oC 
solid  circu- 
lariods. 


Bectilinear 
square. 


(2) 
Square  with  cnrred 
corners  and  hollow 
sides;  being  curve, 
a»O'4,of|70e(SX 


Square  with  acute 

angles  and  hollow 

sides. 


(4) 
Star  with  four 

rounded  paints, 

being  a  curve  of 

the  eighth  degree, 

[§  707  (86)J. 


(5) 

Equilateral 

triangle. 


'8186. 
-8866. 


778'«. 
•8276. 


•6874. 
•6745. 


for  an  equilateral  triangle,  and  for  the  rectilinear  and  three 
curvilinear  squares  shown  in  the  annexed  diagram,  he  finds  for 

VOL.  II.  17 


-^iM 


■60000.-  -g^r^ 
72662.    ^   ;<»• 
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the  torsional  rigidities  the  values  stated.  The  number  im- 
mediately below  the  diagram  indicates  in  each  ease  the  frac- 
tion which  the  true  torsional  rigidity  is  of  the  old  fieillacious 

(a)  of  same  estimate  (§  703);  the  latter  being  the  product  of  the  rigidity 

m^tk,  .  of  the  substance  into  the  moment  of  inertia  of  the  cross  section 
round  an  axis  perpendicular  to  its  plane  through  its  centre  of 
inertia.     The  second  number  indicates  in  each  case  the  fraction 

(&)of  Mune  which  the  torsional  rigidity  is  of  that  of  a  solid  circular  cylinder 

mftterifll     of  the  Same  sectional  area. 

FiAcesof         710.    M.  de  St  Yenant  also  calls  attention  to  a  conclusion 

greatert  *  ..     ^   ■ 

?"*oj^    from  his  solutions  which  to  many  may  be  startling,  that  in  his 
prismi.       simpler  cases  the  places  of  greatest  distortion  are  those  points 
of  the  boundary  which  are  nearest  to  the  axis  of  the_^twiste3 
pnsm  in  eacE  case,  and  the  places  of  least  distortion  those 
*Tarthest  from  it.     Thus  in  the  elliptic  cylinder  the  substance  is 
most  strained  at  the  ends  of  the  smaller  principal  diameter,  and 
least  at  the  ends  of  the  greater.    In  the  equilateral  triangular 
and  square  prisms  there  are  longitudinal  lines  of  maximum  strain 
through  the  middle  of  the  sides.     In  the  oblong  rectangular 
prism  there  are  two  lines  of  greater  maximum  strain  through 
the  middles  of  the  broader  pair  of  sides,  and  two  lines  of  less 
maximum  strain  through  the  middles  of  the  narrow  sides.    The 
strain  is,  as  we  may  judge  from  (§  705)  the  hydrokinefcic  ana- 
logy, excessively  small,  but  not  evanescent,  in  the  projecting  ribs 
of  a  prism  of  the  figure  shown  in  (4)  §  709.    It  isj|uite  evanes- 
Sojdd  of  aiiy^cent_ infinitely  near  the  angle,  in  the  triangular  and  rectangular 
Jj™»       prisms,  ajid  in  each  other  case  as  (3)  pfj  709,  in  which  there 
oro^Sf    IS  a  finite  angle,  whether  acute  or  obtuse,  projecting  outwards. 
^^        This  remincTs  us  of  a  general  remark  we  have  to  ma¥e7'althougb. 
■*'^®*^        consideration  of  space  may  oblige  us  to  leave  it  without  formal 
proof.    A  solid  of  any  elastic  substance,  isotropic  or  aeolotropic, 
bounded  by  any  surfaces  presenting  projecting  edges  or  angles^ 
or  re-entrant  angles  or  edges,  however  obtuse,  cannot  experience 
any  finite  stress  or  strain  in  the  neighbourhood  of  a  projecting 
stratnat     angle  (trihedral,  polyhedral,  or  conical);  in  the  neighbourhood 


ani^,       of  an  edge,  can  only  experience  simple  longitudinal  stress 


parallel  to  the  neighbouring  part  of  the  edge;  and  generally 
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ij-  ezperieiices  infinite  stress  and  strain  in  the  neighbourhood  of 
*    a  re-entrant  edge  or  angle ;  when  influence  J  "By  any  distribu- At  n-en- 
tion  of  force,  exclusive  of  surface  tractions  infinitely  near  the  intoi"* 
angles  or  edges  in  question.    An  important  application, of  the  Liabm^to 
last  part  of  this  statement  is  the  practical  rule,  well  known  in  meding  "^ 
mechanics,  that  every  re-entering^  edj^e  or  ^pgjft  ought  tq^  entrant 
rounded -to  prevent  risk  of  rupture,  in  solid  pieces  desisnied  to  mypiaoM 


r  stress!    An  illustration  of  these  principles  is  afforded  by  ooncaTe 
the  concluding  example  of  §  707 ;  in  which  we  have  the  com- 
plete mathematical  solution  of  the  torsion  problem  for  prisms  oaaet  of 
of  fan-shaped  sections,  such  as  the  annexed  figures.    In  the  nettamiSi 
cases  corresponding  to  a=sO,  we  see,  without  working  out  the  tonion  pro- 
solution,  that  the  distortion  dy/rdt}  vanishes  when  r  ==  0,  if  /3  is  been  solved. 
<  IT ;  becomes  infinite  when  r  =  0,  if  fi  is  >  ir;  but  is  finite 
and  determinate  if  /8  =  tt. 


The  solution  indicated  above  determining  v  to  satisfy  (64)  Distortion 
and  (65)  of  §  707,  if  translated  into  polar  co-ordinates  r,  ly,  such  central 
that  a;  s  r  cos  n,  and  'v  =  r  sin  w,  with  w/B  =  v,  becomes  merely  sector  (4X 

_  .  n  if  n  If        i  J  infinite  at 

this —  central 

v=^{fii^^Bit-*')f&s,ivn* (69),     '^%^ 

where  Bi^  Bi  are  to  be  determined  by  the  equations  (65)  of  the  okher 
§707,  with  r=^a  and  r=^d  instead  of  f  =  0  and  ^=a,  and  a"     * 
instead  of  a'c**  (a  and  a'  denoting  the  radii  of  the  concave  and 
convex  cylindrical  surfaces  respectively).     When  a  =  0,  these 
give  ^^ »  0 ;  and  therefore 

\—r)       is  zero,  or  equal  to  j5,  00B17,  or  infinite, 
according  a8v>l,  =1,  or<l;  whence  also  follow  similar  results 

^^  \rdrjJr^o' 

*  Compare  §  707  (23)  (24);  by  whioh  we  see  that  this  Bolation  is  merely  the 
general  expression  in  polar  co-ordinates  for  series  of  spherical  harmonics  of  x,  y, 
with  if  ^0,  of  degrees  i,  2t,  8t,  etc.,  and  - 1,  -  2t,  -  8t,  etc.  These  are  *'  complete 
hannonios**  when  i  is  uiity  or  any  integer. 

17—2 
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Problem  of 
flomrB* 


jroroeci  oon* 
dition  of  no 
distortion 
innormftl 
•ectioBS. 


711.  To  prove  the  law  of  flexure  (§§  591,  692),  and  to 
investigate  the  flexural  rigidity  (§  596)  of  a  bar  or  wire  of 
isotropic  substance,  we  shall  first  conceive  the  bar  to  be  bent 
into  a  circular  arc,  and  investigate  the  application  of  force 
necessary  to  do  so,  subject  to  the  following  conditions: — 

(1)  All  lines  of  it  parallel  to  its  length  become  circular  arcs 
in  or  parallel  to  the  plane  ZOX^  with  their  centres  in  one  line 
perpendicular  to  this  plane ;  OZ  and  all  lines  parallel  to  it 
through  OT  being  bent  without  change  of  length. 

(2)  All  normal  sections  remain  plane,  and  perpendicular 
to  those  longitudinal  lines,  so  that  their  planes  come  to  pass 
through  that  line  of  centres. 

(3)  No  part  of  any  normal  section  experiences  deformation. 

A  section  2>0^ 
of  the  beam  be- 
ing chosen  for 
plane  of  refer- 
ence, XOTy  let 
-P»  («,y,«)beany 
point  of  the  un- 
bent, .  and  P*, 
{x',i/fZ*)  the  same 
point  of  the  bent, 
beam ;  each  seen 
in  projection,  on 
theplane^OX,in 
the  diagram:  and 
let  p  bethe  radius 
of  the  arc  ON', 

into    which  the 
line  OH  of  the  straight  beam  is  bent.    We  have 

«'«aj  +  (p-a:)n-coB-j,  jZ-y,  «'  =  (/»-«) sin?. 

But^  according  to  the  fundamental  limitation  (§  588),  a;  is  at 
most  infinitely  small  in  comparison  with  p-:  and  through  any 
length  of  the  bar  not  exceeding  its  greatest  transverae  dimen- 
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sion,  s  is  80  also.    Hence  we  neglect  higher  powers  of  xjp  and 
%Ip  than  the  second  in  the  preceding  expressions ;  and  putting 

we  have  «=i~j  jff  =  0,  y  = (1). 

These,  substitnted  in  §  693  (5)  and  §  697  (2),  give 


r  r  r 

8=0,  T=0,  V  =  0, 

x=^i::i?,  7=0,^=0 


..(2). 


(3). 


8urfM6 
Iraotion 

qnlrejto 
prav0nt 
diatortion 
innomud 


The  interpretation  of  this  result  is  interesting  in  itself^  but^  not 
requiring  it  for  our  present  purpose^  we  leave  it  as  an  exercise 
to  the  student. 

712.  The  problem  of  simple  flexure  supposes  that  no  force 
is  applied  from  without  either  as  traction  on  the  sides  of  the 
bar,  or  as  force  acting  at  a  distance  on  its  interior  substance, 
but  that,  by  opposing  couples  properly  applied  to  its  ends, 
it  is  Icept  in  a  circular  form,  with  strain  and  stress  uniform 
throughout  its  length. 

To  the  a,  )3,  y  of  last  section  let  corrections 
a'=iJr(aj«-y'),  ^  =  J:ajy,  y'  =  0, 
be  added.     This  will  give,  by  §  693  (5), 
r==Q  =  2mKx,  R  =  2{m^n)Kx,  ^-0,  ^  =  0,  C^  =  0, 
and  by  §  698  (2) 

x=«2wjr,  r=o,  j^'=o, 

to  be  added  to  the  P,  Q.,.Xy  F,  Z,    Hence  if  we  take 


Comotioa 

todoffvraj 

withUtenl 

tnotioD, 

andlMdily 

foroe. 


ir= 


2mp  ' 


the  surface  tractions  on  the  sides  of  the  bar  and  the  bodily 
forces  are  reduced  to  nothing ;  so  that  if  now 

2p 


■•=iW 


n  1  Im  —  n  1  8t  Venant'i 

'^  blem. 


2m  9  /p  f    p   2m 

we  have  [§  670  (6)  and  §  693  (6)] 

tn  — fi        <r      J,    w  — ti        <T  1 

2pm        p   ' ''      2pm        p^  ^        p  ' 

a=6=c=0 


....(2), 
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StVenuft 
aolntion  of 
flflznrB  pio* 
blom. 


and  [§  693  (6),  §  694  (6)] 


FlemrBof  ft 
bv. 


Line 
throogh 
centres  of 
inertia  of 
normal 
seotions 
remaini  un- 
changed in 
lengtfi. 


Fleznre 
through 
finite  angle 
in  one 
plane: 


mnftbein 
either  of  two 
prhidpal 
planes,  if 
produced 
•imply  by 
balandng 
couples  on 
the  two 
ends. 


jr=o,  7=0,  z=o  J 

To  complete  the  fulfilment  of  the  oonditions,  it  is  only  necessary 
that  the  traction  across  each  normal  section  be  reducible  to  a 
couple.     Hence 

SJBdxdy  =  0, 
or,  by  (3), 

ffxdxdy  =  0 ; 

that  is  to  say, 

713.  In  order  that  no  force,  but  only  a  bending  couple, 
may  be  transmitted  along  the  rod,  the  centre  of  inertia  of  the 
normal  section  must  be  in  OF,  that  line  of  it  in  which  it  is 
cut  by  the  surface  separating  longitudinally  stretched  from 
longitudinally  shortened  parts  of  the  substance. 

714.  In  our  analytical  expressions  only  an  infinitely  short 
part  of  the  beam  has  been  considered;  and  it  has  not  been 
necessary  to  inquire  whether  the  axis  of  the  couple  called  into 
play  is  or  is  not  perpendicular  to  the  plane  of  flexure.  But 
when  so  great  a  length  of  the  beam  is  concerned,  that  the 
change  of  direction  (§  6)  from  one  end  to  the  other  is  finite, 
the  couples  on  the  ends  could  not  be  directly  opposed  unless 
their  axes  were  both  perpendicular  to  the  plane  of  flexure, 
inasmuch  as  each  axis  is  in  the  proper  normal  section  of  the 
rod.  For  finite  flexure  in  a  circular  arc,  without  lateral  con* 
straint,  we  must  therefore  have 

fJRydxdy  =  0 ;  whence,  by  (3),  jjxydxdy  =  0 : 

that  is  to  say,  the  plane  of  flexure  must  be  perpendicular  to  one 
of  the  two  principal  axes  of  inertia  of  the  normal  section  in 
its  own  plane.  This  being  the  case,  the  moment  of  the  whole 
couple  acting  across  each  normal  section  is  equal  to  the  product 
of  the  curvature,  into  the  Young's  modulus,  into  the  moment 
of  inertia  of  the  area  of  the  normal  section  round  its  principal 
axis  perpendicular  to  the  plane  of  flexure. 
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For  we  have  [§712  (3)] 


M 


jjRxdxdy- jjafdxdy (4). 

716.    Hence  in  a  rod  of  isotropic  substance  the  principal  PrindiMa 
axes  of  flexure  (§  599)  coincide  with  the  principal  axes  of  inertia  rigidities 
of  the  area  of  the  normal  section;   and  the  corresponding 
flexural  rigidities  [§  596]  are  the  moments  of  inertia  of  this 
area  round  these  axes  multiplied  by  Young's  modulus. 

716.  The  interpretation  of  the  results  [§  712  (2),  (3)]  to 
which  the  analytical  investigation  has  led  us  is  simply  that  if 
we  imagine  the  whole  rod  divided,  parallel  to  its  length,  into 
infinitesimal  filaments  (prisms  when  the  rod  is  straight),  each 
of  these  shrinks  or  swells  laterally  with  sensibly  the  same 
freedom  as  if  it  were  separated  from  the  rest  of  the  substance, 
and  becomes  elongated  or  shortened  in  a  straight  line  to  the 
same  extent  as  it  is  really  elongated  or  shortened  in  the  circular 
arc  which  it  becomes  in  the  bent  rod.  The  distortion  of  the 
cross  section  by  which  these  changes  of  lateral  dimensions  are 
necessarily  accompanied  is  illustrated  in  the  annexed  diagram, 

G^ometrioAl 
interpralA- 
tionof  dif- 
tortion  in 
normftl 
pisne. 
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Antioiastio  in  which  either  the  whole  normal  section  of  a  rectangular  beam, 

and  oonical  ^ 

cunratont   or  a  rectancmlar  area  in  the  normal  section  of  a  beam  of  any 

■ldM^?a     "S^^^>  ^^  represented  in  its  strained  and  unstrained  figures, 

pril!m?y"  ^^^  *^®  central  point  0  common  to  the  two.    The  flexure 

prinSpii*  ^®  ^^  planes  perpendicular  to  TOT^,  and  concave  upwards  (or 

plane.        towards  X);  0  the  centre  of  curvature,  being  in  the  direction 

indicated,  but  too  far  to  be  included  in  the  diagram.    The 

straight  sides  A  C,  BD,  and  all  straight  lines  parallel  to  them, 

of   the  unstrained  rectangular   area  become  concentric  arcs 

of  circles  concave  in  the  opposite  direction,  their  centre  of 

curvature,  IT,  being  for  rods  of  gelatinous  substance,  or  of  glass 

or  metal,  from  2  to  4  times  as  far  from  0  on  one  side  as  G 

is  on  the   other.    Thus  the   originally  plane  sides  AC,  BD 

of  a  rectangular  bar  become  anticlastic  sur&ces,  of  curvatures 

1/p  and  —  a/p,  in  the  two  principal  sections.    A  flat  rectangular, 

or  a  square,  rod  of  India  rubber  [for  which  a  amounts  (§  684) 

to  very  nearly  ^,  and  which  is  susceptible  of  very  great  amounts 

of  strain  without  utter  loss  of  corresponding  elastic  action], 

exhibits  this  phenomenon  remarkably  welL 

Bxperi-  717.    The  conditional  limitation  (§  588),  that  the  curvature  is 

iUuftrafeion.  to  be  very  small  in  comparison  with  that  of  a  circle  of  radius 
equal  to  the  greatest  diameter  of  the  normal  section  (not  ob- 
viously necessary,  and  indeed  not  generally  known  to  be  neces- 
sary, we  believe,  when  the  greatest  diameter  is  perpendicular 
to  the  plane  of  curvature),  now  receives  its  full  explanation. 
For  unless  the  breadth,  AC,  of  the  bar  (or  diameter  perpen- 
dicular to  the  plane  of  flexure)  be  very  small  in  comparison 
with  the  mean  proportional  between  the  radius,  OH,  and  the 
thickness,  AB,  the  distances  from  OF  to  the  comers  A',  C 
iTnoaioa-     would  fall  short  of  the  half  thickness,  OE,  and  the  distances 
ofordinaiy  to  B^,  D'  would  cxcced  it  by  differences  comparable  with  its 
athm%fe    own  amouut.    This  would  give  rise  to  sensibly  less  and  greater 
""^^^       shortenings  and  stretchings  in  the  filaments  towards  the  comers 
than  those  expressed  in  our  formulae  [§  712  (2)],  and  so  vitiate 
the  solution.     Unhappily  mathematicians  have  not  hitherto 
succeeded  in  solving,  possibly  not  even  tried  to  solve,  the 
beautiful  problem  thus  presented  by  the  flexure  of  a  broad 
very  thin  band  (such  as  a  watch  spring)  into  a  circle  of  radius 
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comparable  with  a  third  proportional  to  its  thickness  and  its 
breadth.    See  §  657. 

• 
T18.    But,  provided  the  radius  of  curvature  of  the  flexure  Henoe, 
is  not  only  a  large  multiple  of  the  greatest  diameter,  but  also  tw^Ser 
of  a  third  proportional  to  the  diameters  in  and  perpendicular  f?28,  or^"* 
to  the  plane  of  flexure;  then  however  great  may  be  the  ratio  tbani sss, 
of  the  greatest  diameter  to  the  least,  the  preceding  solution  is  flattprinff 
applicable ;  and  it  is  remarkable  that  the  necessary  distortion  t^^^^.^t^ 
of  the  normal  section  (illustrated  in  the  diagram  of  §  716)  &JijjK 
does  not  sensibly  impede  the  free  lateral  contractions  and 
expansions  in  the  filaments,  even  in  the  case  of  a  broad  thin 
lamina  (whether  of  precisely  rectangular  section,  or  of  unequal 
thicknesses  in  different  parts). 

719.    Considering  now  a  uniform  thin  broad  lamina  bent  Tmuition 
in  the  manner  supposed  in  the  preceding  solution,  we  havoofaput^ 
precisely  the  case  of  a  plate  under  the  influence  of  a  simple 
bending  stress  (§  638).    If  the  breadth  be  a,  and  the  thickness 
6,  the  moment  of  inertia  of  the  cross  section  is  -Xb^.ab,  and  Fiexareofa 
therefore  the  flexural  rigidity  is  ^Mab^,  or  -^MV  if  the  breadth  nngieb^d- 
be  unity.    Hence  a  couple  K  (8  637)  would  bend  it  to  the  curva-  b?8im3^* 
ture  12K/Mb*  length-wise  (or  across  its  length),  and  (§  716)  bending 
would    produce    the    curvature    12<rK/Mb*   breadth-wise    (ortwopimea 
across  the  breadth),  but  with  concavity  turned  in  the  contrary  angles  to 

,  .  oneanolher. 

direction.  Precisely  the  same  solution  applies  to  the  effect  of 
a  bending  stress,  consisting  of  balancing  couplesr  applied  to 
the  two  edges,  to  bend  it  across  the  dimension  which  hitherto 
we  have  been  calling  its  breadth.  And  by  the  principle  of 
superposition  we  may  simultaneously  apply  a  pair  of  balancing 
couples  to  each  pair  of  parallel  sides  of  a  rectangular  plate, 
vnthout  altering  by  either  balancing  system  the  effect  of  the 
other ;  so  that  the  whole  effect  will  be  the  geometrical  result- 
ant of  the  two  effects  calculated  separately.  Thus,  a  square 
plate  of  thickness  b,  and  with  each  side  of  length  unity,  being 
given,  let  pairs  of  balancing  couples  K  on  one  pair  of  opposite 
sides,  and  A  on  the  other  pair,  be  applied,  each  tending  to  pro- 
duce concavity  in  the  same  direction  when  positive.     If  k  and 
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X  denote  the  whole  curvatures  produced  in  the  planes  of  these 
couples,  we  shall  have 

^  :,(K-«rA) (1), 


and 


Kss 


X  = 


1 


^Mh 


-,  (A  _  <tK) 


(2). 


StoMjta         720,    To  find  what  the  couples  must  be  to  produce  simply 
oam*m:  cylindrical  curvature,  k,  let  X  =  0.    We  have 


and 


A  =  <rK 


Mb' 


1-a* 


(8). 


in  "p^a^  Or  to  produce  spherical  curvature,  let  ic  =  X.    This  gives 


ounratare: 


K  =  A  as  -X-z K, 

*"  1  — <r 


(4). 


inanti-       Or  lastly,  to  produce  anticlastic  curvature,  equal  in  the  two 


okitio 


aunratara.    directions,  let  jc  »  —  X.    This  gives 


Mb* 


k=-a=tVitj: 


(5). 


Hence,  comparing  with  §  641  (10)  and  §  642  (16),  we  have,  for 
A  the  cylindrical  rigidity,  and  for  j^  and  i  the  synclastic  and 
anticlastic  rigidities  of  a  uniform  plate  of  isotropic  material, 

MV 


Flennl 
rigiditiM 
oca  plate; 
U)carlmdri- 

oaI,gi)vn- 
olMkio.A) 

antiolaatic. 


._,   MV     ,      .Mb* 


or  [§  694  (6)  and  §  698  (5)] 


._      3nifc6*     _n(3TO-n)y      *_i  it 
'~2(3A;+4n)        €(>»  +  »)     '  *~*^ 


(»»  +  «) 


...(6). 


The  coefficient  A  which  appears  in  the  equation  of  equilibrium 
of  a  plate  urged  by  any  forces  [§  644  (6)  and  §§  649... 652], 
and  c,  which  appears  in  its  boundary  conditions,  are  [§  642  (16)] 
given  in  terms  of  |  and  it  thus  simply  : — 

^  =  *(*  +  *).   cr=\(!i-V) (7). 
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721.     It  is  interesting  and  instructive  to  investigate   the  s«ne  ramit 
anticlastic  flexure  of  a  plate  by  viewing  it  as  an  extreme  case  Q^Myiig- 
of  torsion.      Consider  first  a  flat  bar  of  rectangular  section  Jjjj^^*' 
uniformly  twisted  by  the  proper  application  of  tangential  trac-  J J^JI^JSii^ 
tions  [§  706  (10)]  on  its  ends.    Let  now  its  breadth  be  com-  JJJJJS^^ 
parable  with  its  length ;  equal,  for  instance,  to  its  length.    We  p™**** 
thus  have  a  square  plate  twisted  by  opposing  couples  applied 
in  the  planes  of  two  opposite  edges,  and  so  distributed  over 
these  areas  as  to  cause  uniform  action  in  all  sections  parallel 
to  them  when  the  other  two  edges  are  left  quite  free.    If,  lastly, 
we  suppose  the  thickness,  6,  infinitely  small  in  comparison  with 
the  breadth,  a,  in  (46)  of  §  707,  we  have 

JT^inToi' (8). 

The  twist  t  per  unit  of  length  gives  ar  in  the  length  a,  which 
[§  640  (4)]  is  equivalent  to  an  anticlastic  curvature  tir  (according 
to  the  notation  of  §  639),  equal  to  r.  And  the  balancing  couple 
N  applied  in  only  one  pair  of  opposite  sides  of  the  square  is,  as 
we  see  by  §  656,  equivalent  to  an  anticlastic  stress  (according 
to  the  notation  of  §  637)  Tl  =  ^N/a.  Hence,  for  the  anti- 
clastic rigidity,  according  to  §  642  (13),  we  have 

n      N 

vr      ^  ra      ^  ^  ^ 

which  agrees  with  the  value  (6)  otherwise  found  in  §  720,  by 
the  composition  of  flexures. 

It  is  most  important  to  remark — (1)  That  one-half  of  tlieAnaMtof 
part  ^wrah*  in  the  value  of  iV  given  by  the  formula  (46)  oinonpal 
§  707,  is  derived  from  a  and  fi  as  given  by  (8)  of  §  706,  and  the  ^J^^^ 
term  -  rxy  of  y  by  (45) ; — and  (2)  That  if  we  denote  by  y  prism, 
the  transcendental  series  completing  the  expression  (45)  for  y, 

it  is  the  term  njjx  ^  dxdy  of  §  706  (17),  that  makes  up  the 

other  half  of  the  part  of  JV  in  question,  and  that  it  does  so  as 
follows,  according  to  the  process  of  integrating  by  parts,  in  which 
it  is  to  be  remembered  that  to  change  the  sign  of  either  x  or  y, 
simply  changes  the  sign  of  y  : — 

nj     j    x^dydx=  [^  xOdx  =  a  j^Gdx-2l^dxr Odx {10), 
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=  2nT(?y6«S 


^(2<+l)»»/6  _  ^-(W+l)»*/d 
(2r+"l)*  ^(«+l)»a/»^.,-(2<+l)»«/» 

Thus  in  i\r  we  have  a  term 

Ifinta.,^       IT-  2 

(2i" 


(11). 


6^(2a;  = 


..  "^.{'-.- 


(M+l)»a/l&  _j_  ^-(«+l)«»/2fr 


}■ 


or,  because  [as  we  see,  by  integraiiDg  (40)  with  reference  to  y^ 
and  piitting  y  ~  ^6], 

/■J^^,       1       Ls     16wT    ..^  ^ 


(2t  +  1)*  [c(2<+l)»«/«*  +  ^-{tt+l)wattbl 

(12). 

The  transcendental  series  constituting  the  second  term  of  this, 
together  with 


-2  i^dxl' 
Jo        Jo 


Odx-nffy-j^dxdy 


makes  up  the  transcendental  series,  which  appears  in  the  ex- 
pression (46)  for  iT.  This,  when  a/b  is  infinite,  vanishes  in 
comparison  with  the  first  term  of  (46),  as  we  have  seen  above 
§  721  (8).  But  in  examining,  as  now,  the  composition  of  the 
expression,  it  is  to  be  remarked  that,  when  a/b  is  infinite,  y' 
vanishes  except  for  values  of  x  differing  infinitely  little  from 
lb  ^a,  and  therefore  we  see  at  once  that  in  this  case, 

by  which,  in  connexion  with  what  precedes,  we  see  that 

722.  One  half  of  the  couple  on  each  of  the  edges,  by  which 
these  conditions  are  fulfilled,  consists  of  two  tangential  tractions 
distributed  over  areas  of  the  edge  infinitely  near  its  ends  acting 
perpendicularly  to  the  plate  towards  opposite  parts.  The  other 
half  consists  of  forces  parallel  to  the  length  of  the  edges,  uni- 
formly distributed  through  the  length,  and  varying  across  it  in 
simple  proportion  to  the  distance,  positive  or  negative,  from  its 
middle  line. 
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723.  If  now  we  remove  the  former  half,  and  apply  instead, 
over  the  edges  [BB^  AA)  hitherto  free,  a  uniform  distribution 
of  couple  equal  and  similar  to  the  latter  half,  and  in  the  proper 
directions  to  keep  up  the  j- 

same  twist  through  the 
plate,  we  have  the  proper  ^  ^• 
edge  tractions  to  fulfil 
Poisson's  three  boundary 
conditions  (§  645)  for  the 
case  in  question;  that  is 

to   say,  we  have    such   a  x 

distribution    of    tractions  -^^ 

» 

on  the  four  edges  of  a  square  plate  as  produces  anticlastic 
stress  (§  638)  uniform  not  only  through  all  of  the  plate  at 
distances  from  the  edges  great  in  comparison  with  the  thick- 
ness, but  throughout  the  plate  up  to  the  very  edges.  The  state 
of  strain  and  stress  through  the  plate  is  represented  by  the 
following  formulae  [as  we  may  gather  from  §§  706  and  707  (8), 
(45),  (9),  (10),  (17),  and  §  722,  or,  as  we  see  directly,  by  the 
verification  which  the  operations  now  indicated  present]  :— 


Uniform 
diatribntion 
of  coaple 
applied  to 
iu  edges  to 
render  the 
stress  nni- 
f onn  from 
the  edges 
inwuds. 


e  =  f  =  fi==0,    a«0,    ft=-2Ty,   C  =  0 
P=:g=JB  =  0,  5=0,  T=-2nTy,  Z7=0 


....(13), 


Alsebndo 
solution 
expressing 
displaoe- 
ment, 
strain,  and 
stress, 
through  a 
plate  bent 
to  uniform 
antidastio 
ouryatore. 


where  L  and  N  denote  the  moments  (with  signs  reckoned  as 
in  §  551)  of  the  whole  amounts  of  couple,  applied  to  the  two 
edges  perpendicular  to  OX  and  OZ  respectively,  in  the  planes 
of  these  edges. 

By  turning  the  axes  OX,  OZ  through  45''  in  their  own  plane, 
we  fall  back  on  the  formulie  of  flexure  as  in  §  719,  for  the 
particular  case  of  equal  flexures  in  the  two  opposite  directions. 

724    If,  on  the  other  hand,  we  superimpose  on  the  state  of 
strain  investigated  in  §  721,  another  produced  by  applying  on 
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the  pair  of  edges  which  it  leaves  free,  precisely  the  same 
entire  distribution  of  couple  aa  that  described  in  §  722^  but 
in  the  direction  opposite  to  the  twist  which  the  former  gave 
to  the  plate  (so  that  now  it  is  not  —  Z,  but  L  that  is  equal 

to  IP^y  we  have  the  square 
plate  precisely  in  the  con- 
dition described  in  §  647, 
except  infinitely  near  its 
comers.  To  find  the  ex- 
pressions for  the  com- 
ponents of  displacement, 
strain,  and  stress,  in  this 
case,  we  must  add  to  the 
expressions  for  or,  /8,  7  in  (8)  of  §  706,  and  (45)  of  §  707,  values 
obtained  by  changing  the  sign  of  each  of  these  expressions, 
and  interchanging  x  for  Zy  and  a  for  7.  The  consequent  values 
of  t,  f,  %  a,  b,  t,  P,  Q,  22,  5,  T,  U,  are  of  course  obtained  in  the 
same  way,  but  need  not  be  written  down,  as  they  can  be  seen 
in  a  moment  from  ot,  fi.  y.  Lastly,  the  steain  thus  superimpoeed 
would,  if  existing  alone,  leave  the  edges  parallel  to  x  free  from 
traction,  just  as  the  first  supposed  strain  [§  706  (8)]  leaves  the 
edges  parallel  to  z  free ;  and  thuis,  without  firesh  integration, 
we  see  that  N  has  still  the  value  (46),  and  is  the  result  of 
the  distribution  of  tractions  described  in  §  722.  The  parts  of 
the  component  displacements  represented  by  products  of  co- 
ordinates disappear,  and  only  transcendental  series,  as  follows 


remain : — 


8r^.^   (-1)*    c+<«'+^>'''*-€-<«+^>"''*    . 


=  -  -1-  6«S 


V/ 


(2t 


+  1\»     +(2i+l)ira/26_|^  ^-(2<+l)»a/26®"^  ^^*  "^  */    ^ 


8t»^     (-1)'      ,-^(«-^l)«^*  -  ,-(«+'>*'»       .  -y 

^~  "*"  »*  (2t  +  1)'  j+(M+l)»a/»  +  ,-{M+l)«./24  "°  ^  '6 


(14). 


725.    When  a/b  is  infinite,  €+<«+«"'«*  becomes  infinitely 
great,  and  e~  '**+^'"/**  infinitely  small.     If  then  we  put 

Ja  — «  =  /,  and  Ja  — a?  =  a?', 
the  preceding  expressions  become 
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• = -  5 '"^  (feri^- *"'""^"^* -^  (2» + 1)  5? 


for  pointa  not  infinitely  near  the  edge  A!B ; 


»y 


Thin 

•ngulBT 

plate  snb- 

Jectedto 

iheedge- 

tnclionof 

SM7. 


.(15). 


y  «  +  ^  6'S ,;.    T„  «-(^+i)ti^/6  Bin  (2i  +  1)  ^ 
'        ir        (2t  +1)*  ^  '  h 

for  points  not  infinitely  near  the  edge  AA' ; 

a  =  0,  y  =  0,  for  all  points  not  infinitely  near  an  edge ; 

and  )3  =  0  throughout 

Lastly,  X  =  i\r=inTa6*, 

of  each  of  which  one-half  is  constituted  by  tractions 
uniformly  distributed  along  the  corresponding  edge, 
and  proportional  to  distances  from  the  middle  line ; 
and  the  other  by  tractions  infinitely  near  the  comers 
and  perpendicular  to  the  plata 


726.    It  is  clear  that  if  the  comers  were  rounded  off,  or  the  Tmuitioii 

toplale 

plate  were  of  any  shape  without  comers,  that  is  to  say,  with  no  wi&oat 

OOFDttn  BUD" 

part  of  itB  edge  where  the  radius  of  curvature  is  not  very  great  ^^*^J^ 
ill  comparison  with  the  thickness,  the  effect  of  applying  a  dis-  tionoi  1047. 
tribution  of  couple  all  round  its  edge  in  the  manner  defined  in 
§  647  would  be  expressed  by  either  of  these  last  formulas  for 
a  and  7.  Thus  the  whole  displacement  of  the  substance  will  be 
parallel  to  the  edge  for  all  points  infinitely  near  it ;  will  vanish 
for  all  other  points  of  the  plate;  and  will  be  equal  to  the  pre- 
ceding expression  (15)  for  7  if  a;'  denote  simply  distance  from 
the  nearest  point  of  the  edge  of  the  plate,  and  y,  as  in  all  these 
formulae,  distance  from  the  middle  surface^ 


727.  We  may  conclude  that  if  a  uniform  plate,  bounded  by 
an  edge  everywhere  perpendicular  to  its  sides,  and  of  thickness 
a  small  fraction  of  the  smallest  radius  of  curvature  of  the  edge 
at  any  point,  be  subjected  to  the  action  described  in  §  647, 
with  the  more  particular  condition  that  the  distribution  of  tan- 
gential traction  is  [as  asserted  in  §  634  (3)  for  any  normal 
section  remote  from  the  boundary  of  a  bent  plate]  in  simple 
proportion  to  the  distance,  positive  or  negative,  from  the  middle 
line  of  .the  edge;  the  interior  strain  and  stress  will  be  as 
specified  by  the  following  statement  and  formulae : — 
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Let  0  be  any  point  in  one  comer  of  the  edge:  and  let  OX  be 
perpendicular  to  the  edge  inwards,  and  OF  perpendicular  to  the 
plane  of  the  plate.  The  displacement  of  any  particle  P,  (^,  y),  at 
any  distance  from  0  not 
a  considerable  multiple 
of  the  thickness,  h,  will 
be  perpendicular  to  the 
plane  YOX,  and  (de- 
noted by  7)  will  be 
given  by  the  formula — 


A 


O 


If 


nb\w)  \ 


TX 


-        iry      1    -?^        37ry  .   1    JJ^       hiry  ,    ^ 
6cos-^  +  si€     ft  cos-r^  +  vjie     *   cos^-~-  +  etc 
06  00  0 


■)  (16). 


where  il  denotes  the  amount  of  the  couple  per  unit  length  of 
the  edge,  and  n  the  rigidity  (§  680)  of  the  substance.  But  the 
simplest  and  easiest  way  of  arriving  at  this  result  is  to  solve 
directly  by  Fourier's  analytical  method  the  following  problem, 
a  case  of  one  of  the  general  problems  of  §  696: — 

Oaieof  1647     728.     A  Uniform  plane  plate  of  thickness  b,  extending  to  in- 
ent^  in- '    finity  on  one  side  of  a  straight  edge  (or  plane  perpendicular  to 

Tetfcinted.  'ixi* 

its  Sides)  bemg  given, — 

It  is  required  to  find  the  displacement,  strain,  and  stress, 
produced  by  tangential  traction  parallel  to  the  edge  applied 
uniformly  along  the  edge,  according  to  a  given  arbitrary  func- 
tion, if>{y),  of  position  on  its  breadth. 

Taking  co-ordinates  as  in  §  727,  we  have  to  solve  equations 
(2)  of  §  697,  with  X  =  0,  7=0,  Z=  0,  for  all  points  of  space 
for  which  x  is  positive,  and  y  between  0  and  5,  subject  to  the 
boundary  conditions, 


See  §  661,  or 
§  662  (1) 
g  693  (5) 
§  670  (6). 


•also  (^=^'  ^"^'  ^=^»  ^^^'  ^=^'  ^=^»  ^^^  y^^  ^^  *• ) 
I.  and  r  =^»  ^=^'  -^^^^  ^^^'  ^=^'  2^=0(y).  when  4;=0:  V  (17). 
(andasOt/SsO,  7=0,  when  xsBoo.  ) 


Erom  thesOi  inasmuch  as  Oi  /3,  y  must  each  be  independent  of 
Kf  we  find 
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(a)  -j^  +  -T^  =  0,  throughout  the  solid ; 

(6)  y  =  0  when  05  =  00; 

(c)  n-^^O  when  y  —  Oorh; 

and  (d)  w  y-  =  ^  (y)  when  x  =  0; 


0&M0f«647 
independ- 
ently in- 
▼eitigAted. 


(18); 


and  all  the  equations,  both  internal  and  superficial,  inrolving 
a  and  fi  are  satisfied  by  a  =  0,  )3  =  0,  and  therefore  (App.  C.) 
require  a  =  0,  )8  =  0.  By  means  of  (a),  (6),  and  (c)  the  Fourier 
solution  is  seen  to  be  of  the  form 


_fv^         {^ 


yzz^JtAfT  6  cos-^ 


(19) ; 


and,  because  of  (d),  the  coefficients  Ai  are  to  be  found  so  as  to 
make 


-^StJ,oos^=^(y) 


(20). 


They  are  therefore  [as  we  see  by  taking  in  §  77,  (13)  and  (14), 
^  such  that  4>{p-'$)  =  <t^  (f ),  and  putting  p  =  25]  as  follows : — 


Ai= --r  /  <^(y) 

nir    %    0  Jo 


cos -^  ay 


(21). 


If  (for  ihe  particular  case  of  §  727)  we  take 


n 


*(y)  =  i2^(y-iJ) 


(22). 


we  find       ^.,  =  0,  and  ^^,,  =  6  °  g)'^^ 
and  so  arrive  at  the  result  (16). 


(23), 


729.    It  is  remarkable  how  very  rapidly  the  whole  disturb-  Ritpidde- 


of 

ance  represented  by  this  result  diminishes  inwards  from  the  duturbanoe 

,  ,  fh>m  edge 

edge  where  the  disturbing  traction  is  applied  (compare  §  586):  inwwda. 
also  how  very  much  more  rapidly  the  second  term  diminishes 
than  the  first;  and  so  on. 

Thus  as 

e  =  2-71828,  €*»  =  4-801,  €«-**  =  10,  ^=23-141,  c«'  =  535-5, 

VOL.  n.  18 
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Bapidde- 
creftMof 
diflturfeNftnoe 
from  edge 
inwards. 


we  have  for 
1 


x  = 


3-1416 
2-303 


.  n  /2\»/cosiry/6 


C08  3iry/6       COB  5iry/6 


3».  2-718'     5'.2-718* 
O  /2\* /cos  flry/6      cosSirylb       co%  birylh 


eta^ 


_^  -  ,-  /2Y  /cos  irylh      cos  3iry/6       cos  5Try/6  \ 

'^'■^^w  v"T8or "" 3» . 4-801* ■*■  5vr8oP~ ®*^y 


05  = 


05=6, 


O  /2\*  /COS  vyjh     cos  3flry/6      cos  5iry/6 


^^^"^^sWV^o 

_  ^  O  /2\'  /cos  iry/6     COS 
^"%6W  \~23-14   "3'. 


3M0* 


6*.  10 


cos  3ii^/&      COS  birylh 


2314»     5*.23 


?^-) 


Problemi  to 
beiolved. 


General 
problem  of 
infinite 
■olid: 


■oWed  for 

isotropic 

■ubatanoe. 


«. _  OA  _  r  ^  ("^  f^^ ^/^     cos3wy/5      cos 5iry/6  \ 

x-Zb,  y^i,  —  ^-^j  y-^^^^   -  3\535^» ^  5'.:535-5^"''^7 

which  proves  most  strikinglj'  the  concluding  statement  of  §  647. 

730.  We  regret  that  limits  of  space  compel  us  to  leave 
uninvestigated  the  torsion- flexure  rigidities  of  a  prism  and  the 
flexural  rigidities  of  a  plate  of  aeolotropic  substance :  and  to 
still  confine  ourselves  to  isotropic  substance  when,  in  conclu- 
sion, we  proceed  to  find  the  complete  integrals  of  the  equations 
[§  697  (2)]  of  internal  equilibrium  for  an  infinite  solid  under 
the  influence  of  any  given  forces,  and  the  harmonic  solutions 
suitable  for  problems  regarding  spheres  and  spherical  shells, 
and  solid  and  hollow  circular  cylinders  (§  738)  under  plane 
strain.   The  problem  to  be  solved  for  the  infinite  solid  is  this: 

Let  in  (6)  of  §  698,  X,  F,  Z  be  any  arbitrary  functions  what- 
ever  of  {x,  y,  z),  either  discontinuous  and  vanishing  in  aU  points 
outside  some  finite  closed  surface,  or  continuous  and  vanishing  at 
ail  infinitely  distant  points  with  sufildent  convergency  to  make 
BD  converge  to  0  as  D  increases  to  co ,  if  libethe  resultant  of 
X,  Tj  Z  for  any  point  at  distance  D  from  origin.  It  is  required 
to  find  a,  13,  y  satisfying  those  equations  [(16)  of  §  698],  svbject 
to  the  condition  of  each  vanishing  for  infinitely  distant  points 
{ihM  is,  for  infinite  values  ofx^y,or  z), 

(a)    Taking  ^  of  the  first  of  these  equations,  -r-  of  the 
second,  and  -r-  of  the  third,  and  adding,  we  have 


t         %    •»    dX.     dY     dZ    A 


(1). 
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(b)  This  sbowB  that  if  we  imagine  a  mass  distributed  through 
space,  with  density  p  given  bj 

1          /dX     d7     dZ\ 
^'"4ir(m  +  w)  \daj       dy      dz ) ^  '' 

8  must  be  equal  to  its  potential  at  {x^  y,  z).  For  [§  491  (c)]  if 
V  be  this  potential  we  have 

V*r-i-4irp=0. 

Subtracting  this  from  (1)  divided  by  (m  +  n),  we  have 

v'(8-n  =  0 (3), 

for  all  values  of  {x,  y,  «).  Now  the  convergency  of  XD,  7D^ 
ZD  to  zero  when  D  is  infinite,  clearly  makes  F=0  for  all 
infinitely  distant  points.  Hence  if  /S'  be  any  closed  surface 
round  the  origin  of  co-ordinates,  everywhere  infinitely  distant 
from  it,  the  function  (8  -  V)  is  ze^o  for  all  points  of  it,  and 
satisfies  (3)  for  all  points  within  it.  Hence  [App.  A.  (e)]  we 
must  have  h^V.  In  other  words,  the  fact  that  (1)  holds  for  all 
points  of  space  gives  determinately 

/dX'     dT     dZ^\  ,,,,,,  G«»«*i 

«      «»      «      (  -T-T  +  -,-/  +  -,-,)  dxd'uda  equattons 

1  f"    r*    r*     \d^       dy'      dz' )      ^  torinflpite 

*-4ir(m  +  n)j_«LJ.«  AK^ - xf  ^ {,, - y'f  ^ {z -^ ^Y\-^^^'  ^^ 
where  X'y  F",  Z'  denote  the  values  of  JT,  F,  Z  for  any  point 

«  y',  *')• 

(c)  Modifying  by  integration  by  parts,  and  attending  to  the 
prescribed  condition  of  convergences,  according  to  which,  when 
a/  is  infinite, 

Tdy'dz' 


J -an  J—t 


we  have 


=  0 (5). 


which  for  most  purposes  is  more  convenient  than  (4). 

(d)  On  precisely  the  same  plan  as  (&)  we  now  integrate  each 
of  the  three  equations  (6)  of  §  698  separately  for  a,  )3,  y 
respectively,  and  find 

a  =  w+i7;    )8  =  »+r,    y  =  to-^W (7) 

where  u,  v,  to,  U^  V,  W  denote  the  potentials  at  {x,  y,  z)  of 

18—2 
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General  distributioiis  of  matter  throDgh  all  spaoe  of  densities  respeo- 

eamtions  ^     -» 

for  infinite  tively 

iflotropio 

■oiid&te-  m  dS       m  dS       m  d8      X        T        Z 

grated. 


ous  Boiid. 


4^71  cte'   4imdy'   ^itndz^    4ir»'    4im'    4im' 
in  other  words,  such  functions  that 

V'^"^r;7:;  =  ^'®*<^->  andv'Cr+-  =  0,  etc., (8), 

71  ax  n 

each  through  all  spaoe.  Thus  if  8",  X",  F",  Z"  denote  the 
values  of  8,  X,  F,  -^  for  a  point  {x'\  y",  «"),  we  find,  for  a, 

4imj_„j.«L^[(a:-aj'7+(y_2/')"+(«-0']* 

if  in  this  we  substitute  for  8"  its  value  by  (6)  we  have  a  ex- 
pressed by  the  sum  of  a  sextuple  integral  and  a  triple  integral, 
the  latter  being  the  Z7  of  (7) ;  and  similarly  for  ft  and  y.  These 
expressions  may,  however,  be  greatly  simplified,  since  we  shall 
see  presently  that  each  of  the  sextuple  integrals  may  be  reduced 
to  a  triple  integral. 

Yoroe  (e)    As  a  particular   case,   let  X,   F,  Z  be   each  constant 

nnifonnij  throughout  a  spherical  space  having  its  centre  at  the  origin  and 

porSon"f  radius  a,  and  zero  everywhere  else.     This  by  (6)  will  make  —  S 

lutmofrene-  the  sum  of  the  products  of  X,    F,   Z  respectively  into  the 


corresponding  component  attractions  of  a  imiform  distribution  of 
matter  of  density  l/49r  (m  +  n)  through  this  space.  Henoe 
[§  491  (6)] 

8  =  ^-^ r  -J  (Xx  +Ty  +  Zz)  for  points  outside  the  spherical  space 

and 


8  =  ^^ r  IXx  ■\-Ty+  Zz)  for  points  within  the  spherical  space. 

3  (jn  +  w) 


•  (10). 


Dilatation  Now  we  may  divide  u  of  (8)  into  two  parts,  tfc'  and  t*",  depend- 

Syit?  ing  on  the  values  of  dB/dx  within  and  without  the  spherical 

space  respectively;  so  that  we  have. 


for  r  < a,  V^  =  3^^^^^ ,  a  constant, 

for  r>a,  V*«'  =  0; 


(11); 
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(12). 


for  r  <a^  v'^"*  0, 

-I  ^  „       tn  do  i_ .  1 

for  r^'a,  y;'u  = -j-  ,    which    is   a 

n  dx 

solid  spherical  harmonic  of  degree  -  3,  because  8 

is  given  hj  the  first  of  equations  (10). 

The  solution  of  (11),  being  simply  the  potential  due  to  a  uniform 

1  vnJT 

sphere  of  density  -  -j-  ^— : ,  is  of  course 


Inveftiga- 
tion  of  dU- 
plaoemeat. 


4w  3w  (m  +  n) 
18/1  (wi  +  n)^  '  ' 


u'  = 


—  mX 


a 


9n  (m  +  n)  r 


—  for  r>a. 


(13). 


Again,   if  in  (12)   of  App.    B.   we   put    m  =  2,   n=-3,   and 
F.,  =  d&ldx,  we  havo 


^'('^S)=-^S*^''"« 


(W). 


since,  for  r>a,  dS/dx  is  a  spherical  harmonic  of  order  -  3.  And 
f^dS/dxia  [App.  B.  (13)]  a  solid  harmonic  of  degree  2:  hence 
if  [dS/cbi\  denote,  for  any  point  within  the  spherical  space,  the 
same  algebraic  expression  as  dS/dx  by  (10)  for  the  external  space, 

3-7-    is  a  function  which,  for  all  the  interior  space,  satisfies 

the  equation  V'u  ==  0,  and  is  equal  to  r'dS/dx  for  points  infinitely 

r*  rdSl 
near  the  surface,  outside  and  inside  i*espectively.    Hence  -s    3~ 

for  interior  space,  and  r*  dS/dx  for  exterior  space,  constitute  the  Force 
potential  of  a  distribution  of  matter  of  density  ^dS/irdx  outside  anfformly 
the  spherical  space  and  zero  within,  and,  so  £eir  as  yet  tested,  poriSpnof 
any  layer  of  matter  whatever  distributed  over  the  separating  hom<Uen6- 
spherical  surface.     To  find  the  surface  density  of  this  layer  we  ^"*  **  ^ 
first,  for  an  exterior  point  infinitely  near  the  surface,  take 

and,  for  an  interior  point  infinitely  near  the  surface, 
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Force 
applied 
uniformly 
to  spherical 
portion  of 
infinite 
homoffene- 
ousiolid. 


d 


d 


Then,  remembering  that  a;^-+y-T-  +  «yis  the  same  as  r  ^ , 
accordiog  to  the  notation  of  App.  A.  (a);  we  find  [by  App.  B.  (5)] 

{R}  =  r^,   and[i?]  =  -2-.[^J. 

Therefore,  as  r'  d^jdx  for  external  space  is  independent  of  r,  and 
as  r  differs  infinitely  little  from  a  for  each  of  the  two  points. 

But  {R}  and  \K\  being  the  radial  components  of  the  force  at 
points  infinitely  near  one  another  outside  and  inside,  correspond- 
ing to  the  supposed  distribution  of  potential,  it  follows  from  §  478 
that  to  produce  this  distribution  there  must  be  a  layer  of  matter 

on  the   separating  surface,   having  j-  {{R}  —  [J?])   for  surface 

density.     But,  inasmuch  as  {i?}  —  [K]  is  a  surface  harmonic  of 

the  second  order,  the  potential  due  to  that  surface  distribution 

alone  is  [§  536  (4)] 

r" 
\  {{R}  -  [jB])  -  through  the  inner  space, 


a 


a 


and  \  ({R}  -  [RJ)  -^  through  the  outer  space; 

or,  according  to  the  value  found  above  for  {R}  —  [R], 

—s\-j~\  through  the  inner  space, 


8 
T 


and 


,^8 


f  a*  -J-  through  the  outer  space. 


Subtracting  now  this  distribution  of  potential  from  the  whole  dis- 
tribution formerly  supposed,  we  find 

f  -3    -T-     for  the  inner  space,  and  (r*  —  fa")  -j-  for  the  outer, 

as  the  distribution  of  potential  due  simply  to  an  external  dis- 
tribution of  matter,  of  density  ^dS/vdx,  with  no  surface  layer. 
Hence,  and  by  (14),  we  see  that  the  solution  of  (12)  is 


r<a^ 


(15). 


dsc 
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And  [(8)  showiog  that  TJ  in  the  potential  of  a  distribution  of 
matter  of  density  equal  to  X/4im]  as  JT  is  constant  through  the 
spherical  space  and  zero  everywhere  outside  it,  we  have 


(16). 


X 
U=^  (3a*-r^  for  r<a, 

c7=o for  r>cb, 

on  r 

Thia,  with  (13),  (15),  and  (10),  gives  by  (7)  ^^ 

for  r<a, 


(17), 


18«( 
and  for  r>a, 

''=i8;K^r^)f(2»'+3»)--«.(^-i«')^ — /— } 

with  symmetrical  expressions  for  )3  and  y, 

731.  A  detailed  examination  of  this  result,  with  graphic 
illustrations  of  the  displacements,  strains,  and  stresses  con- 
cerned, is  of  extreme  interest  in  the  theory  of  the  transmission 
of  force  through  solids;  but  we  reluctantly  confine  ourselves 
to  the  solution  of  the  general  problem  of  §  730. 

To  deduce  which,  we  have  now  only  to  remark  that  if  a  becomes  Dbplaoe- 
infinitely  small,  X,  F,  Z  remaining  finite,  the  expressions  forSl^'^a 
a,  P,  y  become  infinitely  small,  even  within  the  space  of  applica-  puiStoan 
tion  of  the  force,  and  at  distances  outside  it  great  in  comparison  ilS^i^^ 

with  a,  they  become  Sfit^^tio 

■olid. 

^  =  etc.,     y=etc.  J 

where  V  denotes  the  volume  of  the  sphere.  As  these  depend 
simply  on  the  whole  amount  of  the  force  (its  components  being 
XVy  YVj  ZV)y  and  when  it  is  given  are  independent  of  the 
radius  of  the  sphere,  the  same  formulsB  express  the  efiect  of  the 
same  whole  amount  of  force  distributed  through  an  infinitely 
small  space  of  any  form  not  extending  in  any  direction  to  more 
than  an  infinitely  small  distance  from  the  origin  of  co-ordinates. 
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a= 


24im(! 


P^ 


y^ 


24Tn( 


Hence,  recarring  to  the  notation  of  §  730  (6),  we  Lave  for  the 
required  general  solution 


24Tn(m+n) 

where  I)  =  ^{(^5  -  ^7  +  (^  "  y')"  +  («  -  «T}, 

///  denotes  integration  through  all  space,  and  X\  7\  Z'  are  three 
arbitrary  functions  of  a?',  y',  ^  restricted  only  by  the  oonvergency 
condition  of  §  730. 


(19). 


J 


Displaoe- 
mentpTO- 
dooed  oy 
any  disfcri- 
bttti(maf 
force 

through  Ml 
infinite 
elMtioiolid. 


This  solution  was  first  given,  though  in  a  somewhat  different 
form,  in  the  Cambridge  and  Btiblin  McUhematical  Jourrud,  1848, 
On  the  Agitations  of  Equilibrium  of  an  Elastio  Solid,  [See 
Mathematical  and  Physical  Papers^  Stokes,  Yol.  i.] 

Comparing  it  with  (9),  we  now  see  the  promised  reduction  of 
the  sextuple  integral  inyolved  in  that  expression  to  a  triple 
integral. 

The  process  (e)  by  which  it  is  effected  consists  virtually  of 
the  evaluation  of  a  certain  triple  integral  by  the  proper  solution  of 
the  partial  differential  equation  V*F+  4irp  =  0  [like  that  formerly 
worked  out  (§  649)  for  the  much  simpler  case  of  p  merely  a 
function  of  r\  Proof  of  the  result  by  direct  integration  is  a 
good  exercise  in  the  integral  calculus. 

Application  732.  In  §§  730,  731  the  imagined  subject  has  been  a  homo- 
or§e96.  geneous  elastic  solid  filling  all  space,  and  experiencing  the 
effect  of  a  given  distribution  of  force  acting  bodily  on  its 
substance.  The  solution,  besides  the  interesting  application 
indicated  in  §  731,  is  useful  for  simplifying  the  practical  pro- 
blem of  §  696,  by  reducing  it  immediately  to  the  case  in  which 
no  force  acts  on  the  interior  substance  of  the  body,  thus: — 


General 
problem  of 
fi  696  reduced 
to  case  of  no 
bodily  foroa 


The  equations  to  be  satisfied  being  (6)  of  §  698,  throughout 
the  portion  of  space  occupied  by  the  body,  and  certain  equations 
for  all  points  of  its  boundary  expressing  that  the  surface  displace- 
ments or  tractions  fulfil  the  prescribed  conditions;  let\  ^/3,  ^y 
be  fimctions  of  (x,  y,  «),  which  satisfy  the  equations 
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j»o  j\^  j\© 

wv*  a  +  w»  ^  +  J  =  0,  nv"i3  +  m  ^  +  7=  0,  ny*  y  +  m  -^  +  -^  =■  0, 

where,  for  brevity,  >  (1), 

^«     rf*a      fl?'^      ei'y 

through  the  apace  occupied  by  the  body.    Then,  if  -we  put 

a=\  +  a„  P^'P  +  P.,  y= V  +  r„ (3), 

we  see  that  to  complete  the  solution  we  have  only  to  find  a^,  )3^, 
y,,  as  determined  by  the  equations 


8  =^+^'+?^' 

'       fl&B         dy         £&  ' 


(3) 


to  be  fulfilled  throughout  the  space  occupied  by  the  body,  and 
certain  equations  for  all  points  of  its  boundary,  found  by  sub- 
tracting from  the  prescribed  values  of  the  surface  displacement 
or  traction,  as  the  case  may  be,  components  of  displacement  or 
traction  calculated  from  'a,  ^j8,  ^y. 

Values  for  \  ^y3,  y  may  always  be  found  according  to  §§  730, 
731,  by  supposing  equations  (l)§732to  hold  through  all  space, 
and  JT,  T,  Z  to  be  discontinuous  functions,  having  the  given 
values  for  all  points  of  the  body,  and  being  each  zero  for  all 
points  of  space  not  belonging  to  it.  But  all  that  is  necessary  is 
that  (1)  be  satisfied  through  the  space  actually  occupied  by  the 
body;  and  in  some  of  the  most  important  practical  cases  this 
condition  may  be  more  easily  fulfilled  otherwise  than  by  deter- 
mining \  ^)3,  ^y  in  that  way  with  its  superadded  condition  for 
the  rest  of  space. 

733.    Thus,  for  example,  let  us  suppose  the  forces  to  be  ^"p^'^* 
such  that  Xdx  -h  Ydy  -{-Zdz^  is  the  differential  of  a  function,  W, 

^  Let  m  be  the  mass  of  any  small  part  of  the  body,  x,  y,  z  its  co-ordinateB  at 
any  time,  and  Pm,  Qm,  Rm  the  components  of  the  force  acting  on  it.  If  the 
system  be  conservative,  Pdx  +  Qdy-^Rdt  most  be  the  differential  of  a  function  of 
«,  y,  f.  Let,  for  instance,  the  forces  on  all  parts  of  the  body  be  due  to  attractions 
or  repolsions  from  fixed  matter;  and  let  the  particle  considered  be  the  matter  of 
the  body  within  an  infinitely  small  volume  &cdydc.  Then  we  have  Pm=X8ac8y8z, 
eto. ;  and  therefore,  if  p  be  the  density  of  the  matter  of  m,  so  that  pSxSyiz  =m, 
we  have,  in  the  notation  of  the  text,  Pp^X,  Qp=Y,  Ep  =  Z\  and  therefore 
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i«p«^Mit  of  X,  y,  z  considered  as  independent  variables.  This  assump- 
tion  includes  some  of  the  most  important  and  interesting 
practical  applications^  among  which  are — 

(1)  A  homogeneous  isotropic  body  acted  on  by  gravitation 
sensibly  uniform  and  in  parallel  lines,  as  in  the  case  of  a  body 
of  moderate  dimensions  under  the  influence  of  terrestrial 
gravity. 

(2)  A  homogeneous  isotropic  body  acted  on  by  any  distribu- 
tion of  gravitating  matter,  and  either  equilibrated  at  rest  by 
the  aid  of  surface-tractions  if  the  attracting  forces  do  not  of 
themselves  balance  on  it;  or  fulfilling  the  conditions  of  in- 
ternal equilibrium  by  the  balancing,  according  to  D'Alembert's 
principle  (§  264)  of  the  reactions  against  acceleration  of  all 
parts  of  its  mass  and  the  forces  of  attraction  to  which  it  is 
subjected,  when  the  circumstances  are  such  that  no  accele- 
ration .of  rotation  has  to  be  taken  into  account.  To  this  case 
belongs  the  problem,  solved  below,  of  finding  the  tidal  deforma- 
tion of  the  solid  Earth,  supposed  of  uniform  specific  gravity  and 
rigidity  throughout,  produced  by  the  tide-generating  influence 
of  the  Moon  and  Sun. 

(3)  A  uniform  body  strained  by  centrifugal  force  due  to 
uniform  rotation  round  a  fixed  axis. 

But  it  does  not  include  a  solid  with  any  arbitrary  non- 
uniform distribution  of  specific  gravity  subjected  to  any  of 
those  influences;  nor  generally  a  piece  of  magnetized  steel 
subjected  to  magnetic  attraction ;  nor  even  a  uniform  body 
fulfilling  the  conditions  of  internal  equilibrium  under  the  in- 
fluence of  reactions  against  acceleration  round  a  fixed  axis 
produced  by  forces  applied  to  its  surface. 

Xdx+  Ydy  +  Zdx  is  or  is  not  a  oomplete  differential  according  as  p  is  or  is  not  a 
ftmction  of  the  potential;  that  is  to  say,  according  as  the  density  of  the  body  is 
or  is  not  uniform  over  the  eqoipotential  surfaces  for  the  distribution  of  force  to 
which  (P,  Q,  jR)  belongs.  Thus  the  condition  of  the  text,  if  the  system  of  foroe 
is  conservatiye,  is  satisfied  when  the  body  is  homogeneous.  But  it  is  satisfied 
whether  the  system  be  conservative  or  not  if  the  density  is  so  distributed,  that, 
were  the  body  to  lose  its  rigidity,  and  become  an  incompressible  liquid  held  in  a 
closed  rigid  vessel,  it  would  (§  755)  be  in  equilibrium. 
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We  have,  acoording  to  the  present  assumption, 


-^=X  ^^=7  -^=Z 
dx        ^   dy        *    dz 

dX     dY     dZ       ,_— . 

-,-+   -T-+    -T-=  V    W\ 


(4). 


ndnoMlto 
cue  of  no 
bodily  force. 


which  rive  ,     •     ,     •     , 

dx       dy      dz 

Hence,  for  '8  as  in  §  730  (a)  for  8, 
which  is  satisfied  by  the  assumption 


^S=- 


w»  +  n 


(5). 


Next,  introducing  these  assumptions  in  (1)  of  §  732,  we  see  that 
these  equations  are  finally  satisfied  by  values  for  \  ^)9,  ^y, 
assumed  as  follows  : — 


a  = 


d^     .^        1 


cf^ 


1      'd^ 


7  = 


(6). 


»»  +  7ic2aj'    ''    m-^ndy^     ^     m-^n  dz 
where  ^  is  any  function  satisfying  v*^  =  —W. 

Further,  we  may  remark  that  if  TF  be  a  spherical  harmonio 
[App.  B.  (a)],  a  supposition  including,  as  we  shall  see  later, 
the  most  important  applications  to  natural  problems,  we  have  at 
once,  from  App.  B.  (12),  an  integral  of  the  equation  for  ^,  as 
follows : — 

^    (7); 


^=- 


w. 


:i(2t  +  3)"' 

where  the  suffix  is  applied  to  TT  to  denote  that  its  degree  is  t. 

734    The  general  problem  of  §  696  being  now  reduced  to  Problem  of 
the  case  in  which  no  force  acts  on  the  interior  substance,  itnoforoe 
becomes  this,  in  mathematical  language : — ^To  find  a,  fi,  y,  three  lurfMet 
functions  of  {x,  y,  z)  which  satisfy  the  equations 


**W      df    -d? 


J  dx\dx     dy     dz) 

\dx*      rfy      dz*  J  dy  \dx     dy     dz) 

nte  +  ^+f^'j  +  m-^  (^^i^^^\^0 
\dx*      dy^      dz' )  dz  \dx     dy      dz) 


(1) 
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fSSS'SSh'  ^^^  ^^^  points  of  space  occupied  by  the  body,  and  the  proper 
^mtoTtf  equations  for  all  points  of  the  boundary  to  express  one  or  other 
lortece:  ^^  j^y  sufficient  combination  of  the  two  surface  conditions 
indicated  in  §  696.  When  these  conditions  are  that  the 
surface  displacements  are  given,  the  equations  expressing  them 
are  of  course  merely  the  assignment  of  arbitrary  values  to 
o,  fi,  y  for  every  point  of  the  bounding  surface.  On  the  other 
hand,  when  force  is  arbitrarily  applied  in  a  fully  specified 
manner  over  the  whole  surface,  subject  only  to  the  conditions 
of  equilibrium  of  forces  on  the  body  supposed  rigid  (§  564),  in 
its  actual  strained  state,  and  the  problem  is  to  find  how  the 
body  yields  both  at  its  surface  and  through  its  interior,  the 
conditions  are  as  follows  : — Let  dil  denote  an  infinitesimal 
element  of  the  surface ;  and  F,  O,  H  functions  of  position  on 
the  surface,  expressing  the  components  of  the  applied  traction. 
These  functions  are  quite  arbitrary,  subject  only  to  the  follow- 
ing conditions,  being  the  equations  [§  651  (a),  (6)]  of  equili- 
brium of  a  rigid  body  : — 

eqB.tioii.of  jjFdn=o,  jjGda^o,  jjHda^o  i 

Swh?rt£//(fly--Gf-?yn=  0,  Jf{Fz^Hx)da  =  OJJ{Gx-Fy)da=oy'"^^^' 

■urfue- 

•rosu^ect  and  the  strain  experienced  by  the  body  must  be  such  as  to 


•UXfB06- 

condition, 
when  trac- 
tions are. 
given. 


Bqnationiof  Satisfy  for  every  point  of  the  surface  the  following  equations ; — 

|(«.n)£.(.-n)(g.|)f..n(^%-)/.n(f.g),=H 

which  we  find  by  (1)  of  §  662,  with  (6)  of  §  670,  with  (5)  of  §  693, 
and  (5)  of  §  698 ',  /,  ff,  h  being  now  taken  to  denote  the  direc- 
tion-cosines of  the  normal  to  the  bounding  surface  at  {x,  y,  z). 

Problem  of       736.     The  solutiou  of  this  problem  for  the  spherical  shell 

forflphericai  (§  696),  fouud  by  aid  of  Laplace's  spherical  harmonic  analysis, 

was  first  given  by  Lamd  in  a  paper  published  in  LiouviUes 

Journal  for  1854.    It  becomes  much  simplified^  by  the  plan 

1  •<  Dynamical  Problems  regarding  Elastic  Spheroidal  Shells,  and  Spheroids 
of  Incompressible  Liquid."    W.  Thomson.    PhiL  Traru,,  1862. 
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we  follow  of  adheriDfiT  to  algebraic  notation  and  symmetrical  Problem  of 

f  696  boItmI 

formulae  [App.  B.  (l)-(24)],  until  convenient  practical  expan-*  for«pherio»i 
sions  of  the  harmonic  functions,  whether  in  algebraic  or  trigono- 
metrical forms,  are  sought  [App.  B.  (25)-(41),  (56)-(66)]. 

(a)  Using  for  brevity  the  same  notation  8  and  v'  as  hitherto 
[§  698  (8)  (9)],  we  find,  from  (1)  of  §  734,  by  the  process  (a)  of 
§  730,  v"S  =  0. 

(b)  Now  let  the  actual  values  of  8  over  any  two  concentric  nflatation 
spherical  surfaces  of  radii  a  and  a'  be  expanded,  by  (52)  of  prenibieia 
App.  B.,  in  series  of  surface  harmonics,  S^,  S^y  S,,  etc.,  and  MriM^f^ 
^o>  '^i  >  '^«»  ®*^-  y  ^  *^**  when  SAimsnics. 

f*  =  a,    0  =  Sq  +  S^-h Sg+  .. .S^  +  . . .      )  ... 

and  r  =  a',    8  =  ^5'^  +  ^?, +  /S',+ ...Ay,+ ...  J 

Then,  throughout  the  intermediate  space,  we  must  have 

0  Lb  ^  Ut 

For  (i)  this  series  converges  for  all  values  of  r  intermediate 
between  a  and  a',  as  we  see  by  supposing  a'  to  be  the  less  of  the 
two,  and'  writing  it  thus : — 

8  =  S8,+  l8.|., (6) 

0  0 

where  8,,  8_|_j  are  solid  harmonics  of  degrees  i  aud  -t—  1  given 
by  the  following : — 


«,= 


— Atbtt-Q'.  and  8_._.=  --^-™(^y. 


For  veiy  great  values  of  i  these  become  sensibly 
8.  =  5'.gy,  and8_._.  =  ^.(^)"', 

and  therefore,  as  each  of  the  series  (4)  is  necessarily  convergent, 
the  two  series  into  which  in  (6)  the  expansion  (5)  is  divided, 
ultimately  converge  more  rapidly  than  the  geometrical  series 

©'.  ©"■•©'•' -^{W'ir. '($)"•■■■■ 

respectively. 
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Again  (ii)  the  expression  (5)  agrees  with  (4)  at  the  boundaiy 
of  the  space  referred  to  (the  two  concentric  spherical  sarfaces). 

And  (iii)  it  satisfies  V'8  =  0  throughout  the  space. 

Hence  (iv)  no  function  differing  in  value  from  that  given  bj 
(5),  for  any  point  of  the  space  between  the  spherical  surfaces,  can 
[A  pp.  A.  («)]  satisfy  the  conditions  (iii)  and  (iv)  to  which  8  is 
subject. 

In  words,  this  conclusion  is  that 

General  736.    Any  iiinctioD,  By  of  X,  y,  Zy  which  satisfies  the  equation 

ganUncex-  ^'^  =  0  fof  any  point  of    the  space  between  two    concentric 

inaoiid'      Spherical  surfaces,  may  be  expanded  into  the  sum  of  two  series 

of  complete  spherical  faarmonics  [App.  B.  (c)]  of  positive  and 

of  negative  degrees  respectively,  which  converge  for  all  points 

of  that  space. 


{c)   We  may  now  write  (6),  for 'brevity,  thus — 


8=  5  8, 

—    Of*  " 


(7). 


Displi 
ment  deter- 
mined on 
temporary 
supposition 
that  dilata- 
tion is 
known. 


where  8^,  a  complete  harmonic  of  any  positive  or  negative  degree, 
f,  is  to  be  determined  ultimately  to  fulfil  the  actual  conditions  of 
the  problem.  But  first  supposing  it  known,  we  find  a,  /3,  y  as  in 
§  730  {d)y  except  that  now  we  take  advantage  of  the  formulie 
appropriate  for  spherical  harmonics  instead  of  proceeding  by 
triple  integration.     Thus,  by  (1)  and  (7),  we  have 


dSf  . 


and  therefore,  as  -7-'  is  a  harmonic  of  degree  t—  1,  by  taking,  in 

App.   B.   (12),   n  =  t~l  and  f9i=2,  we  see  that  the  complete 
solution  of  this  equation,  regarded  as  an  equation  for  a,  is 

wr*  ^      1      c?8, 


a=u  — 


2n      2i+l  dx' 


where  u  denotes  any  solution  whatever  of  the  equation  v'u  =  0. 
Similarly,  if  t;  and  w  denote  any  functions  such  that  ^*v  =  0  and 
v'lo  =  0,  we  have 


1      A 


wr* 


1      dS, 


2n      2i+l  dy 


TL  du'  '^^  >=«'-2;r^  2m  di- 
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(d)    Now,  in  order  that  (1)  may  be  satisfied,  S^  must  be  so  Complete 
related  to  u,  v^  w  that  solution  of 

equations 
da      dB      dy      ^      ^^  ofin*t"«f 

dx     dy     dz 

Hence,  by  difii^rentiating  the  expressions  just  found  for  a,  )9,  y, 
and  attending  to  the  formula 

d       d 


dx\    dxj     dy\     dy)      dz\     dz  J 


=K'^^^^I''*S*>''''^'*' 


^^  being  any  homogeneous  function  of  degree  i^  we  find 


_,«     du     dv     dw     m  ^ 
28,  =  —  +  —  +  -, 2 


K 


dx     dy     dz      n      2t  + 1 
This  gives 

du     dv     (ftg         (2i+l)n+tm  ^ 

dx     dy     dz  "^       (2i+l)n       ' ^  ^' 

If,  therefore,  2t£o  2v,,  211^,  be  the  harmonic  expansions  (§  736) 
of  t£,  V,  f(7  we  must  have 


(2i+l)n       /dUf 


dv. 


^^i^i 


'    (2i  +  1)  n  +  m  \  £2sB         dy         dz 


) 


,(10). 


Using  this,  with  i  changed  into  t  -  1,  in  the  preceding  expressions 
for  a,  /},  y,  we  have  finally,  as  the  spherical  harmonic  solution 
of  (1),  §  734, 


...(11), 


where  t^^y  v,,  t^^  denote  any  spherical  harmonics  of  degree  ». 

For  the  analytical  investigations  that  follow,  it  is  convenient 
to  introduce  the  following  abbreviations : — 

'■"^(2i-l)w  +  (i-l)w» 


(12), 


and 


_dUf     dv,     dWf 


(13), 
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(U). 


SO  that  (11)  becomes 

(e)  It  is  important  to  remark  that  the  addition  to  t6,  r,  io  re- 
spectively of  terms  d<l>fdx,  d<l>/di/,  d<l>/dz  (^  being  any  function 
sati8f3ring  ^'^=0),  does  not  alter  the  equation  (10).  This 
allows  us  at  once  to  write  down  as  follows  the  solution  of  the 
problem  for  the  solid  sphere  with  surface  displacement  given. 

Let  a  be  the  radius  of  the  sphere,  and  let  the  arbitrarily  given 
values  of  the  three  components  of  displacement  for  every  point 
of  the  surface  be  expressed  [App.  B.  (52)]  by  series  of  surface 
harmonics,  2-4<,  S^<,  2i?<,  respectively.     The  solution  is 


m  (a*  —  r") 


2a*[{2i-l)n+(i-l)m]    dx 

m  (g*  -  r*) rf0<_j 

2a'  [(2i  -l)n  +  {%  -  1)  m]~dy 

m  (a'  -  r*)  d®^_^ 

2a'[(2i-l)w+(i~l)m]~^ 


} 
} 
} 


.h«,      »,  ^.iMA  jj?^  jjm 

*         dx  dy  dz 

For  this  is  what  (11)  becomes  if  we  take 


(16). 


«,=^.Q 


m 


d® 


i+\ 


,  t?<=  etc.,  etc. ; 


2a*[(2i  +  3)n+{i+l)m]   dx 
and  it  makes 

a  =  Sii„  p  =  :iB^,  y  =  SCo  when  r  =  a (16). 

This  result  might  have  been  obtained,  of  course,  by  a  purely 
analytical  process;,  and  we  shall  fall  on  it  again  as  a  partictdar 
case  of  the  following: — 

(/)  The  problem  for  a  shell  with  displacements  given  arbitrarily 
for  all  points  of  each  of  its  concentric  spherical  bounding  sur- 
faces is  much  more  complicated,  and  we  shall  find  a  purely 
analytical  process  the  most  convenient  for  getting  to  its  solution. 
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Let  a  and  a'  be  the  radii  of  the  outer  and  inner  spherical  surfaces,  Shell  with . 
and  let  ^A^y  etc.,  ^A\,  etc.,  be  the  series  of  surface  harmonics  placements 
expressing  [App.  B.  (52)]  the  arbitrarily  given  components  of  and  inner 
displacement  over  them;  so  that  our  surface  conditions  are 

a=S^,]  a=24',]  ] 

i8  =  SA  >  wten  r  =  a ;  and  j3  =  2^,  i  when  r  =  a'  i. ..(17). 

Using  the  abbreviated  notation  (12)  and  (13),  selecting  from  (14) 
all  terms  of  a  which  become  surface  harmonics  of  order  i  for  a 
constant  value  of  r,  and  equating  to  the  proper  harmonic  terms 
of  (17),  we  have 

.,*...,-^(i^,..%^i^.,.,*^){:j;;':»:::j...(i8). 

Remarking  that  r~*Ut,  r**^u_f_^y  r"*Wi/r^^ycfo,  and  r^^^cblf^jdx  are 
each  of  them  independent  of  r,  we  have  immediately  from  (18) 
the  following  two  equations  towards  determining  these  four 
functions: — 

and  }(19). 

These,  and  the  symmetrical  equations  relative  to  y  and  z,  suffice, 
with  (13),  for  the  determination  of  u^^  t?,,  w^  for  every  value, 
positive  and  negative,  of  i.  The  most  convenient  order  of  pro- 
cedure is  first  to  find  equations  for  the  determination  of  the  ^ 
functions  by  the  elimination  of  the  u,  Vy  w,  thus: — From  (19) 
we  have 


(a»^»  -  a'«+')  M^^*±^  +  (a«  -  a'^)M^i+ir^^  ^-'  +  {a^^A ,  -  a'^+^A\y 


«-«-!  = 

-  (aa')»+»(a^  -  o'»)3/^4^«-i  ^^  +  {aa')^{a^'^  -  a** -^)M_t^i^^  +  (aaO*+i  {a* A  '<  -  a'* At)  f-*'^ 

and  symmetrical  equations  for  v  and  w.     Or  if,  for.  brevity,  we 
put 
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•nd  inner 


and 


w,=iW, 


c^^*'*- 


•  ■••■(^v). 


'+•  dx 

W-,-i  =  -  -!»<+/•        -^   +  iW  -'+» dic'        ' 

t;^  =  etc.,  v„^_,  =  etc.,  w^  =  etc.,  w>.<_,  =  etc.       J 

Ferfonning  the  proper  differentiations  and  summations  to  elimi- 
nate the  Uy  V,  to  functions  between  these  (23)  and  (13),  and 
taking  advantage  of  the  properties  of  the  if/  functions,  that 


X 


dx 


dz 


we  find 


and 


>  (2i). 


Changing  i  into  t  + 1  in  the  first  of  these,  and  into  t  —  1  in  the 
second,  we  have  two  equations  for  the  two  unknown  quantities 
^^  and  ^_<.i;  which  give 


^i 


®,  +  (2t  +  3)(t  +  l)ift_^'_,_,r"*' 
"  1  -  (2t  +  3)  (2t  - 1)  (f  +  l)tK^,+, 

_     (2t-i)«ia„.e^-'-+®'.,.. 
^-'-'  1  -  (2t + 3)  (2t  - 1)  (t + 1)  »4a_,ja<^, 

where,  for  brevity, 

\  dx  dy  dz 

and    0',    ^d(V_,r-')^d(^'_r')^d(<S.'_,r^') 
"   *  (3^  c2x  db; 


(25), 


,(26). 


The  functions  \|f^  and  ^„i_i  for  evqiy  value  of  %  being  thus  given, 
(23)  and  (14)  complete  the  solution  of  the  problem. 
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(jgi)     The  composition  of  this  solution  ought  to  be  carefully  Shell  with 
BtudiecL     Thus  separating  for  simplicity  the  part  due  to  the  placements 
terms  A^j  etc.,  A\^  etc.,  of  the  single  order  t,  in  the  surface  data^  and  inner 
we  see  that  were  there  no  such  terms  of  other  orders,  all  the  if/  ' 
functions  would   vanish  except   ^<_i,  ^^^,,   ^_^y  j/r_,_,.     These 
would  give  w<_,,  w^,  w^^,,  w„f+,,  w_<.i,  and  w_,_3;  with  symmetri- 
cal expressions  for  the  v  and  w  functions;  of  which  the  composi- 
tion will  be  best  studied  by  first  writing  them  out  in  full,  explicitly 
in  terms  of  9^,  3^^,  0^,  9i\f  li\,  &\,  and  the  deiived  solid  har- 
monics ©|_i  and  ©'_<_8. 

737.  When,  instead  of  surface  displacements,  the  force  f^JJ^S^s 
applied  over  the  surface  is  given,  the  problem,  whether  for  the  ^^^^ 
solid  sphere  or  the  shell,  is  longer  because  of  the  preliminary 
process  (A)  required  to  express  the  components  of  traction  on 
any  spherical  surface  cono^ntric  with  the  given  sphere  or  shell, 
in  proper  harmonic  forms ;  and  its  solution  is  more  complicated, 
because  of  the  new  solid  harmonic  function  ^^,  [(32)  below] 
which,  besides  the  function  yfr^^^  employed  above,  we  are 
obliged  to  introduce  in  this  preliminary  process. 

(A)  Taking  F^  G,  Hto  denote  the  components  of  the  ti-action 
on  the  spherical  surface  of  any  radius  r,  having  its  centi*e  at  the 
origin  of  co-ordinates,  instead  of  merely  for  the  boimdaiy  of  the 
body  as  supposed  formerly  in  §  734  (3),  we  have  still  the  same 
formula :  but  in  them  we  have  now  to  put/=  x/r,  g  =  y/r,  h  =  zjr. 
"By  grouping  their  terms  conveniently,  we  may,  with  the  notation 
(28),  put  them  into  the  following  abbreviated  forms : — 


di)^ 


iV  =  (m-w)8.a:+n|^r|;-l)a+^} 
(?r  =  («.-.)8.y  +  n{(.|-l)/5+|} 


(27), 


Component 
tractions  on 
any  spheri- 
cal surfaoo 
concentric 
with  origin. 


where 
and 


d         d         d      ^  d 

dz 


dr       dx     *^  dy 


(28), 


BO  (hat  ilr  is  the  radial  component  of  the  displacement  at  any 

19—2 
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pointy  and  didr  prefixed  to  any  function  of  a:,  y,  z  denotes  the 
rate  of  its  variation  per  unit  of  length  in  the  radial  direction. 

It  is  interesting  to  remark  tliat  if  we  denote  by  R  the  radial 
component  of  the  traction,  we  find,  from  (27)  and  (28), 

E  =  lF.y-G.lH  =  (r.-n)^.'i(fy^ (280- 

(Jc)  To  reduce  these  expressions  to  surface  harmonics,  let  us 
consider  homogeneous  terms  of  degree  t  of  the  complete  solution 
(U),  which  we  shall  denote*  by  a,,  ^3,,  y„  and  let  3<_,,  C+i 
denote  the  corresponding  terms  of  the  other  functions.  Thus 
we  have 


i?V  =  2|(w-n)8,_,aj  +  n(i-l)a,  +  w-^| 
6^r=s{(m-n)8,.,y  +  n(t-l)A  +  w^J 
^r=s{(»i-w)8,.,2;  +  w(t-l)y,  +  »^J 


...(29). 


(Z)  The  second  of  the  three  terms  of  order  %  in  these  equa- 
tions, when  the  general  solution  of  §  (eQ  is  used,  become  at  the 
boundary  each  explicitly  the  sum  of  two  surface  harmonics  of 
orders  t  and  t  -  2  respectively.  To  bring  the  other  parts  of  the 
expressions  to  similar  forms,  it  is  convenient  that  we  should 
first  express  ti^^  in  terms  of  the  general  solution  (14)  of  §  (J), 
by  selecting  the  terms  of  algebraic  degree  t.     Thus  we  have 


wir* 


d^*-, 


(30), 


***"**'    2[(2i-l)»  +  (i-l)m]   dx 
and  symmetrical  expressions  for  P^  and  y^,  firom  which  we  find 

Hence,  by  the  proper  formulse  [see  (36)  below]  for  reduction  to 
harmonics, 

1     f(2t-l)[(t~l)m-2n]  . 

^'«  =     2rK[l2X(2t-l)n  +  (i-l)m]'^^'-»^*'*7'--^^^^' 

*  The  BufiixeB  now  introduced  haye  reference  solely  to  the  algebraic  degree, 
positive  or  negative,  of  the  functions,  whether  harmonic  or  not,  of  the  symbols 
to  which  they  are  applied. 
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vbere 


Component 
tnusiioM  on 


*  \        ax  dy  dz         )       ^      ''       ooncentrie 


and  (as  before  assumed  in  §  12) 


with  origin 


dUi     dvi     dWi 


(33). 


.(34). 


htnnoni* 
es- 
preued. 


dx      dy      dz 

Also,  by  (10)  of  §  736,  or  directly  fix)in  (30)  by  differentiation, 

we  bave 

n(2t-l) 

'-»""(2i-l)n  +  (t-l)w^'-' 

Substituting  tbese  expressions  for  8,.^,  Og,  and  i^^^  in  (29),  we 
find 

i^      xj/    /•    IX        n(2»-l)[(i  +  2)7n-(2i-l)n]     , 
I    ^        '  (2i+l)[(2*-l)w  +  (»-l)w>]     ^    * 

n[2t(t-l)m^(2t~l)n]        di^,., 5_  ^^)     .g.v       J;™ 

(2i  +  l)[(2t-l)»  +  (i-l)«i]       rfoj       2t+l    dx  y"^    ''      P«« 

This  is  reduced  to  the  required  harmonic  form  by  the  obviously 
proper  formula 

Thus,  and  dealing  similarly  witb  the  expressions  for  Qr  and  Hr^ 
we  have,  finally. 


^  (37), 


...(38). 


where  [as  above  (1 2)1     J/i  =  i  y^p — i-r t-^^ — 

*•  \    /j»        «    2  ^2i-l)w+(t-l)m 

J  r  _.!.•        r-  (t  +  2)w-(2i-l)n 

and  now,  further,     E^  =  .q.   \>r/o- — T^ 1-     i\    i 

'       •     (2i+l)  [(2i-l)»  +  (i-l)«»J 

(m)    To  express  the  surface  conditions  by  harmonic  equations  Prra^fbed 
for  the  shell  bounded  by  the  concentric  spherical  surfaces,  r^a^  ditions  put 
T^diy  let  us  suppose  the  superficial  values  of  ^,  &,  i?  to  be  moniot. 
given  as  follows : — 


when 
and  when 


T^a,  F=^A,,  0^%B,,  n^%C,  1  ,3^. 
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where  At,  j?<,   C^,   A'f,  B\,  C\  denote  surface  harmonics  of 
order  i. 


Equations  of 
equilibriam 
to  which  the 
surfboe 
tractions 
are  subject 


Limitations 
imposed  on 
the  other- 
wise arbi- 
trary har- 
monic data 
of  surface 
tractions, 
for  their 
equilibrium. 


To  apply  to  this  harmonic  development  the  conditions  §  734 
(2)  to  which  the  surface  traction  is  subject,  let  a'dm  and  a'^dm 
be  elements  of  the  outer  and  inner  spherical  surfaces  subtending 
at  the  centre  (§  468)  a  common  infinitesimal  solid  angle  dm: 
and  let  JJdm  denote  integration  over  the  whole  spherical  surface 
of  unit  radius.     Equations  (2)  become 

J7(for2(a«^,-a'M',)=0,  etc.;  and  j7'dtD[2^S(a*C!'<-o'=C'0-zS(a«J5,-c«^B'<)]=0,  etc.  (40), 

Now  App.  B.  (16)  shows  that,  of  the  first  three  of  these,  all 
terms  except  the  first  (those  in  which  t  =  0)  vanishes ;  and  that 
of  the  second  three  all  the  terms  except  the  second  (those  for 
which  i=l)  vanish  because  x^  y,  z  are  harmonics  of  order  1. 
Thus  the  first  three  become 

'wliich,  as  Jg,  A'^  etc,  are  constanta,  require  umply  tbat 

a'^.  =  a"^'^  a'B,  =  a'*ff^  a'C^^a-C, (41). 

The  second  three  are  equivalent  to 

r(a^A,-a^A\)=^,  r{aW,-a'^B\)=^  ,r(a^C,-a'^C^^^  (42), 

where  i7,  is  a  homogeneous  function  of  a;,  y,  z  of  the  second 
degree.  For  [App.  B.  (a)]  r-4,,  rA\y  etc.,  are  linear  functions 
of  X,  y,  z.  If  therefore  (^,  x),  (A,  y),.,{B,  a;)... denote  nine 
'constants,  we  have 

r  {a^A^  -  a'*A\)  =  {A,  a)  a;  +  (i,  y)  y  +  {A,  z)  », 

r(a'A-a"ir,)  =  (5,a;)a;  +  (5,y)y  +  (^,»)«, 

r(aV,-a'V,)  =  (C,a;)a:+((7,y)y  +  ((7,«)«. 

Using  these  in  the  second  three  of  (40)  of  which,  as  remarked 
above,  all  terms  except  those  for  which  i  =  1  disappear,  and  re- 
marking that  yz,  zx,  xy  tLre  harmonics,  and  therefore  (App. 
B.  (16)]        JJyzdm  =  0,  fjzxdvx  =  0,  Jfxrjdm  =  0, 

we  have      (C,  y)  JJy'dm  -  {B,  z)  ffz^dm  =  0  :  etc. 

From  these,  because    JJsifdm  =  JJi^diff=JJ?^dm^ 

it  follows  that 

(C,  y)  =  {B,  »),  (A,  z) = (C  x).  (B,  x)  =  (A,  y), 

which  prove  (42). 


< 
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(n)  The  terms  of  algebraic  degree  i,  exhibited  in  the  pre- 
ceding expressions  (37)  for  Fry  Gr,  Hr^  become,  at  either  of  the 
concentric  spherical  surfaces,  sums  of  surface  harmonics  of 
orders  i  and  s  —  2  when  t  is  positive,  and  of  orders  —  t  —  1  and 
—  t  -  3  when  i  is  negative.  Hence,  selecting  all  the  terms  Snrfluw 
which  lead  to  surface  harmonics  of  order  «,  and  equating  to  the  ez]»rened  in 
proper  terms  of  the  data  (39),  we  nave  eqasttoni. 

(i  -  l)tt,  -  (i + 2)  u_^,  -  2tilf„,  r«  ^ + 2(t + l)af_,+ir» -^jj^-' 

\Ai  when  r^^a   \ 
**  lil'<whenr=a'  J 

and  sjrmmetrical  equations  relative  to  y  and  z, 

(o)    These  equations  are  to  be  treated  precisely  on  the  same 

• 

plan  as  formerly  were  (18).     Thus  after  finding  u^  and  u_«_i, 
we  perform  on  t*,,  t?„  lo,  the  operations  of  (33),  and  on  w_|_|, 
t'-i-n   w'-i-i   those  of  (32),   and  so  arrive  at  two  ©qiw^tio^^  SlJlSS- 
which  involve  as  unknown  quantities  only  ^^.j,  .^.i,  ^_„  *^^  SilSi 'JS*" 
taking  the  corresponding  expressions  for  u<.^,  u.^^j,  and  apply-  ibrmbflrtoa 
ing  (32)  to  w,_„  v,_„  W7,_„  and  (33)  to  «*_,^„  v.^^j, «?.,+,,  we 
similarly  obtain  two  equations  between  ^i.i,  ^i.^  and  ^_|.  Thus 
we  have  in  all  four  simple  algebraic  equations  between  ^^.^y 
^«o  ^£_i>  ^»<,  by  which  we  find  these  four  imknown  functions : 
and  the  Uy  v,  w  functions  having  been  already  explicitly  ex- 
pressed in  terms  of  them,  we  thus  have,  in  terms  of  the  data  of 
the  problem,  every  unknown  function  that  appears  in  (14)  its 
solution. 

(/>)  The  case  of  the  solid  sphere  is  of  course  fallen  on  horn  ^^^^^ 
the  more  general  problem  of  the  shell,  by  putting  a'  =  0.  Bat 
if  we  begin  with  only  contemplating  it,  we  need  not  introduce 
any  solid  harmonics  of  negative  degree  (since  every  harmonic  of 
negative  degree  becomes  infinite  at  the  centre,  and  therefore  is 
inadmissible  in  the  expression  of  effects  produced  throughout  a 
solid  sphere  by  action  at  its  surface) ;  and  (43),  and  all  the 
formuIiB  described  as  deducible  from  it,  become  much  shortened 
when  we  thus  confine  ourselves  to  this  case.  Thus,  instead  of 
(43),  we  now  have  simply 

when  r=a  ' 
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Hence,  attending  [as  formerly  in  (/)]  to  the  property  of  a 
homogeneous  function  Z/^,  of  any  order  j,  that  r'^H^  is  indepen- 
dent of  r,  and  depends  only  on  the  ratios  a/r,  y/r,  zfr ;  we  have 
for  all  values  of  a?,  y^z^ 

I 

From  this  and  the  symmetrical  equations  for  v  and  to,  we  have 
by  (33), 

and  by  (32) 

.•..,...,..l)(«.l)^^V..=S^  f-^^' .  '-^  .^^\  (47,. 

Eliminating,  by  this,  ff>^^^  from  (45),  and  introducing  the  abbre- 
viated notation,  4>,^  j  [(^0)  below],  we  find 


(i -!)«.= (.--DAf^' ^>  +  E.r»^' ^  (^,..,^h:,  +  _^  [^,; 


dx  dx 

and  (43)  gives 


H+— >— ''^'i?!    (48), 


^'-'""[(i-l)+(2i+l)iiE'Jna'-^~  [(2i»+ l)m-(2i-l)n]  na'"^  '"^     ^' 


where 


*"*         dx  dy  dz 


'+»  X      dx  d 


.-1-1 


'} 


(50). 


dy  dz 

With  these  expressions  for  ^^  and  u^,  (14)  is  the  complete  solu- 
tion of  the  problem. 

{q)  The  composition  and  character  of  this  solution  are  made 
manifest  by  writing  out  in  full  the  terms  in  it  which  depend  on 
harmonics  of  a  single  order,  t,  in  the  surface  data.  Thus  if 
the  components  of  the  surface  traction  are  simply  -4^,  B^y  C,,  all 
the  ^  functions  except  ^,_,  and  all  the  $  functions  except 
^4^1  vanish.  Hence  (48)  shows  that  all  the  u  functions  except 
w,_j  and  It,  vanish  :  and  for  these  it  gives 


t^-i  =  Mf, 


dx 


"•=rii{*.-"a*-'->j5=.['"'-5Jik)^']}. 


(51). 
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Using  this  in  (14)  and  for^,  and  i/i  substituting  their  values  by 
(38),  we  have,,  explicitly  expressed  in  terms  of  the  data,  and  the 
solid  harmonics  ^^.i,  ^,+i,  derived  from  the  data  according  to 
the  formulffl  (50),  the  final  solution  of  the  problem  as  follows : — 

"~  na'-i  (^  (2i«+l)ni-(2i-l)7i     dx 

1    r  (i-h2)m-(2t-l)n  r^*^^d(<Sr,.,r-^^)  1       ^»/m  ,  ,  ."I  j   ,52) 

■*"i-lL(2i2+l)m-(2i-l)»        (2i+l)dx        "^2/(21+1)    dx^^J)^    '* 

with  symmetrical  expressions  for  )3  and  y. 

(r)     The  case  of  i  =  1  is  interesting,  inasmuch  as  it  seems  at  Caae  of 
first  sight  to  make  the  second  part  of  Uie  expression  (52)  for  a  ous  ■uuin. 
infinite  because  of  the  divisor  i  — 1.     But  the  terms  within  the 
brackets  [  ]  vanish  for  i  =  1,  owing  to  the  relations  (42)  proved 
above,  which,  for  the  solid  sphere,  become 

rA=^\    ^A  =  '?^»    '•C,^^' (53),       Indetermi- 

^        dx  ^       dtj  ^       dz  ^  nateroto- 

tions  with- 

ff^  denoting;  any  homoireneous  function  of  x.  y,  z  of  the  second  out  strain, 

•  0/0  >  if»  necessarily 

desnree.     The  verification  of  this  presents  no  difficulty,  and  we  included  in 

°  ^  ,  peneralso- 

leave  it  as  an  exercise  to  the  student.     The  true  interpretation  lutionfor 

.  dispiaoe- 

of  the  §  appearing  thus  in  the  expressions  for  a,  )8,  y  is  clearly  mcnt,  when 
that  they  are  indeterminate :  and  that  they  ought  to  be  so,  we  see  merely  of 
by  remarking  that  an  infinitesimal  rotation  round  any  diameter 
without  strain  may  be  superimposed  on  any  solution  without 
violating  the  conditions  of  the  problem :  in  other  words  (§§  89,  95), 

may  be  added  to  the  expressions  for  a,  )9,  y  in  any  solution,  and 
the  result  will  still  be  a  solution. 

But  though  a,  p,  y  are  indeterminate,  (50)  gives  ^^  and  ^^ 
determinately.  The  student  will  find  it  a  good  and  simple 
exercise  to  verify  that  the  determination  of  i^^  and  <^,  determines 
the  state  of  strain  [homogeneous  (§  155)  of  course  in  this  case] 
actually  produced  by  the  given  surface  tiuction. 

738.  A  solid  is  said  (§  730)  to  experience  a  plane  strain,  pune  strain 
or  to  be  strained  in  two  dimensions,  when  it  is  strained  in  any 
manner  subject  to  the  condition  that  the  displacements  are  all 
in  a  set  of  parallel  planes,  and  are  equal  and  parallel  for  all 
points  in  any  line  perpendicular  to  these  planes :  and  any  one 
of  these  planes  may  be  called  the  plane  of  the  strain.    Thus, 
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pianestrain  in  plane  strain,  all  cylindrical  surfaces  perpendicular  to  the 
plane  of  the  strain  remain  cylindrical  surfaces  perpendicular 
to  the  same  plane,  and  nowhere  experience  stretching  along  the 
generating  lines. 

The  condition  of  plane  strain  expressed  analytically,  if  we  take 
XOT  for  the  plane,  is  that  y  must  vanish,  and  that  a  and  ^  must 
be  functions  of  x  and  y,  without  z.     Thus  we  see  that 

Only  two  independent  variables  enter  into  the  analytical  ex- 
pression of  plane  strain  ;  and  thus  this  case  presents  a  class  of 
problems  of  peculiar  simplicity.     For  instance,  if  an  infinitely 
long  solid  or  hollow  circular  cylinder  is  the  "given  solid"  of 
Problem  for  §  696,  and  if  the  bodily  force  (if.  any)  and  the  surface  action 
under  pbme  consist  of  forces  and  tractions  everywhere  perpendicular  to  its 
°*        axis,  and  equal  and  parallel  at  all  points  of  any  line  parallel 
to  its  axis,  we  have,  whether  surface  displacement  or  surface 
traction   be   given,  problems  precisely  analogous  to  those  of 
§§  735,  736,  but  much  simpler,  and  obviously  of  very  great 
practical  importance  in  the  engineering  of  long  straight  tubes 
under  strain. 

739.    It  is  interesting  to  remark,  that  in  these  cylindrical 

problems,  instead  of  surface  harmonics  of  successive  orders 

8oiTedin     1,  2,  3,  etc,  which  are   [App.  B.  (6)]  functions   of  spherical 

'^pKie'      surface  co-ordinates  (as,  for  instance,  latitude  and  longitude  on 

barm    cs.  ^  globe),  WO  have  simple  harmonic  functions  (§§  54,  75)  of  the 

Plane         same  degrees,  of  the  angle  between  two  planes  through  the 

fanctions     axis,   and  of  its  successive   multiples:    and  instead  of  solid 

harmonic  functions  [App.  B.  (a)  and  (6)],  we  have  what  we 

may  csUl  plane  harmonic  functions,  being  the  algebraic  functions 

of  two  variables  (a?,  y),  which  we  find  by  expanding  cosi^  and 

sin  id  in  powers  of  sines  or  cosines  of  0,  taking 


,>\ ' 


<50S  0  =  -77-= sr ,  and  sin  0  =   .,  ^  .    ,, 

V(^  +  y)  V(aj'+y*) 

and  multiplying  the  result  by  (a^  +  V)  • 

A  plane  harmonic  function  is  of  course  the  particidar  case  of  a 
solid  harmonic  [App.  B.  (a)  and  (&)]  in  which  ss  does  not  appear; 
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that  is  to  saj,  it  is  any  homogeneous  {unctioiii  V,  of  x  and  y,  Plane 
which  satisfies  the  equation  funotioni 

d*V     d*V 

-j-^  +  -T-j-  =  0,  or,  as  we  may  write  it  for  brevity,  ^*V=0. 

And,  as  we  have  seen  [§  707  (23)],  the  most  general  expression 
for  a  plane  harmonic  of  degree  i  (positive  or  negative,  integral 
or  fractional)  is 

iJ{(«  +  yv)«  +  (a:-yu)'}-ii?i;{(x  +  yv)'-(a;-yv)'}         \ 
where  v  stands  for  J'-l,  or  in  polar  co-ordinates  r (1). 

The  equations  of  internal  equilibrium  [§  698  (6)]  with  no  bodily 
force  (that  is,  X=  0  and  F=  0)  become,  for  the  case  of  plane  strain, 

/(To      <Pa\         d  fda      dS\ 


i)-» 


Vcfa;"      dif^J       dx\dx     dy,  ,  . 

W 

Vctc"      di/' J        dy\dx      dyj" 

The  plane  harmonic  solution  of  these,  found  by  precisely  the  ^^lan 
same  process  as  S  735,  736  (a)...(e),  but  for  only  two  variables  under  plane 

*^_  .  \  f      \  '  •  .  BtminiolTed 

instead  of  three,  is  in  terms  or 


(3). 


^^L       2(»-l)(2»+«*)      dx  \ 

P--^  L  •■  2(»-l){2n+m)*^     dy  J 

1  dUs     dvt 

where  ^-'=^+^' 

and  U|,  V,  denote  any  two  plane  harmonics  of  degree  %  so  that 
^i_,  is  a  plane  harmonic  of  degree  i-\.  Of  course  {  may  be 
positive  or  negative,  integral  or  fractionaL 

This  solution  may  be  reduced  to  polar  co-ordinates  with  advan- 
tage for  many  applications,  by  putting 

x-TQo&Oy    y  =  ruTi6y   \ 

and  taking  «*,=r*(J,cost»+il',8intfl)l  (4); 

Vi  =  'l*{B^  cos  iO  +-5'|  sin  iO)\ 

which  give 

2fl4-9lt 

-^i^  8.-.  =  f ..  =  U*-\{A,  +  irj  COS  (i  - 1)  tf + (^',  -i?,)  Bin  (<-l)tf}..(5), 


plMiehar- 
monioii. 
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and 

Problem  The  student  will  find  it  a  good  exercise  to  work  out  in  full,  to 

forcylindert  .  .  ? 

under  pUne  explicit  expressions  for  the  displacement  of  any  point  of  the  solid, 

in  terms  of  in  the  cylindrical  problems  corresponding  to  the  spherical  pro- 

mSSfcfc  blems  of  §  735  (/),  and  of  §736  (A)...(r).     The  process  (l)  of 

the  latt^r  may  be  worked  through  in  the  symmetrical  algebraic 
form,  as  an  illustration  of  the  plan  we  have  followed  in  dealing 
with  spherical  harmonics ;  but  the  result  corresponding  to  (37) 
of  §  737  may  be  obtained  more  readily,  and  in  a  simpler  foiiUy 
by  immediately  putting  (29)  of  §  737  into  polar  co-ordinates,  as 
(4),  (5),  (6)  of  §  739.  We  intend  to  use,  and  to  illustrate,  these 
solutions  under  "Properties  of  Matter." 

740.     In  our  sections  on  hydrostatics,  the  problem  of  finding 
the  deformation  produced  in  a  spheroid  of  incompressible  liquid 
by  a  given  disturbing  force  will  be  solved ;  and  then  we  shall 
consider  the  application  of  the  preceding  result  [§  736  (51)] 
for  an  elastic  solid  sphere  to  the  theory  of  the  tides  and  the 
rigidity  of  the  earth.      This   proposed  application,   however, 
reminds  us  of  a  general  remark  of  great  practical  importance, 
with  which  we    shall    leave    elastic  solids  for    the    present. 
Considering  different  elastic  solids  of  similar  substance   and 
gm^i         similar  shapes,  we  see  that  if  by  forces  applied  to  them  in  any 
JgJ^J^      way  they  are  similarly  strained,  the  surface  tractions  in  or 
oneSin'*^    across  similarly  situated  elements  of  surface,  whether  of  their 
^o^^ir*^'^  boundaries  or  of  surfaces  imagined  as  cutting  through  their 
weights.      substances,  must  be  equal,  reckoned  as  usual  per  unit  of  area. 
Hence;  the  force  across,  or  in,  any  such  surface,  being  resolved 
into  components  parallel  to  any  directions ;  the  whole  amounts 
of  each  such  component  for  similar  surfaces  of  the  different 
bodies  are  in  proportion  to  the  squares  of  their  linear  dimen- 
sions.    Hence,  if  equilibrated    similarly  under  the  flw;tion  of 
gravity,  or  of  their  kinetic  reactions  (§  264)  against  equal 
accelerations  (§  28),  the  greater  body  would  be  more  strained 
than  the  less ;  as  the  amounts  of  gravity  or  of  kinetic  reaction 
of  similar  portions  of  them  are  as  the  cubes  of  their  linear 
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dimensions.     Definitively,  the   strains    at    similarly   situated  smau 
points  of  the  bodies  will  be  in  simple  proportion  to  their  linear  stron^r    ' 
dimensions,  and  the  displacements  will   be  as  the  squares  of  ones  in 
these  lines,  provided  that  there  is  no  strain  in  any  part  of  any  to  their 
of  them  too  great  to  allow  the  principle  of  superposition  to  hold 
with  sufficient  exactness,  and  that  no  part  is  turned  through 
more  than   a  very  small  angle  relatively  to   any  other  part. 
To  illustrate  by  a  single  example,  let  us  consider  a  uniform  Example: 
long,  thin,  round  rod  held  horizontally  by  its  middle.     Let  its  rod  held 
substance  be  homogeneous,  of  density  />,  and  Young's  modulus,  b^to 
M;  and  let  its  length,  I,  be  p  times  its  diameter.     Then  (as 
the  moment  of  inertia  of  a  circular  area  of  radius  r  round  a 
diameter  is  lirr*)  the  flexural  rigidity  of  the  rod  will  (§  715) 
be  ^MTr{l/2p)\  which  is  equal  to  B/g  in  the  notation  of  §  610, 
as  jB  is  there  reckoned  in  kinetic  or  absolute  measure  (§  223) 
instead  of  the  gravitation  measure  in  which  we  now,  according 
to  engineers'  usage  (§  220),  reckon  M.     Also  w  =  p7r(l/2p)\  and 

therefore,  for  §  617, 

gw  __  16p*/> 

This,  used  in  §  617  (10),  gives  us ;  for  the  curvature  at  the 
middle  of  the  rod;  the  elongation  and  contraction  where 
greatest,  that  is,  at  the  highest  and  lowest  points  of  the  normal 
section  through  the  middle  point;  and  the  droop  of  the  ends ; 
the  following  expressions, 

^yp..  pIp,   and  ^^ 
^  ,   ^  ,  ana   g^  . 

Thus,  for  a  rod  whose  length  is  200  times  its  diameter,  if  its 
substance  be  iron  or  steel,  for  which  p  =  7*75,  and  -Jf  =  194  x  10' 
grammes  per  square  centimetre,  the  maximum  elongation  and 
contraction  (being  at  the  top  and  bottom  of  the  middle  section 
where  it  is  held)  are  each  equal  to  '8  x  10"*  x  ?,  and  the  droop  of 
its  ends  to  2  x  10"*  x  ?.     Thus  a  steel  or  iron  wire,  ten  centi-  stiffbeas  of 
metres  long,   and  half  a  millimetre  in  diameter,  held  hori-  s^ef  r^  of 
zontally  by  its  middle,    would  experience   only  '000008    as  dlmeoijons 
maximum  elongation   and    contraction,  and   only  *002  of  a 
centimetre  of  droop  in  its  ends :  a  round  steel  rod,  of  half  a 
centimetre  diameter,  and  one  metre  long,  would   experience 
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'00008  as  maximum  elongation  and  contraction,  and  *2  of  a 
centimetre  of  droop:  a  round  steel  rod,  of  ten  centimetres 
diameter,  and  twenty  metres  long,  need  not  be  of  remarkable 
temper  (see  Vol.  ii.,  Properties  of  Matter)  to  bear  being  held  by 
the  middle  without  taking  a  very  sensible  permanent  set :  and 
it  is  probable  that  any  temper  of  steel  or  iron  except  the  softest 
is  strong  enough  in  a  round  shaft  forty  metres  long,  if  only  twenty 
centimetres  in  diameter,  to  allow  it  to  be  held  by  its  middle, 
drooping  as  it  would  to  the  extent  of  820  centimetres  at  its 
ends,  without  either  bending  it  beyond  elasticity ;  or  breaking  it* 
(See  Encyclopcedia  Britannica,  Article  "Elasticity,"  §  22.) 

741.  In  passing  from  the  dynamics  of  perfectly  elastic  solids 
to  abstract  hydrodynamics,  or  the  dynamics  of  perfect  fluids, 
it  is  convenient  and  instructive  to  anticipate  slightly  some  of 
the  views  as  to  intermediate  properties  observed  in  real  solids 
and  fluids,  which,  according  to  the  general  plan  proposed 
(§  449)  for  our  work,  will  be  examined  with  more  detail  under 
Properties  of  Matter. 

By  induction  from  a  great  variety  of  observed  phenomena, 
we  are  compelled  to  conclude  that  no  change  of  volume  or  of 
shape  can  be  produced  in  any  kind  of  matter  without  dis- 
sipation of  energy  (§  275);  so  that  if  in  any  case  there  is  a 
return  to  the  primitive  configuration,  some  amount  (however 
small)  of  work  is  always  required  to  compensate  the  energy 
dissipated  away,  and  restore  the  body  to  the  same  physical 
and  the  same  palpably  kinetic  condition  as  that  in  which  it 
was  given.  We  have  seen  (§  672),  by  anticipating  something 
of  thermodynamic  principles,  how  such  dissipation  is  inevitable, 
even  in  dealing  with  the  obbsolviely  perfect  elasticity  of  volume 
presented  by  every  fluid,  and  possibly  by  some  solids,  as,  for 
instance,  homogeneous  crystals.  But  in  metals,  glass,  porcelain, 
natural  stones,  wood,  india-rubber,  homogeneous  jelly,  silk 
fibre,  ivory,  etc.,  a  distinct /rfcfoonaZ  resistaTice*  against  every 
change  of  shape  is,  as  we  shall  see  in  YoL  ii.,  under  Pro- 
perties of  Matter,  demonstrated  by  many  experiments,  and  is 
found  to  depend  on  the  speed   with  which  the  change  of 

"*  See  Proceedings  of  the  Royal  Society,  May  1865,  "  On  the  Yisoosity  and 
Elasticity  of  Metals*'  (W.  Thomson). 
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shape  is  made.  A  very  remarkable  and  obvious  proof  ^^J^^^^ 
frictional  resistance  to  change  of  shape  in  ordinary  solids 
is  afforded  by  the  gradual,  more  or  less  rapid,  subsidence  of 
vibrations  of  elastic  solids;  marvellously  rapid  in  india-rubber, 
and  even  in  homogeneous  jelly;  less  rapid  in  glass  and  metal 
springs,  but  still  demonstrably  much  more  rapid  than  can  be 
accounted  for  by  the  resistance  of  the  air.  This  molecular 
fiiction  in  elastic  solids  may  bo  properly  called  viscosity  of 
solids,  because,  as  being  an  internal  resistance  to  change  of 
shape  depending  on  the  rapidity  of  the  change,  it  must  be 
classed  with  fluid  molecular  friction,  which  by  general  con- 
sent is  called  viscosity  of  fluids.  But,  at  the  same  time,  we  J»joo«i*yof 
feel  bound  to  remark  that  the  word  viscosity,  as  used  hitherto 
by  the  best  writers,  when  solids  or  heterogeneous  semisolid- 
semifluid  masses  are  referred  to,  has  not  been  distinctly  applied 
to  molecular  friction,  especially  not  to  the  molecular  friction  of 
a  highly  elastic  solid  within  its  limits  of  high  elasticity,  but 
has  rather  been  employed  to  designate  a  property  of  slow,  con- 
tinual yielding  through  very  great,  or  altogether  unlimited, 
extent  of  change  of  shape,  under  the  action  of  continued  stress. 
It  is  in  this  sense  that  Forbes,  for  instance,  has  used  the  word 
in  stating  that  "  Viscous  Theory  of  Glacial  Motion"  which  he  J^rbe^ 
demonstrated  by  his  grand  observations  on  glaciers.  As,  how-  '^^T^.  <>' 
ever,  he,  and  many  other  writers  after  him,  have  used  the  words 
plasticity  and  plastic,  both  with  reference  to  homogeneous 
solids  (such  as  wax  or  pitch,  even  though  also  brittle;  soft 
metals ;  etc.),  and  to  heterogeneous  semisolid-semifluid  masses 
(as  mud,  moist  earth,  mortar,  glacial  ice,  etc.),  to  designate  the 
property*,  common  to  all  those  cases,  of  experiencing  under 
continued  stress  either  quite  continued  and  unlimited  change 
of  shape,  or  gradually  very  great  change   at  a  diminishing 

*  Some  oonfasion  of  ideas  might  have  been  avoided  on  the  part  of  writers  who 
have  professedly  objected  to  Forbes'  theory  while  really  objecting  only  (and  we 
believe  gronndlessly)  to  his  usage  of  the  word  viscosity,  if  they  had  paused  to  con- 
sider that  no  one  physical  explanation  can  hold  for  those  several  cases;  and  that 
Forbes*  theory  is  merely  the  proof  by  observation  that  glaciers  have  the  property 
which  mud  (heterogeneous),  mortar  (heterogeneous),  pitch  (homogeneous),  water 
(homogeneous),  all  have  of  changing  shape  indefinitely  and  continuously  under 
the  action  of  continued  stress. 
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Plasticity  (asymptotic)  rate  through  infinite  time ;  and  as  the  use  of  the 
term  plasticity  implies  no  more  than  does  viscosity  any  physical 
theory  or  explanation  of  the  property,  the  word  viscosity  is 
without  inconvenience  left  available  for  the  definition  we  have 
given  of  it  above. 

Perfect  and      742.     A  perfect  fluidy  or  (as  we  shall  call  it)  a  fluid,  is  an 

plasticity     unrealizable  conception,  like  a  rigid,  or  a  smooth,  body:  it  is 

by  internal  defined  as  a  body  incapable  of  resisting  a  change  of  shape :  and 

character-    therefore   incapable   of   experiencing   distorting  or  tangential 

idpfti  perfect  stress  (§  669).     Hence  its  pressure  on  any  surface,   whether 

5**drod*      ^^  ^  solid  or  of  a  contiguous  portion  of  the  fluid,  is  at  every 

>=>»°*"»«       point  perpendicular  to  the  surface.    In  equilibrium,  all  common 

liquids  and  gaseous  fluids  fulfil  the  definition.     But  there  is 

finite  resistance,  of  the  nature  of  friction,  opposing  change  of 

shape  at  a  finite  rate ;  and  therefore,  while  a  fluid  is  changing 

shape,  it  exerts  tangential  force  on  every  surface  other  than 

normal  planes  of  the  stress  (§  664)  required  to  keep  this  change 

of  shape  going  on.     Hence;  although  the  hydrostatical  results, 

to  which  we  immediately  proceed,  are  verified  in  practice ;  in 

treating  of  hydrokinetics,  in  a  subsequent  chapter,  we  shall  be 

obliged  to  introduce  the  consideration  of  fluid  friction,  except 

in  cases  where   the   circumstances   are   such  as  to  render  its 

effects  insensible. 

Fluid  743.    With  reference  to  a  fluid  the  pressure  at  any  point  in 

any  direction  is  an  expression  used  to  denote  the  average  pres- 
sure per  unit  of  area  on  a  plane  surface  imagined  as  containing 
the  point,  and  perpendicular  to  the  direction  in  question,  when 
the  area  of  that  surface  is  indefinitely  diminished. 

744.  At  any  point  in  a  fluid  at  rest  the  pressure  is  the 
same  in  all  directions:  and,  if  no  external  forces  act,  the 
pressure  is  the  same  at  every  point.  For  the  proof  of  these 
and  most  of  the  following  propositions,  we  imagine,  according 
to  §  564,  a  definite  portion  of  the  fluid  to  become  solid,  without 
changing  its  mass,  form,  or  dimensions. 

Suppose  the  fluid  to  be  contained  in  a  closed  vessel,  the 
pressure  within  depending  on  the  pressure  exerted  on  it  by  the 
vessel,  and  not  on  any  external  force  such  as  gravity. 
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746.  The  resultant  of  the  fluid  pressures  on  the  elements  ^oidimi- 
of  any  portion  of  a  spherical  surface  must,  like  each  of  its  J^feS? 
components,  pass  through  the  centre  of  the  sphere.  Hence, 
if  we  suppose  (§  564)  a  portion  of  the  fluid  in  the  form  of 
a  plano-convex  lens  to  be  solidified,  the  resultant  pressrure  on 
the  plane  side  must  pass  through  the  centre  of  the  sphere;  and, 
therefore,  being  perpendicular  to  the  plane,  must  pass  through 
the  centre  of  the  circular  area.  From  this  it  is  obvious  that 
the  pressure  is  the  same  at  all  points  of  any  plane  in  the  fluid. 
Hence,  by  §  562,  the  resultant  pressure  on  any  plane  surface 
passes  through  its  centre  of  inertia. 

Next,  imagine  a  triangular  prism  of  the  fluid,  which  ends 
perpendicular  to  its  faces,  to  be  solidified.  The  resultant 
pressures  on  its  ends  act  in  the  line  joining  the  centres  of 
inertia  of  their  areas,  and  are  equal  (§  552)  since  the  re- 
sultant pressures  on  the  sides  are  in  directions  perpendicular 
to  this  line.  Hence  the  pressure  is  the  same  in  all  parallel 
planes. 

But  the  centres  of  inertia  of  the  three  faces,  and  the  resultant 
pressures  applied  there,  lie  in  a  triangular  section  parallel  to 
the  ends.  The  pressures  act  at  the  middle  points  of  the  sides 
of  this  triangle,  and  perpendicularly  to  them,  so  that  their 
directions  meet  in  a  point.  And,  as  they  are  in  equilibrium, 
they  must  be,  by  §  559,  e,  proportional  to  the  respective  sides  of 
the  triangle;  that  is,  to  the  breadths,  or  areas,  of  the  faces  of 
the  prism.  Thus  the  resultant  pressures  on  the  faces  must  be 
proportional  to  the  areas  of  the  faces,  and  therefore  the  pressure 
is  equal  in  any  two  planes  which  meet. 

Collecting  our  results,  we  see  that  the  pressure  is  the  same 
at  all  points,  and  in  all  directions,  throughout  the  fluid  mass. 

746.  One  immediate  application  of  this  result  gives  us  aAppUcatkm 
simple  though  indirect  proof  of  the  second  theorem  in  §  559, 6,  soUds. 
for  we  have  only  to  suppose  the  polyhedron  to  be  a  solidified 
portion  of  a  mass  of  fluid  in  equilibrium  under  pressures  only. 
The  resultant  pressure  on  each  side  will  then  be  proportional 
to  its  area,  and,  by  §  562,  will  act  at  its  centre  of  inertia;  which, 
in  this  case,  is  the  Centre  of  Preeswre,  oentreaf 
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Ai^oation      747.    Another  proof  of  the  equality  of  pressure  throughout 

dpieof       a  mass  of  fluid,  UDinfluenced  by  other  external  force  than  the 

pressure  of  the  containing  vessel,  is  easily  furnished  by  the 

energy  criterion  of  equilibrium,  §  289 ;  but,  to  avoid  complica,- 

Proofby     tion,  we  will  consider  the  fluid  to  be  incompressible.     Suppose 

the^iftUty  a  number  of  pistons  fitted  into  cylinders  inserted  in  the  sides 

pretsure      of  the  closed  vessel  containing  the  fluid.     Then,  if  ^  be  the 

diroctiona.   area  of  one  of  these  pistons,  p  the  average  pressure  on  it,  x  the 

distance  through  which  it  is  pressed,  in  or  out;   the  energy 

criterion  is  that  no  work  shall  be  done  on  the  whole,  i,e.  that 

^iPi^i  +  A/^A  +. .  .=  2  {Apx)  =  0, 

as  much  work  being  restored  by  the  pistons  which  are  forced 
out,  as  is  done  by  those  forced  in.  Also,  since  the  fluid  is  in- 
compressible, it  must  have  gained  as  much  space  by  forcing 
out  some  of  the  pistons  as  it  lost  by  the  intrusion  of  the  others. 

This  gives 

AjX^  +  AjD^  +. .  .=  2  {Ax)  =  0. 

The  last  is  the  only  condition  to  which  a?^,  x^,  etc.,  in  the  first 
equation,  are  subject;  and  therefore  the  first  can  only  be 
satisfied  if 

that  is,  if  the  pressure  be  the  same  on  each  piston.  Upon  this 
property  depends  the  action  of  Bramah's  Hydrostatic  Press. 

If  the  fluid  be  compressible,  the  work  expended  in  compressing 
it  fix>m  volume  V to  V-BV,  at  mean  pressure  p,  is  pSF. 

If  in  this  case  we  assume  the  pressure  to  be  the  same  through- 
out, we  obtain  a  result  consistent  with  the  energy  criterion. 

The  work  done  on  the  fluid  is  2  (Apx),  that  is,  in  consequence 
of  the  assumption,  p%  (Ax). 

But  this  is  equal  to  pSV,  for,  evidently,  2  (Ax)=&V, 
Fluid  inm-      748.    When  forces,  such  as  gravity,  act  from  external  matter 

worn  dO"  , 

pendinffon  upon  the  substance  of  the  fluid,  either  in  proportion  to  the 
foraes.        density  of  its  own  substance  in  its  different  parts,  or  in  propor- 
tion to  the  density  of  electricity,  or  of  magnetic  polarity,  or  of 
any  other  conceivable  accidental  property  of  it,  the  pressure  will 
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still  be  the  same  in  all  directions  at  any  one  point,  but  will  Fluid  px«0- 
now  vary  continuously  from  point  to  point     For  the  preceding  pending  on 
demonstration  (§  745)  may  still  be  applied  by  simply  taking  forces, 
the  dimensions  of  the  prism  small  enough ;  since  the  pressures 
are  as  the  squares  of  its  linear  dimensions,  and  the  effects  of 
the  applied  forces  such  as  gravity,  as  the  cubes. 

749.    When  forces  act  on  the  whole  fluid,  surfaces  of  equal  Sur&oeo  of 
pressure,  if  they  exist,  must  be  at  every  point  perpendicular  surearenor- 
to  the  direction  of  the  resultant  force.     For,  any  prism  of  the  ^  the  lines 
fluid  so  situated  that  the  whole  pressures  on  its  ends  are  equal 
must  (§  552)  experience  from  the  applied  forces  no  component 
in  the  direction  of  its  length;  and,  therefore,  if  the  prism  be 
so  small  that  from  point  to  point  of  it  the  direction  of  the 
resultant  of  the   applied  forces  does  not  vary  sensibly,  this 
direction  must  be  perpendicular  to  the  length  of  the  prism. 
From  this  it  follows  that  whatever  be  the  physical  origin,  and 
the  law,  of  the  system  of  forces  acting  on  the  fluid,  and  whether 
it  be  conservative  or  non-conservative,  the  fluid  cannot  be  in 
equilibrium  unless  the  lines  of  force  possess  the  geometrical 
property  of  being  at  right  angles  to  a  series  of  surfaces. 

760.  Again,  considering  two  surfaces  of  equal  pressure  in- 
finitely near  one  another,  let  the  fluid  between  them  be  divided 
into  columns  of  equal  transverse  section,  and  having  their 
lengths  perpendicular  to  the  surfaces.  The  difference  of  pres- 
sures on  the  two  ends  being  the  same  for  each  column,  the 
resultant  applied  forces  on  the  fluid  masses  composing  them 

must  be  equaL     Comparing  this  with  §  488,  we  see  that  if  the  ^^J^q^ 
applied  forces  constitute  a  conservative  system,  the  density  of  J^^|^" 
matter,  or  electricity,  or  whatever  property  of  the  substance  ^'JJJj^ 
they  depend  on,  must  be  equal  throughout  the  layer  ^J^d^rJ^^^ 
consideration.     This  is  the  celebrated  hydrostatic  proposition  J^!^^"" 
that  in  a  fluid  at  resty  mrfaces  of  equal  presswre  are  also  ewrfaces 
of  equal  density  and  of  equal  potential, 

761.  Hence,  when  gravity  is  the  only  external  force  con-  Gravity  the 
sidered,  surfaces  of  equal  pressure  and  equal  density  are  (when  xuJ  foroe. 
of  moderate  extent)  horizontal  planes.     On  this  depends  the 
action  of  levels,  syphons,  barometers,  etc.;  also  the  separation 

20—2 
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Gnvitythe  of  liquids  of  different  densities  (which  do  not  mix  or  combine 

onlyexter-      ...  . 

naiforoe.  chemically)  into  horizontal  strata,  etc.  etc.  The  free  surface  of 
a  liquid  is  exposed  to  the  pressure  of  the  atmosphere  simply ; 
and  therefore,  when  in  equilibrium,  must  be  a  surface  of  equal 
pressure,  and  consequently  level.  In  extensive  sheets  of  water, 
such  as  the  American  lakes,  differences  of  atmospheric  pressure, 
even  in  moderately  calm  weather,  often  produce  considerable 
deviations  from  a  truly  level  surface. 

Rate  of  762.     The  rate  of  increase  of  pressure  per  unit  of  length  in 

praosure.  the  direction  of  the  resultant  force,  is  equal  to  the  intensity  of 
the  force  reckoned  per  unit  of  volume  of  the  fluid.  Let  F  be  the 
resultant  force  per  unit  of  volume  in  one  of  the  columns  of  §  750 ; 
p  and  p  the  pressures  at  the  ends  of  the  column,  I  its  length, 
8  its  section.     We  have,  for  the  equilibrium  of  the  column, 

{p'-p)S^SlF. 
Hence  the  rate  of  increase  of  pressure  per  unit  of  length  is  F, 

If  the  applied  forces  belong  to  a  conservative  system,  for 
which  V  and  F'  are  the  values  of  the  potential  at  the  ends  of 
the  column,  we  have  (§  486) 

r-V^-^lFp, 
where  p  is  the  density  of  the  fluid.    This  gives 

P'-P — piY'-V) 

or  dp  —  ^pdV. 

Hence  in  the  case  of  gravity  as  the  only  impressed  force  the 
rate  of  increase  of  pressure  per  unit  of  depth  in  the  fluid  is  p, 
in  gravitation  measure  (usually  employed  in  hydrostatics).  In 
kinetic  or  absolute  measure  (§  224)  it  is  gp. 

If  the  fluid  be  a  gas,  suoh  as  air,  and  be  kept  at  a  constant 
temperature,  we  have  p  =  cp,  where  c  denotes  a  constant,  the 
reciprocal  of  H,  the  "height  of  the  homogeneous  atmosphere," 
defined  (§  753)  below.  Hence,  in  a  calm  atmosphere  of  uniform 
temperature  we  have  dpfp^  —  cdV;  and  from  this,  by  integra- 
tion, p  =  Po*"^^  where  p^  \a  the  pressure  at  any  particular  level 
(the  sea-level,  for  instance)  where  we  choose  to  reckon  the 
potential  as  zero. 
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When  the  differencee  of  level  considered  are  infinitely  small  in  Bate  of 
comparison  with  the  earth's  radius,  as  we  may  practically  regard  pressiire. 
them,  in  measuring  the  height  of  a  mountain,  or  of  a  balloon,  by 
the  barometer,  the  force  of  gravity  is  constant,  and  therefore 
difierences  of  potential  (force  being  reckoned  in  units  of  weight) 
are  simply  equal  to  differences  of  level.  Hence  if  x  denote 
height  of  the  level  of  pressure  p  above  that  oip^y  we  have,  in 
the  preceding  formulas,  F=  x,  and  therefore  p  =  PqC"^.  That  is 
to  say — 

763.    If  the  air  be  at  a  constant  temperature,  the  pressure  ^^^ 
diminishes  in  geometrical  progression  as  the  height  increases  ^™^^®^ 
in  arithmetical  progression.    This  theorem  is  due  to  Halley.  *«2f«f^ 
Without  formal  mathematics  we  see  the  truth  of  it  by  remark- 
ing that  differences  of  pressure  are  (§  752)  equal  to  differences 
of  level  multiplied  by  the  density  of  the  fluid,  or  by  the  proper 
mean  density  when  the  density  differs  sensibly  between  the  two 
stations.     But  the  density,  when  the  temperature  is  constant, 
varies  in  simple  proportion  to  the  pressure,  according  to  Boyle's 
and  Mariotte's  law.    Hence  differences  of  pressure  between  pairs 
of  stations  differing  equally  in  level  are  proportional  to  the  proper 
mean  values  of  the  whole  pressure,  which  is  the  well-known 
compound  interest  law.    The  rate  of  diminution  of  pressure 
per  unit  of  length  upwards  in  proportion  to  the  whole  pressure 
at  any  point,  is  of  course  equal  to  the  reciprocal  of  the  height 
above  that  point  that  the  atmosphere  must  have,  if  of  constant 
density,  to  give  that  pressure  by  its  weight.    The  height  thus 
defined  is  commonly  called  "the  height  of  the  homogeneous  HeUht of 
atmosphere,     a  very  convenient  conventional  expression.    ItgeneonBat- 
is  equal  to  the  product  of  the  volume  occupied  by  the  unit  ™°^  "*' 
mass  of  the  gas  at  any  pressure  into  the  value  of  that  pressure 
reckoned  per  unit  of  area,  in  terms  of  the  weight  of  the  unit  of 
mass.     If  we  denote  it  by  H,  the  exponential  expression  of  the 
law  18^  =|>o€^^^,  which  agrees  with  the  final  formula  of  §  752. 

The  value  of  H  for  dry  atmospheric  air,  at  the  freezing 
temperature,  according  to  Regnault,  is,  in  the  latitude  of  Paris, 
799,020  centimetres,  or  26,215  feet.  Being  inversely  as  the  force 
of  gravity  in  different  latitudes  (§  222),  it  is  798,533  centimetres, 
or  26,199  feet,  in  the  latitude  of  Edinburgh  and  Glasgow. 
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Analytioal 
inyegtig»> 
tion  of  the 
preceding 
theoremB. 


Let  X,  7,  Z  he  the  components,  parallel  to  three  rectangular 
axes,  of  the  force  acting  on  the  fluid  at  (a;,  y,  z),  reckoned  per 
unit  of  its  mass.  Then,  inasmuch  as  the  difference  of  pressures 
on  the  two  fiekces  hy^  of  a  rectangular  parallelepiped  of  the  fluid 

is  8y&;  ~  Sxy  the  equilibrium  of  this  portion  of  the  fluid,  regarded 

for  a  moment  (§  564)  as  rigid,  requires  that 


From  this  and  the  symmetrical  equations  relative  to  y  and  z  we 
have  ^  =  Zp.    ^=7p,    f^^Zp (1), 


dx       '^^    dy       '^'     dx       '^ 

which  are  the  conditions  necessary  and  sufficient  for  the  equi- 
librium of  any  fluid  mass. 

From  these  we  have 


(2). 


dp  =  ^dx-i-~^dy  +  -^dz=p{Xdx+  Tdy-^Zdz).,. 

This  shows  that  the  expression  Xdx  +  Ydy  +  Zdz  must  be  the 
complete  differential  of  a  function  of  three  independent  variables, 
or  capable  of  being  made  so  by  a  factor;  that  is  to  say,  that  a 
series  of  surfaces  exists  which  cuts  the  lines  of  force  at  right 
angles ;  a  conclusion  also  proved  above  (§  749). 

When  the  forces  belong  to  a  conservative  system  no  factor  is 
required  to  make  the  complete  differential ;  and  we  have 

Xdx+Tdy  +  Zdz^'-dr 

if  V  denote  (§  485)  their  potential  at  {x,  y,  z):  so  that  (2)  be- 
comes dp  =  -pdV (3). 

This  shows  that  p  is  constant  over  equipotential  surfaces  (or  is  a 
function  of  V);  and  it  gives 


P  =  - 


dp 

dV 


(4), 


showing  that  p  also  is  a  function  of  T;  conclusions  of  which  we 
have  had  a  more  elementary  proof  in  §  752.  As  (4)  is  an 
analytical  expression  equivalent  to  the  three  equations  (1),  for 
the  case  of  a  conservative  system  of  forces,  we  conclude  that 

Oonditions       754.     It  is  both  necessary  and  sufficient  for  the  equilibrium 
Ubnumof    of  an  incompressible  fluid  completely  filling  a.  rigid   closed 
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vessel,  and  influenced  only  by  a  conservative  system  of  forces,  fluid  oom- 
that  its  density  be  uniform  over  every  equipotential  surface,  mg  a  cioied 
that  is  to  say,  every  surface  cutting  the  lines  of  force  at  right 
angles.  If,  however,  the  boundary,  or  any  part  of  the  boun- 
dary, of  the  fluid  mass  considered,  be  not  rigid;  whether  it  be 
of  flexible  solid  matter  (as  a  membrane,  or  a  thin  sheet  of 
elastic  solid),  or  whether  it  be  a  mere  geometrical  boundary,  on 
the  other  side  of  which  there  is  another  fluid,  or  noihiiig  [a 
case  which,  without  believing  in  vacuum  as  a  reality,  we  may 
admit  in  abstract  dynamics  (§  438)],  a  farther  condition  is 
necessary  to  secure  that  the  pressure  from  without  shall  fulfil 
(4)  at  every  point  of  the  boundary.  In  the  case  of  a  bounding 
membrane,  this  condition  must  be  fulfilled  either  through 
pressure  artificially  applied  from  without,  or  through  the  in- 
terior elastic  forces  of  the  matter  of  the  membrane.  In  the 
case  of  another  fluid  of  diflierent  density  touching  it  on  the 
other  side  of  the  boundary,  all  round  or  over  some  part  of  it, 
with  no  separating  membrane,  the  condition  of  equilibrium  of 
a  heterogeneous  fluid  is  to  be  fulfilled  relatively  to  the  whole 
fluid  mass  made  up  of  the  two ;  which  shows  that  at  the  boun- 
dary the  pressure  must  be  constant  and  equal  to  that  of  the 
fluid  on  the  other  side.  Thus  water,  oil,  mercury,  or  any  other  Freemrftioe 
liquid,  in  an  open  vessel,  with  its  free  surface  exposed  to  the  vewSii 
air,  requires  for  equilibrium  simply  that  this  surface  be  leveL 

765.    Recurring  to  the  consideration  of  a  flnite  mass  of  fluid  pioid  in 
completely  filling  a  rigid  closed  vessel,  and  supposing  that,  if  yenei, 
the   potential  of  the   force-system  (as   in   the   case  referred  ^nMrv^" 
to  in  the  sixth  and  seventh  lines  of  §  758)  be  a  cyclic*  ftinc-  S^torowf™ 

*  We  here  introdaoe  tenn  "pydio  fonotion"  to  designate  a  ftmotion  of 
more  than  one  yariable  which  experiences  a  constant  addition  to  its  yalne 
every  time  the  variables  are  made  to  vary  continuously  from  a  given  set  of 
values  through  some  cycle  of  values  back  to  the  same  primitive  set  of  values. 

Examples  (1)  tan~^  (y/^)*  ^I^s  ^  the  potential  of  the  conservative  system 
referred  to  in  the  first  clause  of  the  third  sentence  of  §  758. 

(2)  /(x'-i-2^')tan~^(y/j;).    This  expresses  the  fluid  pressure  in  the  case 
of  hydrostatic  example  described  in  the  next  to  the  last  sentence  of  §  758. 

(3)  The  apparent  area  of  a  closed  curve  (plane  or  not  plane)  as  seen 
from  any  point  (x,  y,  z). 
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Tk^in  tioD,  the  enclosure  containing  the  liquid  is  singly-continuous^ 
Tewei,  we  see,  from  what  precedes,  that,  if  homogeneous  and  incom- 
g>n8erva-  pressiblo,  the  fluid  cannot  be  disturbed  firom  equilibrium  by 
ofibroea.  any  Conservative  system  of  forces;  but  we  do  not  require  the 
analytical  investigation  to  prove  this,  as  we  should  have  "  the 
perpetual  motion"  if  it  were  denied,  which  would  violate  the 
hypothesis  that  the  system  of  forces  is  conservative.  On  the 
other  hand,  a  non-conservative  system  of  forces  cannot,  under 
any  circumstances,  equilibrate  a  fluid  which  is  either  uniform 
in  density  throughout,  or  of  homogeneous  substance,  rendered 
heterogeneous  in  density  only  through  difference  of  pressure. 
But  if  the  forces,  though  not  conservative,  be  such  that  through 
every  point  of  the  space  occupied  by  the  fluid  a  surface  can  be 
drawn  which  shall  cut  at  right  angles  all  the  lines  of  force  it 
meets,  a  heterogeneous  fluid  will  rest  in  equilibrium  under 
their  influence,  provided  (§  750)  its  density,  from  point  to  point 
of  every  one  of  these  orthogonal  surfaces,  varies  inversely  as  the 
product  of  the  resultant  force  into  the  thickness  of  the  infi- 
nitely thin  layer  of  space  between  that  surface  and  another  of 
the  orthogonal  surfaces  infinitely  near  it  on  either  side.  (Com- 
pare §  488.) 

The  same  conclusion  is  proved  as  a  matter  of  course  from  (1) 

since  that  equation  is  merely  the  analytical  expression  that  the 

force  at  every  point  (xy  y,  z)  is  along  the  normal  to  that  soriace 

of  the  series  given  by  different  values  of  C7  in  p  =  (7,  which 

Fluid  under         passes  through  (a;,  y^  z) ;  and  that  the  magnitude  of  the  resultant 
any  syttem  _ 

^foioes.  force  is 


\/\da?'^dy'd^) 


9 
of  which  the  numerator  is  equal  to  8C/r,  if  r  be  the  thickness  at 
(^}  Vi  ^)  <^f  ^^^  shell  of  space  between  two  surfaces  p  =  C  aud 
p  =  C+  8(7,  infinitely  near  one  another  on  two  sides  of  (aj,  y,  z). 

(4)    Fanctions  of   any   nninber   of  variables  inyented  by  siiggestion 
from  (2). 

The  designation  ''many- valued  function"  which  has  hitherto  been  applied 
to  such  functions  is  not  satisfactory,  if  only  because  it  is  also  applicable  to 
functions  of  roots  of  algebraic  or  transcendental  equations. 
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The  analytical  expression  of  the  condition  which X,  F,  Z must  Flnid^te 
fulfil  in  order  that  (1)  may  be  possible  is  found  thus;  oHoroeB. 

d  dp      d  d/p 
aao/y     dy  az 


,(6). 


we  have  ^^^=^<P^) 

Performing  the  differentiations,  and  multiplying  the  first  of  the 
resulting  equations  by  X,  the  second  by  T,  and  the  third  by  Z^ 
we  have 

<f-iO^'(f-f)-(f-f)-«-<')' 

which  is  merely  the  well-known  condition  that  Xdx  +  Fdy  +  Zdz 
may  be  capable  of  being  rendered  by  a  factor  the  complete  dif- 
ferential of  a  function  of  three  independent  variables. 

Or  if  we  multiply  the  first  of  (5)  by  dp/das,  the  second  by  dp/dy, 
and  the  third  by  dp/dz^  and  add,  we  have 

jPf^_^)^^(^.y)  +  *ff_^  =  0 (7). 

dx\dy      dz/     dy  \dz       dx/      dz\dx      dy/  ^  ' 

This  shows  that  the  line  whose  direction-cosines  are  propor- 
^.      ,^  dZ    dY    dX     dZ    dY    dX 

*^^-^*^  ^-^'    dz-di^   H-Ty 

is  perpendicular  to  the  surface  of  equal  density  through  (x,  y,  z)  j 
and  (6)  shows  that  the  same  line  is  perpendicular  to  the  resultant 
force.  It  is  therefore  tangential  both  to  the  surface  of  equal 
density  and  to  that  of  equal  pressure,  and  therefore  to  their 
curve  of  intersection.  The  differential  equations  of  this  curve 
are  therefore 

<fa       _       dy dz 


dZ 

dz 

di  di 

dz      dx 

-IT 

dx 

yx 

dy 

766.    If  we  imagine  all  the  fluid  to  become  rigid  except  an  b^^*^ 
infinitely  thin  closed  tubular  portion  lying  in  a  surface  of  equal 
density,  and  if  the  fluid  in  this  tubular  circuit  be  moved  through 
any  space  along  the  tube  and  left  at  rest,  it  will  remain  in 
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Bqnflibrhim  equilibrium  in  the  new  position,  all  positions  of  it  in  the  tube 
being  indifferent  because  of  its  homogeneousness.    Hence  tke 
work  (positive  or  negative)  done  by  the  force  (X,  T,  Z)  on  any 
portion  of  the  fluid  in  any  displacement   along  the  tube    is 
balanced  by  the  work   (negative  or  positive)    done    on    the 
remainder  of  the  fluid  in  the  tube.    Hence  a  single  particle, 
acted  on  always  by  the  resultant  of  X,  F,  Z,  and  kept  moving 
round  the  circuit,  that  is  to  say  moving  along  any  closed  cunre 
on  a  surfieu^  of  equal  density,  has,  at  the  end  of  one  complete 
circuit,  done  just  as  much  work  against  that  resultant  force 
in  some  parts  of  its  course,  as  the  resultant  force  does  on  it  in 
the  remainder  of  the  circuit. 

An  interesting  application  of  (j)  §  190  may  be  made  to  prove 
this  result  analytically.  Thus,  if  we  take  for  €^  /9,  y  our  present 
force-components  X,  Y^  Z\  and  for  the  surface  there  referred 
to,  a  surface  of  equal  density  in  our  heterogeneous  fluid;  the 
expression 

vanishes  because  of  (7),  and  we  conclude  that 

J{Xdx+Tdy-^Zdz)=^0, 
for  any  closed  circuit  on  a  surface  of  equal  density. 

enmpieof       *^^*^'    ^^  following  ideal  example,  and  its  realization  in  a 
Sderno^,  Subsequent  section  (§  759),  show  a  curiously  interesting  practical 
Sv?foroeB.   application  of  the  theory  of  fluid  equilibrium  under  extraordi- 
nary circumstances,  generally  regarded  as  a  merely  abstract 
analytical  theory,  practically  useless  and  quite  unnatural,  "  be- 
cause forces  in  nature  follow  the  conservative  law." 

758.  Let  the  lines  of  force  be  circles,  with  their  centres  all 
in  one  line,  and  their  planes  perpendicular  to  it.  They  are  cut 
at  right  angles  by  planes  through  this  axis;  and  therefore  a 
fluid  may  be  in  equilibrium  under  such  a  system  of  forces. 
The  system  will  not  be  conservative  if  the  intensity  of  the 
force  be  accordiug  to  any  other  law  than  inverse  proportionality 
to  distance  from  this  axial  line ;  and  the  fluid,  to  be  in  equili- 
brium, must  be  heterogeneous,  and  be  so  distributed  as  to  vary 
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in  density  from  point  to  point  of  every  plane  through  the  axis,  ideal 
inversely  as  the  product  of  the  force  into  the  distance  from  the  eqniiMum 
axis.  But  from  one  such  plane  to  another  it  may  he  either  oonaeira- 
uniform  in  density,  or  may  vary  arbitrarily.  To  particularize 
farther,  we  may  suppose  the  force  to  be  in  direct  simple  pro- 
portion to  the  distance  from  the  axis.  Then  the  fluid  will  be 
in  equilibrium  if  its  density  varies  from  point  to  point  of  every 
plane  through  the  axis,  inversely  as  the  square  of  that  distance. 
If  we  still  farther  particularize  by  making  the  force  uniform 
all  round  each  circular  line  of  force,  the  distribution  of  force 
becomes  precisely  that  of  the  kinetic  reactions  of  the  parts  of  a 
rigid  body  against  accelerated  rotation.  The  fluid  pressure  will 
(§  749)  be  equal  over  each  plane  through  the  axis.  And  in 
one  such  plane,  which  we  may  imagine  carried  round  the  axis 
in  the  direction  of  the  force,  the  fluid  pressure  will  increase  in 
simple  proportion  to  the  angle  at  a  rate  per  unit  angle  (§  41) 
equal  to  the  product  of  the  density  at  unit  distance  into  the 
force  at  unit  distance.  Hence  it  must  be  remarked,  that  if  any 
closed  line  (or  circuit)  can  be  drawn  round  the  axis,  without 
leaving  the  fluid,  there  cannot  be  equilibrium  without  a  firm 
partition  cutting  eveiy  such  circuit,  and  maintaining  the  differ- 
ence of  pressures  on  the  two  sides  of 
it,  corresponding  to  the  angle  2'ir. 
Thus,  if  the  axis  pass  through  the 
fluid  in  any  part,  there  must  be  a 
partition  extending  from  this  part  of 
the  axis  continuously  to  the  outer 
bounding  surface  of  the  fluid.  Or 
if  the  bounding  sur&ce  of  the  whole 

fluid  be  annular  (like  a  hollow  anchor-ring,  or  of  any  irregular 
shape),  in  other  words,  if  the  fluid  fills  a  tubular  circuit;  and 
the  axis  (A)  pass  through  the  aperture  of  the  ring  (without 
passing  into  the  fluid);  there  must  be  a  firm  partition  (CD) 
extending  somewhere  continuously  across  the  channel,  or 
passage,  or  tube,  to  stop  the  circulation  of  the  fluid  round  it; 
otherwise  there  could  not  be  equilibrium  with  the  supposed 
forces  in  action.  If  we  frirther  suppose  the  density  of  the  fluid 
to  be  uniform  round  each  of  the  circular  lines  of  force  in  the 
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M«^         system  we  have  so  fex  considered  (so  that  the  density  shall  be 
equilibrium  equal  over  every  circular  cylinder  having  the  line   of  their 

ti  "^TSoM.  ^^^^^  ^^^  ^  8  *^^»  *^^  shall  vary  from  one  such  cylindrical 
surfEtce  to  another,  inversely  as  the  squares  of  their  radii),  we 
may,  without  disturbing  the  equilibrium,  impose  any  conserva- 
tive system  of  force  in  lines  perpendicular  to  the  axis;  that  is 
(§  488),  any  system  of  force  in  this  direction,  with  intensity 
varying  as  some  function  of  the  distance.  If  this  function  be 
the  simple  distance,  the  superimposed  system  of  force  agrees 
precisely  with  the  reactions  against  curvature,  that  is  to  say, 
the  oentnAigal  forces,  of  the  parts  of  a  rotating  rigid  body. 

AotaaicaM.      769.    Thus  we  arrive  at  the  remarkable  conclusion,  that  if 
a  rigid  closed  box  be  completely  filled  with  incompressible 
heterogeneous  fluid,  of  density  varying  inversely  as  the  square 
of  the  distance  from  a  certain  line,  and  if  the  box  be  moveable 
round  this  line  as  a  fixed  axis,  and  be  urged  in  any  way  by 
forces  applied  to  its  outside,  the  fluid  will  remain  in  equilibrium 
relatively  to  the  box ;  that  is  to  say,  will  move  round  with  the 
box  as  if  the  whole  were  one  rigid  body,  and  will  come  to  rest 
with  the  box  if  the  box  be  brought  again  to  rest:  provided 
always  the  preceding  condition  as  to  partitions  be  fulfilled  if 
the  axis  pass  through  the  fluid,  or  be  surrounded  by  continuous 
lines  of  fluid.     For,  in  starting  from  rest,  if  the  fluid  moves 
like  a  rigid  solid,  we  have  reactions  against  acceleration,  tan- 
gential to  the  circles  of  motion,  and  equal  in  amount  to  a>r 
per  unit  of  mass  of  the  fluid  at  distance  r  from  the  axis,  6 
being  the  rate  of  acceleration  (§  42)  of  the  angular  velocity; 
and  (§  259)  we  have,  in  the  direction  perpendicular  to  the 
axis  outwards,  reaction  against  curvature  of  path,  that  is  to 
say,  "centrifugal  force,"  equal  to  ©V  per  unit. of  mass  of  the 
fluid.     Hence  the  equilibrium  which  we  have  demonstrated 
in  the  preceding  section,  for  the  fluid  supposed  at  rest,  and 
arbitrarily  influenced  by  two  systems  of  force   (the  circular 
non-conservative  and  the  radial  conservative  system)  agreeing 
Actual  caae  in  law  with  these  forces  of  kinetic  reaction,  proves  for  us  now 
equilibrium  the  D'Alombort  (§  264)  equilibrium  condition  for  the  motion 
opnaervm-     of  the  wholc  fluid  as  of  a  rigid  body  experiencing  accelerated 
rotation ;  that  is  to  say,  shows  that  this  kind  of  motion  fulfils 
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for  the  actual  circumstances  the  laws  of  motion,  and,  therefore, 
that  it  is  ^  motion  actually  taken  by  the  fluid. 

760.  If  the  fluid  is  of  homogeneous  substance  and  uniform  gj!j^ 
temperature  throughout,  but  compressible,  as  all  real  fluids  are,  JjJJ*^[^ 
it  can  be  heterogeneous  in  density,  only  because  of  difference  ^^J* 
of  pressure  in  different  parts;  the  surfaces  of  equal  density 

must  be  also  surfaces  of  equal  pressure ;  and,  as  we  have  seen 
above  (§  753),  there  can  be  no  equilibrium  unless  the  system 
of  forces  be  conservative.  The  function  which  the  density  is 
of  the  pressure  must  be  supposed  known  (§  448),  as  it  depends 
on  physical  properties  of  the  fluid.    Compare  §  752. 

Let  p=/(^) (9). 

We  have,  by  §  753  (3),  integrated, 

Jdpl/{p)  =  C-r (10), 

or,  if  F  denote  such  a  function,  that 

F{!dplf{p)}^p (11), 

1>=^(C-F), 
and,  by  (9),  9^f{F{C-V)] ..(12). 

761.  In  8  746  we  considered  the  resultant  pressure  on  a  Be«iitMit 
plane  surface,  when  the  pressure  is  uniform.    We  may  now^P^"*"**- 
consider  briefly  the  resultant  pressure  on  a  plane  area  when 

the  pressure  varies  from  point  to  point,  confining  our  attention 
to  a  case  of  great  importance; — ^that  in  which  gravity  is  the 
only  applied  force,  and  the  fluid  is  a  nearly  incompressible 
liquid  such  as  water.  In  this  case  the  determination  of  the 
position  of  the  Centre  of  Pressure  is  very  simple;  and  the 
whole  pressure  is  the  same  as  if  the  plane  area  were  turned 
about  its  centre  of  inertia  into  a  horizontal  position. 

The  pressure  at  any  point  at  a  depth  z  in  the  liquid  may  be  Kinetic 
expressed  by  P  =  P^  -^Po  p-yA»+i>*- 

where  p  is  the  (constant)  density  of  the  liquid,  and  p^  the  (atmo- 
spheric) pressure  at  the  free  surface,  reckoned  in  units  of  weight 
per  unit  of  area. 

Let  the  axis  of  a;  be  taken  as  the  intersection  of  the  plane 
of  the  immersed  plate  with  the  free  surface  of  the  Equid,  and 
that  of  y  perpendicular  to  it  and  in  the  plane  of  the  plate.     Let 
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Besuitant  ^  be  tke  inclination  of  the  plate  to  the  vertical.     Let  also  A  be 

pressure  on  ^  .  * 

a  plane  the  area  of  the  portion  of  the  plate  considered,  and  ^  p,  the  co- 

ordinates of  its  centre  of  inertia. 
Then  the  whole  pressure  is 

ffpdxdy  =  JJ{p^  +  py  cos  a)  dxdi/ 
=  Ap^  +  App  cos  cu 

The  moment  of  the  pressure  about  the  axis  of  a;  is 

jjpydady  =  Ap^  +  Al^p  cos  o, 

k  being  the  radius  of  gyration  of  the  plane  area  about  the  axis 
of  as. 

For  the  moment  about  y  we  have 

fjpxdxdy  =  Ap^  +  p  cos  a  Jfxydxdy, 

The  first  terms  of  these  three  expressions  merely  give  us  again 
the  results  of  §  746 ;  we  may  therefore  omit  them.  This  will  be 
equivalent  to  introducing  a  stratum  of  additional  liquid  above  the 
free  surface  such  as  to  produce  an  equivalent  to  the  atmospheric 
pressure.  If  the  origin  be  now  shifted  to  the  upper  surface  of 
this  stratum  we  have 

Pressure  =  Apff  cos  a, 

Moment  about  Ox  =  Alt^p  cos  a, 

A" 
Distance  of  centre  of  pressure  from  axis  of  as  =  — . 

But  if  k^  be  the  radius  of  gyration  of  the  plane  area  about  a 
horizontal  axis  in  its  plane,  and  passing  through  its  centre  of 
inertia,  we  have,  by  §  283,  *"  =  k^'  +  f. 

Hence  the  distance,  measured  parallel  to  the  axis  of  y,  of  the 

centre  of  pressure  from  the  centre  of  inertia  is  k'/p;  and,  as  we 

might  expect,  diminishes  as  the  plane  area  is  more  and  more 

submerged.     If  the  plane  area  be  turned  about  the  line  through 

its  centre  of  inertia  parallel  to  the  axis  of  a;,  this  distance  varies 

as  the  cosine  of  its  inclination  to  the  vertical;  supposing,  of 

course,  that  by  the  rotation  neither  more  nor  less  of  the  plane 

area  is  submerged. 

Loss  of  762.    A  body,  wholly  or  partially  immersed  in  any  fluid 

^'SghTby    influenced  by  gravity,  loses,  through  fluid  pressure,  in  apparent 

in  a  fluid,    weight  an  amount  equal  to  the  weight  of  the  fluid  displaced. 

For  if  the  body  were  removed,  and  its  place  filled  with  fluid 

homogeneous  with  the  surrounding  fluid,  there  would  be  equi- 
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librium,  even  if  this  fluid  be  supposed  to  become  rigid.    And  Lomof 
the  resultant  of  the  fluid  pressure  upon  it  is  therefore  a  single  weight  by 

,  .  ,  immersion 

force  equal  to  its  weight,  and  in  the  vertical  line  through  itsu^i^flwid. 
centre  of  gravity.  But  the  fluid  pressure  on  the  originally 
immersed  body  was  the  same  all  over  as  on  the  solidified  portion 
of  fluid  by  which  for  a  moment  we  have  imagined  it  replaced, 
and  therefore  must  have  the  same  resultant.  This  proposition 
is  of  great  use  in  Hydrometry,  the  determination  of  specific 
gravity,  etc.  eta 

Analytically,  the  following  demonstration  is  of  interest, 
especially  in  its  analogies  to  somd  preceding  theorems,  and 
others  which  occur  in  electricity  and  magnetism. 

K  F  be  the  potential  of  the  impressed  forces,  —dV/dx  is  the 
force  parallel  to  the  axis  of  x  on  unit  of  matter  at  od^z,  and 
pdxdydz  is  the  mass  of  an  element  of  the  flaid,  and  therefore  the 
whole  force  parallel  to  the  axis  of  a;  on  a  mass  of  fluid  substituted 
for  the  immersed  body,  is  represented  by  the  triple  integral 

—  jjlp  -pdxdydz  taken  through  the  whole  space  enclosed  by  the 

sor&oe.     But,  by  §  752, 

dp dV 

dx"       dx' 
Hence  the  triple  integral  becomes 

extended  over  the  whole  surface. 

Let  cZiS'  be  an  element  of  any  surface  at  a;,  ^,  2; ;  X,  ;a,  v  the 
direction-cosines  of  the  normal  to  the  element;  p  the  pressure  in 
the  fluid  in  contact  with  it.  The  whole  resolved  pressure  parallel 
to  the  axis  of  a;  is  P,  =  JjXpdS 

=  JJpdydz, 
the  same  expression  as  above. 

The  couple  about  the  axis  of  z,  due  to  the  applied  forces  on 
any  fluid  mass,  is  (§  559)  lidm  {Xy  -  Yx\  dm  representing  the 
mass  of  an  element  of  fluid. 

This  may  be  written  in  the  form 
the  integral  being  taken  throughout  the  mass. 
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LOMOf 

weight  1x7 
immeraioii 
in  ft  fluid. 


Lemma. 


This  is  evidentlj  equal  to 

iiii't-'t)'^'^ 

=  fjpydydz  -  fjpacdzdx 

which  is  the  couple  due  to  surface-pressure  alone. 

763.  The  following  lemma,  while  in  itself  interesting,  is  of 
great  use  in  enabling  us  to  simplify  the  succeeding  investigations 
regarding  the  stability  of  equilibrium  of  floating  bodies: — 

Let  a  homogeneous  solid,  the  weight  of  unit  of  volume  of 
which  we  suppose  to  be  unity,  be  cut  by  a  horizontal  plane 

mXYTT.  Let  0  be  the 
centre  of  inertia,  and  let  JTX', 
Yy  be  the  principal  axes,  of 
this  area. 

Let  there  be  a  second  plane 
section  of  the  solid,  through 
YY\  inclined  to  the  first  at 
an  infinitely  small  angle,  6. 
Then  (1)  the  volumes,  of  the 
two  wedges  cut  from  the  solid  by  these  sections  are  equal; 
(2)  their  centres  of  inertia  lie  in  one  plane  perpendicular  to 
YY'\  and  (3)  the  moment  of  the  weight  of  each  of  these, 
round  YY',  is  equal  to  the  moment  of  inertia  about  it  of  the 
corresponding  portion  of  the  area,  multiplied  by  0. 

Take  OX,  07  as  axes,  and  let  0  be  the  angle  of  the  wedge: 
the  thickness  of  the  wedge  at  any  point  F  (ar,  y)  is  $x,  and  the 
volume  of  a  right  prismatic  portion  whose  base  is  the  elementaiy 
area  daedy  at  P  is  Oxdxdy,  Now  let  []  and  ()  be  employed  to 
distinguish  integrations  extended  over  the  portions  of  area  to 
the  right  and  left  of  the  axis  of  y  respectively,  while  integrals 
over  the  whole  area  have  no  such  distinguishing  mark.  Let 
a  and  a  be  these  areas,  v  and  i/  the  volumes  of  the  wedges ; 
{Ay  p),  (^,  ^)  the  co-ordinates  of  their  centres  of  inertia.     Then 

v=  0  [fjxdxdy]  =  axO 

'v'^e(jjxdxdy)^a:A% 

whence  v  —  ^^OJJxdxdy^O  since  0  ia  the  centre  of  inertia. 
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Hence  t?  =  v',  which  is  (1).  I^emm*. 

Again,  taking  moments  about  XX\ 

iyg=6  \Jjxydxdy]j 

and  —  v'gf  =  6  (J jxydxdy). 

Hence  v^  -  v'g'  =  6  jjxydocdy. 

But  for  a  principal  axis  (§   281)    ^ydm  vanishes.      Hence 
vg—v'g[=Of  whence,  since  v  =  v',  we  have  p==S',  which  proves  (2). 

And  (3)  is  merely  a  statement  in  words  of  the  obvious  equation 

UJx .  xOdxdy]  =  0  [Jfx^dxdy]. 

764.  If  a  positive  amount  of  work  is  required  to  produce  stabUi^  of 
any  possible  infinitely  small  displacement  of  a  body  from  a  of» floating 
position  of  equilibrium,  the  equilibrium  in  this  position  is 
stable  (§  291).  To  apply  this  test  to  the  case  of  a  floating 
body,  we  may  remark,  first,  that  any  possible  infinitely  small 
displacement  may  (§§  26,  95)  be  conveniently  regarded  as  com- 
pounded of  two  horizontal  displacements  in  lines  at  right  angles 
to  one  another,  one  vertical  displacement,  and  three  rotations 
round  rectangular  axes  through  any  chosen  point.  If  one  of 
these  axes  be  vertical,  then  three  of  the  component  displace- 
ments, viz.  the  two  horizontal  displacements  and  the  rotation 
about  the  vertical  axis,  require  no  work  (positive  or  negative), 
and  therefore,  so  far  as  they  are  concerned,  the  equilibrium  is 
essentially  neutral.  But  so  far  as  the  other  three  modes  of 
displacement  are  concerned,  the  equilibrium  may  be  stable,  or 
may  be  unstable,  or  may  be  neutral,  according  to  the  fulfilment 
of  conditions  which  we  now  proceed  to  investigate. 

766.  If,  first,  a  simple  vertical  displacement,  downwards  Vertical  dii- 
let  us  suppose,  be  made,  the  work  is  done  against  an  increasing 
resultant  of  upward  fluid  pressure,  and  is  of  course  equal 
to  the  mean  increase  of  this  force  multiplied  by  the  whole 
space.  If  this  space  be  denoted  by  z^  the  area  of  the  plane  'ef 
flotation  by  A,  and  the  weight  of  unit  bulk  of  the  liquid  by  w, 
the  increased  bulk  of  immersion  is  clearly  Az,  and  therefore 
the  increase  of  the  resultant  of  fluid  pressure  is  wAz,  and  is 
in  a  line  vertically  upward  through  the  centre  of  gravity  of -4. 
The  mean  force  against  which  the  work  is  done  is  therefore 
i^wAzy  as  this  is  a  case  in  which  work  is  done  against  a  force 
VOL.  II.  21 
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Work  done  increasing  from  zero  in  simple  proportion  to  the  space.  Hence 
cS^piace-  the  work  done  is  ^wAz\  We  see,  therefore,  that  so  far  as 
vertical  displacements  alone  are  concerned,  the  equilibrium  is 
necessarily  stable,  unless  the  body  is  wholly  immersed,  when 
the  area  of  the  plane  of  flotation  vanishes,  and  the  equilibrium 
is  neutral. 

Biflpiaoe.  766.    The  lemma  of  §  763  suggests  that  we  should  take,  as 

rotafcion  the  two  horizontal  axes  of  rotation,  the  principal  axes  of  the 

uis'iii'the  plane  of  flotation.     Considering  then  rotation  through  an  ia- 

SotetiwL  finitely  small  angle  0  round  one  of  these,  let  G  and  E  be  the 


displaced  centres  of  gravity  of  the  solid,  and  of  the  portion 
of  its  volume  which  was  immersed  when  it  was  floating  in 
equilibrium,  and  G\  E  the  positions  which  they  then  had; 
all  projected  on  the  plane  of  the  diagram  which  we  suppose  to 
be  through  I  the  centre  of  inertia  of  the  plane  of  flotation. 
The  resultant  action  of  gravity  on  the  displaced  body  is  TT,  its 
weight,  acting  downwards  through  Q\  and  that  of  the  fluid 
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pressure  on  it  is  TF  upwards  through  E  corrected  by  the  amount  Dispkc©* 
(upwards)  due  to  the  additional  immersion  of  the  wedge  AIA\  rotation 

J     1  /t  'about  an 

and  the  amount  (downwards)  due  to  the  extruded  wedge  fflB.*^^^^^ 
Hence  the  whole  action  of  gravity  and  fluid  pressure  on  the  notatioiL 
displaced  body  is  the  couple  of  forces  up  and  down  in  verticals 
through  O  and  E,  and  the  correction  due  to  the  wedges.  This 
correction  consists  of  a  force  vertically  upwards  through  the 
centre  of  gravity  oi  A'lA,  and  downwards  through  that  of  BIB, 
These  forces  are  equal  [§  763  (1)],  and  therefore  constitute  a 
couple  which  [§  763  (2)]  has  the  axis  of  the  displacement  for 
its  axis,  and  which  [§  763  (3)]  has  its  moment  equal  to  dwl^A, 
if  A  be  the  area  of  the  plane  of  flotation,  and  k  its  radius  of 
gyration  (§  281)  round  the  principal  axis  in  question.  But 
since  OE,  which  was  vertical  (as  shown  by  O'E')  in  the  position 
of  equilibrium,  is  inclined  at  the  infinitely  small  angle  6  to  the 
vertical  in  the  displaced  body,  the  couple  of  forces  W  in  the 
verticals  through  G  and  E  has  for  moment  WTid,  if  A  denote  0E\ 
and  is  in  a  plane  perpendicular  to  the  axis,  and  in  the  direction 
tending  to  increase  the  displacement,  when  G  is  above  E. 
Hence  the  resultant  action  of  gravity  and  fluid  pressure  on  the 
displaced  body  is  a  couple  whose  moment  is 

iwAie-wh)e,  or  w{Aje-'Vh)e, 

if  F  be  the  volume  immersed.  It  follows  that  when  Alf>Vh 
the  equilibrium  is  stable,  so  far  as  this  displacement  alone  is 
concerned. 

Also,  since  the  couple  worked  against  in  producing  the  dis-  work  done 

1  ..  /»  ••!  x'x     xi.    in  this  dis- 

placement increases  from  zero   m  simple  proportion  to  the  placement. 

angle  of  displacement,  its  mean  value  is  half  the  above;  and 

therefore  the  whole  amount  of  work  done  is  equal  to 

\w  [Alf  -  Vli)  0". 
767.    If  now  we  consider  a  displacement  compounded  of  a  General  dis. 

.  -   plaoement. 

vertical   (downwards)   displacement  Zy  and  rotations  through 
infinitely  small  angles  0,  ff  round  the  two  horizontal  principal 
axes  of  the  plane  of  flotation,  we  see  (§§  765,  766)  that  the  ^^^Jg*^ 
work  required  to  produce  it  is  equal  to 

\w  [Az^  +  (^it"  -  FA)  ^  +  {Ak'^  -  Vh)  0^1 

21—2 
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conditionB  and  we  conclude  that,  for  complete  stability  with  reference  to 
all  possible  displacements  of  this  kind,  it  is  necessary  and 

A1^  Ak'^ 

sufficient  that  h<  -yr  ,  and  <-y^. 

Themeta-  768.  When  the  displacement  is  about  any  axis  through  the 
Condition  of  centie  of  inertia  of  the  plane  of  flotation,  the  resultant  of  fluid 
So?"*"  pressure  is  equal  to  the  weight  of  the  body ;  but  it  is  only 
when  the  axis  is  a  principal  axis  of  the  plane  of  flotation  that 
this  resultant  is  in  the  plane  of  displacement.  In  such  a  case 
the  point  of  intersection  of  the  resultant  with  the  line  originally 
vertical,  and  through  the  centre  of  gravity  of  the  body,  is  called 
the  Metacentre.  And  it  is  obvious,  from  the  above  investiga- 
tion, that  for  either  of  these  planes  of  displacement  the  con- 
dition of  stable  equilibrium  is  that  the  metacentre  shall  be 
ahove  the  centre  of  gravity. 

769.  The  spheroidal  analysis  with  which  we  propose  to 
conclude  this  volume  is  proper,  or  practically  successful,  for 
hydrodynamic  problems  only  when  the  deviations  from  spheri- 
cal symmetry  are  infinitely  small ;  or,  practically,  small  enough 
to  allow  us  to  neglect  the  squares  of  ellipticities  (§  801) ;  or, 
which  is  the  same  thing,  to  admit  thoroughly  the  principle  of 
the  superposition  of  disturbing  forces,  and  the  deviations  pro- 
duced by  them.  But  we  shall  first  consider  a  case  which 
admits  of  very  simple  synthetical  solution,  without  any  re- 
striction to  approximate  sphericity ;  and  for  which  the  follow- 
ing remarkable  theorem  was  discovered  by  Newton  and 
Maclaurin : — 

A  homo-  770.  An  oblate*  ellipsoid  of  revolution,  of  any  given  eccen- 
S?i^di8  tricity,  is  a  figure  of  equilibrium  of  a  mass  of  homogeneous 
eamuSrium  incompressible  fluid,  rotating  about  an  axis  with  determinate 
SquSmBsf  angular  velocity,  and  subject  to  no  forces  but  those  of  gravitation 

among  its  parts. 

The  angular  velocity  for  a  given  eccentricity  is  independent 

of  the  bulk  of  the  fluid,  and  proportional  to  the  square  root  of 

its  density, 

771.    The  proof  of  these  propositions  is  easily  obtained  from 
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the  results  already  deduced  with  respect  to  the  attraction  of  an 
ellipsoid  and  the  properties  of  the  free  surface  of  a  fluid  as 
follows : — 

We  know,  from  §  322,  that  if  APB  be  a  meridional  section 
of  a  homogeneous  oblate  spheroid,  OC  the  polar  axis,  OA  an 
equatorial  radius,  and  P  any  point  on  the  surface,  the  attraction 
of  the  spheroid  may  be  resolved  into  two  components;  one,  Pp, 
perpendicular  to  the 
polar  axis,  and  vary- 
ing as  the  ordinate 
FM;  the  other,  Ps, 
parallel  to  the  polar 
axis,  and  varying  as 
PN.  These  compo- 
nents are  not  equal 
when  MP  and  PN  are 
equal,  else  the  result- 
ant attraction  at  all 
points  in  the  surface 
would  pass  through  0;  whereas  we  know  that  it  is  in  some 
such  direction  as  Pf,  cutting  the  radius  OA  between  0  and  Ay 
but  at  a  point  nearer  to  0  than  n  the  foot  of  the  normal  at  P. 

Let  then  Pp  =  a  .  PM, 

and     P8  =  y.  PN, 
where  a  and  7  are  known  constants,  depending  merely  on  the 
density,  (/>),  and  eccentricity  (e),  of  the  spheroid. 

Also,  we  know  by  geometry  that  Nn  =  (1  —  e^  ON. 

Hence ;  to  find  the  magnitude  of  a  force  Pq  perpendicular 
to  the  axis  of  the  spheroid,  which,  when  compounded  with  the 
attraction,  will  bring  the  resultant  force  into  the  normal  Pn : 
make  pr  =  Pq,  and  we  must  have 

Hence  Pr  =  (1  -  e*)  ^  Pp 


A  homo- 
geneous 
dlipsoid  ii 
aflipireof 
eauilibrium 
of  a  rotating 
liquid 


Pp-Pq^{l-in\Pp, 
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i>g=|l -(!-«•) 2jpp 


Ahomo- 
geoeoiu        Qf 
vlHpioid  is 
a  flipire  of 

o?Sroti3;ing  =  {«  -  (1  —  c")  7}  PM. 

liquid 


Now  if  the  spheroid  were  to  rotate  with  angular  velocity  a> 
about  OC,  the  centrifugal  force  (§§  32,  35a,  259),  would  be  in 
the  direction  Pj,  and  would  amount  to  <d^PM. 

Hence,  if  we  make      ©*  =  a  —  (1  — e*)7 (1)  ; 

the  whole  force  on  P,  that  is,  the  resultant  of  the  attraction 
and  centrifugal  force,  will  be  in  the  direction  of  the  normal  to 
the  surface,  which  is  the  condition  for  the  free  surface  of  a  mass 
of  fluid  in  equilibrium. 

Now,  §  527  (31)*,  7  =  *^P  ^  (/-  tan-y )         ] 


«-2-/>->-K/-iTr 


Hence  by  (1)  w'  =  ^Jf-  {(3  +  f)  ^^^f-  3/}  (3). 

Tb«iqiuu«  This  determines  the  angular  Telocity,  and  proves  it  to  be  pro- 
Site  angular  portional  to  Jo. 

▼elocity  ii 

•Hy^of  tS"  When  e,  and  therefore  also  f,  is  small,  this  formula  is  most 
liquid.        easily  calculated  from 


©» 


=  Ar-A/*  +  eta (4), 


27rp 

of  which  the  first  term  is  sufficient  when  we  deal  with  spheroids 
80  little  oblate  as  the  earth. 

772.  The  following  table  has  been  calculated  by  means  of 
these  simplified  formulsB.  The  last  figure  in  each  of  the  four 
last  columns  is  given  to  the  nearest  unit.  The  two  last  columns 
will  be  explained  in  §§  775,  776. 

From  this  we  see  that  the  value  of  (o^/2'n-p  increases  gradually 
from  zero  to  a  maximum  as  the  eccentricity  e  rises  from  zero  to 

*  Remark  that  the  **e"  of  §  527  is  not  the  eccentricitj  of  the  oblate 
spheroid  which  we  now  denote  by  e,  and  that  with  /  as  there  and  e  as  here  we 
have  !-««= !/(!+/«). 
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about  0  9S,  and  then  (more  quickly)  falls  to  zero  as  the  eccen-  Tabieof oorw 

retponding 


1. 

11. 

HI. 

IV. 

Bee  §  776. 

V. 

Bee  §  776. 

Rotational  period,  in 

/i«_(l+/«)l«a 

k           2jrp 
where  fi  is  mo- 
ment of  momen- 
tum, and  k  a 
constant*. 

eccentri- 
city e= 

eMf-O. 

2r/> 

mean  solar  seconds, 

for  case  of  density 

equal  to  Earth's 

mean  density. 

0 

• 

0 

0 

00 

0 

0-093 

•0934 

•0023 

86,164 

•0023 

•1 

•1006 

•0027 

79,966 

•0027 

•2 

•2041 

•0107 

39,397 

•0110 

•3 

•3145 

•0243 

26,495 

•0268 

•4 

•4365 

•0436 

19,780 

•0490 

•6 

•5774 

•0690 

15,730 

•0836 

•6 

•7502 

•1007 

13,022 

•1356 

•7 

•9804 

•1387 

11,096 

•2172 

•8 

1-3333 

•1816 

9,697 

•3688 

•8127 

1-3946 

•1868 

9,561 

•3838 

•9 

2-0648 

•2203 

8,804 

•6666 

•91 

2-1949 

•2225 

8,759 

•7198 

•92 

2-3474 

•2241 

8,729 

•7813 

•93 

2-6304 

•2247 

8,718 

•8533 

•94 

2-7556 

'2239 

8,732 

•9393 

•96 

8-0423 

•2218 

8,783 

1-046 

•96 

3-4282 

•2160 

8,891 

1^179 

•97 

3-9904 

•2063 

9,098 

1-350 

•98 

4-9261 

•1890 

9,604 

1-627 

•99 

7-0175 

•1551 

10,490 

2-113 

100 

00 

0-0000 

00 

00 

tricity  rises  from  093  to  unity.  The  values  of  the  other  quan- 
tities corresponding  to  this  maximum  are  given  in  the  table. 

773.  If  the  angular  velocity  exceed  the  value  calculated  from 

2Vp  =  «'22*7- (5). 

when  for  p  is  substituted  the  density  of  the  liquid,  equilibrium 
is  impossible  in  the  form  of  an  ellipsoid  of  revolution.  If  the 
angular  velocity  fall  short  of  this  limit  there  are  always  two 
ellipsoids  of  revolution  which  satisfy  the  conditions  of  equi- 
librium. In  one  of  these  the  eccentricity  is  greater  than  0*93, 
in  the  other  less. 

*  Calculated  from  the  mass  and  density,  by  the  formula 


^4  a)* 


mines  of 
elliptidtiet 
ana  angular 
velocities. 


M 
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Mean  den- 
sity of  the 
earth  ez- 
presaedin 
attraction 
units. 


774.  It  may  be  useful,  for  special  applications,  to  indicate 
briefly  how  p  is  measured  in  these  formulae.  In  the  definitions 
of  §§  459,  460,  on  which  the  attraction  formulae  are  based, 
unit  mass  is  defined  as  exerting  unit  force  on  unit  mass  at 
unit  distance ;  and  unit  volume-density  is  that  of  a  body  which 
has  unit  mass  in  unit  volume.  Hence,  with  the  foot  as  our 
linear  unit,  we  have  for  the  earth's  attraction  on  a  particle  of 
unit  mass  at  its  surface 


^-^  =  5^<ri2  =  32-2; 


where  R  is  the  radius  of  the  earth  (supposed  spherical)  in  feet; 
and  a  its  mean  density,  expressed  in  terms  of  the  unit  just 
defined. 

Taking  20,900,000  feet  as  the  value  of  JB,  we  have 

<r  =  0-000000368  =  3-68  X  10-^../ (6). 

As  the  mean  density  of  the  earth  is  about  5  5  times  that  of 
water,  §  479,  the  density  of  water  in  terms  of  our  present  unit  is 

^10-^  =  67  xlO-«. 

5'D 


Time  of  775.    The  fourth  column  of  the  table  above  gives  the  time  of 

spheroid  Of  rotation  in  seconds,  corresponding  to  each  value  of  the  ecc^n- 
Srdtj.      '  tricity,  p  being  assumed  equal  to  the  mean  density  of  the 
earth.    For  a  mass  of  water  these  numbers  must  be  multiplied 
by  V^'^y  ^  ^^^  ^^^^  ^^  rotation  to  give  the  same  figure  is  in- 
versely as  the  square  root  of  the  density. 

For  a  homogeneous  liquid  mass,  of  the  earth's  mean  density, 
rotating  in  23**  56"  4*,  we  find  e  =  0*093,  which  corresponds  to 
an  ellipticity  of  about  ^. 

Mast  and         776.    An  interesting  form  of  this  problem,  also  discussed  by 

momentum  Laplace,  is  that  in  which  the  moment  of  momentum  and  the 

given.         mass  of  the  fluid  are  given,  not  the  angular  velocity ;  and  it  is 

required  to  find  what  is  the  eccentricity  of  the  corresponding 
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ellipsoid  of  revolution,  the  result  proving  that  there  can  beHusand 

•I      ,  moment  of 

out  one.  momentum 

of  fluid 

Calling  M  the  mass,  and  /a  the  moment  of  momentum,  we  *^^"** 
have 

iW=i,rpc'(l+/') (7), 

and  /i  =  |i/'c*(l  +/•)<» (8). 

These  equations,  with  (3)  determine  c,  /,  and  o),  for  any  given 
values  of  M  and  p.  Eliminating  c  and  a>  from  (8)  by  (7)  and 
(3),  we  find 

It  is  by  this  formula,  that  Col.  v.  of  the  table  of  §  772  has 
been  calculated.  The  result  shows  that  for  any  given  value  of 
/x,  the  moment  of  momentum,  there  is  one  and  only  one  value 
of/ 

777.  It  is  evident  that  a  mass  of  any  ordinary  liquid  (not 
a  perfect  fluid,  §  742),  if  left  to  itself  in  any  state  of  motion, 
must  preserve  unchanged  its  moment  of  momentum  (§  235). 
But  the  viscosity,  or  internal  friction  (§  742),  will,  if  the  mass 
remain  continuous,  ultimately  destroy  all  relative  motion 
among  its  parts ;  so  that  it  will  ultimately  rotate  as  a  rigid 
solid.  We  have  seen  (§  776),  that  if  the  final  form  be  an  ellip- 
soid of  revolution,  there  is  a  single  definite  value  of  its  eccen- 
tricity. But,  as  it  has  not  yet  been  discovered  whether  there 
is  any  other  form  consistent  with  stable  equilibrium,  we  do  not 
know  that  the  mass  will  necessarily  assume  the  form  of  this 
particular  ellipsoid  Nor  in  fact  do  we  know*  whether  even 
the  ellipsoid  of  rotation  may  not  become  an  unstable  form  if 
the  moment  of  momentum  exceed  some  limit  depending  on  the 
mass  of  the  fluid.  We  shall  return  to  this  subject  in  Vol.  ii., 
as  it  a£fords  an  excellent  example  of  that  difficult  and  delicate 
question  Kinetic  Stability  (§  346).     [See  §  778  below.] 

*  The  present  tense  in  this  sentence  relates  to  fifteen  years  ago.  We  now 
(Jan.  1882)  know  that  the  ellipsoid  of  revolution  U  unstable  for  moment  o! 

momentum  exceeding  some  definite  multiple  of  M^/p^;  or,  which  comes  to  the 
same,  the  figure  is  unstable  with  eccentricity  exceeding  some  definite  amount 
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Bgniiibriam      778.    No  one  seems  yet  to  have  attempted  to  solve  the 
three  un-     oreneral  problem  of  finding  all  the  forms  of  equilibrium  which  a 

CQtuu  tan.    o  r^  o  t. 

mass  of  homogeneous  incompressible  fluid  rotating  with  uniform 
angular  velocity  may  assume.  Unless  the  velocity  be  so  small 
that  the  figure  differs  but  little  from  a  sphere  (a  case  which 
will  be  carefully  treated  later),  the  problem  presents  difficulties 
of  an  exceedingly  formidable  nature.  It  is  therefore  of  some 
importance  to  show  by  a  synthetical  process  that  besides  the 
ellipsoid  of  revolution,  there  is  an  ellipsoid  with  three  unequal 
axes,  which  is  a  figure  of  equilibrium  when  the  moment  of  mo- 
mentum is  great  enough.  This  curious  theorem  was  discovered 
by  Jacobi  in  1834,  and  seems,  simple  as  it  is,  to  have  been 
enunciated  by  him  as  a  challenge  to  the  French  mathematicians*. 
The  following  proof  was  given  by  Archibald  Smith  in  the  second 
number  of  the  Cambridge  Mathematical  Jouimalf, 

The  components  of  the  attraction  of  a  homogeneous  ellipsoid, 
whose  semi-axes  are  a,  b,  c,  on  a  point  (x,  y^  z)  at  its  surface, 
found  in  §  526  above,  may  be  written  Ax,  By,  Cz,  where 

*      Jo  {a^+u)D*  ^     Jq  (6*+t*)i)'  -      Jo  {c'+u)I)      ^  ^' 

where  D  =  {a'-h  w)*  (b'  +  w)*  (c*  +  u)\ 

If  the  ellipsoid  revolve,  with  angidar  velocity  o,  about  the 
axis  of  z,  the  components  of  the  centrifugal  force  are  ta'x,  <o'y,  0. 
Hence  the  components  of  the  whole  resultant  of  gravity  and 
centrifugal  force  on  a  particle  at  (x,  y,  z)  are 

(4  -  0)")  x,  {B  -  o)«)  y,  Cz, 

But  the  direction-cosines  of  the  normal  to  the  surface  of  the 
ellipsoid  at  (a;,  y,  z),  are  proportional  to 

X      y      z 
5*'   V   ?' 

and,  for  equilibrium,  the  resultant  force  must  be  perpendicular 
to  the  free  surface.     Hence 

a»(4-o)')  =  6«(5-oi")  =  c"a  (2). 

♦  See  a  Paper  by  Liouville,  Journal  de  VEcole  Poly  technique  ^  cahier  xxni. 
foot-note  to  p.  290. 

t  Cambridge  Math,  Journal,  Feb.  1838. 
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These  equations  £:ive  Equilibrium 

^  °  ellipsoid  of 

a»6>(^-^)  +  (a>-6«)c'C  =  0 (3),      *5Si?2i. 

and  <o'=    ^,^^,    (4); 

which,  with  A,  B,  C  eliminated  bj  (1),  become 


•'    ■"  "•  '•     11-0 (5), 


and  (i)*  =  5i/' I     T^i r-y,,— — r-^ (6). 

The  first  factor  of  (5)  equated  to  zero,  gives  a  =  5,  and  (6)  gives 
the  angular  velocity  for  any  assumed  ratio  of  c  to  a :  thus  we 
fall  back  on  the  solution  by  an  ellipsoid  of  revolution  worked 
out  in  §  771  above. 

Another  solution  is  found  by  equating  the  second  factor  of 
(5)  to  zero.     This  equation  which  is  equivalent  to 

Cudufl       1        1         w  \     ^  ,_ 

I  z)'U'"'6'"'?''W=° <'>' 

may  be  regarded  as  an  equation  to  determine  c'  for  any  given 
values  of  a  and  h.  It  has  obviously  one  and  only  one  real 
positive  root ;  which  is  proved  by  remarking,  that  while  u  in- 
creases from  zero  to  infinity,  ulD^  decreases  continually  to  zero, 
and  the  last  factor  under  the  integral  sign  continuously  increases, 
only  reaching  a  positive  value  for  infinitely  great  values  of  u 
when  c  is  zero,  and  being  positive  for  all  values  of  u  when 
l/c*  =  or  <l/a'+ 1/6':  and  that,  for  any  constant  value  of  w, 
the  last  factor  increases  with  increase  of  c'.  As  every  element 
of  the  integral  is  positive  when  l/c'  =  or  <l/rt*+ 1/6"  and  as 
we  may  write  this  inequality  as  follows,  c'^or  >  6V(1  +  6*/«*), 
we  see  that  if  c  =  or  <  the  less  of  a,  or  6,  every  element  of  the 
integral  is  positive,  and  we  infer  that  the  root  c  is  less  than  the 
least  of  a  or  6. 

778'.  The  solution  of  (7)  for  the  case  of  a  =  6  is  particularly 
interesting.  It  will  be  interpreted  and  turned  to  account  in 
§  778".  It  is  the  case,  and  obviously  the  only  case,  in  which  (5), 
regarded  as  an  equation  for  determining  any  one  of  the  quanti- 
ties, a',  6',  c'  in  terms  of  the  two  others,  has  equal  positive  roots. 
In  this  case  the  integral  forming  the  first  member  of  (7)  is 
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reducible  from  the  elliptic  function  required  to  express  it  when 
a  is  not  equal  to  6,  to  a  formula  involving  no  other  transcendent 
than  an  inverse  circular  function.  The  reduction  is  readily 
performed  by  aid  of  the  notation  of  §  527  (22),  where  however 
a  stood  for  what  we  now  denote  by  c.  It  is  to  be  noted  also 
that  the  g'  of  §  527  is  now  zero,  because  the  point  we  are  now 
considering  is  on  the  surface  of  the  ellipsoid.  The  resulting 
transcendental  equation  equivalent  to  (7)  may,  if,  as  in  §  527 
(28),  we  put 

/-y°-^ <"- 

be  written  as  follows, 

tan-/_      \+^}f  ,o^ 

/    "!  +  ¥/'+/* ^^' 

When  f  is  increased  continuously  from  zero  to  infinity  the  left- 
hand  member  of  this  equation  diminishes  continuously  from 
unity  to  zero:  the  right-hand  member  diminishes  also  from 
unity  to  zero,  but  diminishes  at  first  less  rapidly  and  afterwards 
more  rapidly  than  the  other.  Thus  there  is  one  and  only  one 
root,  which  by  trial  and  error  we  find  to  be 

/=  1-39457. 

Some  numerical  particulars  relating  to  this  case  are  inserted  in 
the  Table  of  §  772,  as  amended  for  the  present  edition. 

778".  During  the  fifteen  years  which  have  passed  since 
the  publication  of  our  first  edition  we  have  never  abandoned 
the  problem  of  the  equilibrium  of  a  finite  mass  of  rotating 
incompressible  fluid.  Year  after  year,  questions  of  the  multi- 
plicity of  possible  figures  of  equilibrium  have  been  almost  in- 
cessantly before  us,  and  yet  it  is  only  now,  under  the  compulsion 
of  finishing  this  second  edition  of  the  second  part  of  our  first 
volume,  with  hope  for  a  second  volume  abandoned,  that  we 
have  succeeded  in  finding  anything  approaching  to  fiill  light  on 
the  subject 

(a)  The  oblate  ellipsoid  of  revolution  is  proved  by  §  776  and 
by  the  table  of  §  772  to  be  stable,  if  the  condition  of  being  an 


Btobility 
and  insta- 
bility of 

spheroid  of  ellipsoid  of  revolution  be  imposed.     It  is  obviously  not  stable 
for  very  great  eccentricities  without  this  double  condition  of 


being  both  a  figure  of  revolution  and  ellipsoidal. 
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(6)  If  the  condition  of  being  a  figure  of  revolution  is  im-  Annular 
posed,  without  the  condition  of  being  an  ellipsoid,  there  is,  for  probabij 
large  enough  moment  of  momentum,  an  annular  figure  of  equi- 
librium which  is  stable,  and  an  ellipsoidal  figure  which  is  un- 
stable. It  is  probable,  that  for  moment  of  momentum  greater 
than  one  definite  limit  and  less  than  another,  there  is  just  one 
annular  figure  of  equilibrium,  consisting  of  a  single  ring, 

(c)  For  sufl&ciently  large  moment  of  momentum  it  is  certain 
that  the  liquid  may  be  in  equilibrium  in  the  shape  of  two,  three, 
four  or  more  separate  rings,  with  its  mass  distributed  among 
them  in  arbitrary  portions,  all  rotating  with  one  angular  velocity, 
like  parts  of  a  rigid  body.  It  does  not  seem  probable  that  the 
kinetic  equilibrium  in  any  such  case  can  be  stable. 

{d)     The  condition  of  being  a  figure  of  equilibrium  being  still  "ni**" 
imposed,  the  single-ring  figure,  when  annular  equilibrium  is  ■*»»"•!  to 
possible  at  all,  is  probably  stable.     It  is  certainly  stable  for  very  gfJJJf^' 
large  values  of  the  moment  of  momentum.  anaxu. 

{e)  On  the  other  hand  let  the  condition  of  being  ellipsoidal 
be  imposed,  but  not  the  condition  of  being  a  figure  of  revolution. 
Whatever  be  the  moment  of  momentum,  there  is  one,  and  only 
one  revolutional  figure  of  equilibrium,  €is  we  have  seen  in  §  776; 
we  now  add : 

(1)  The  equilibrium  in  the  revolutional  figure  is  stable,  or  instability 

y— —  of  oblate 

unstable,  according  as./[  = J  is  <  or  >  1*39457.  m*^'?**'^' 

Jaoobian 

(2)  When  the  moment  of  momentum  is  less  than  that  which  ^**^^*^ 
makes /=  1"394'57  (or   eccentricity  = '81266)   for  the   revolu- 
tional figure,  this  figure  is  not  only  stable,  but  unique. 

(3)  When  the  moment  of  momentum  is  greater  than  that 
which  makes  /=  1'39457  for  the  revolutional  figure,  there  is, 
besides  the   unstable  revolutional  figure,  the  Jacobian  figure 

(§  778  above)  with  three  unequal  axes,  which  is  always  stable  ^ 
if  the  condition  of  being  ellipsoidal  is  imposed.  But,  as  will  be 
seen  in  (/)  below,  the  Jacobian  figure,  without  the  constraint 
to  ellipsoidal  figure,  is  in  some  cases  certainly  unstable,  though 
it  seems  probable  that  in  other  cases  it  is  stable  without  any 
constraint. 
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Unttobie  (y)  Looking  back  now  to  §  778  and  choosing  the  case  of  a 
^va^  a  great  multiple  of  6,  we  see  obviously  that  the  excess  of  6  above 
c  must  in  this  case  be  very  small  in  comparison  with  c.  Thus 
we  have  a  very  slender  ellipsoid,  long  in  the  direction  of  a,  and 
approximately  a  prolate  figure  of  revolution  relatively  to  this 
long  o-axis,  which,  revolving  with  proper  angular  velocity  round 
its  shortest  axis  c,  is  a  figure  of  equilibrium.  The  motion  so 
constituted,  which,  without  any  constraint  is,  in  virtue  of  §  778 
a  configuration  of  minimum  energy  or  of  maximum  energy,  for 
given  moment  of  momentum,  is  a  configuration  of  minimuni 
energy  for  given  moment  of  momentum,  stibject  to  the  condition 
that  the  shape  is  constrainedly  an  ellipsoid.  From  this  proposi- 
tion, which  is  easily  verified,  in  the  light  of  §  778,  it  follows 
that,  with  the  ellipsoidal  constraint,  the  equilibrium  is  stable. 
The  revolutional  ellipsoid  of  equilibrium,  with  the  same  moment 
of  momentum,  is  a  very  flat  oblate  spheroid ;  for  it  the  energy 
is  a  minimax,  because  clearly  it  is  the  smallest  energy  that  a 
revolutional  ellipsoid  with  the  same  moment  of  momentum  can 
have,  but  it  is  greater  than  the  energy  of  the  Jacobian  figure 
with  the  same  moment  of  momentum. 

{g)  If  the  condition  of  being  ellipsoidal  is  removed  and  the 
liquid  left  perfectly  free,  it  is  clear  that  the  slender  Jacobian 
ellipsoid  of  (/)  is  not  stable,  because  a  deviation  from  ellipsoidal 
figure  in  the  way  of  thinning  it  in  the  middle  and  thickening  it 
towards  its  ends,  would  with  the  same  moment  of  momentum 
give  less  energy.  With  so  great  a  moment  of  momentum  as  to 
give  an  exceedingly  slender  Jacobian  ellipsoid,  it  is  clear  that 
Confl^ra-  another  possible  figure  of  equilibrium  is,  two  detached  approxi- 
detacbed  mately  spherical  masses,  rotating  (as  if  parts  of  a  solid)  round 
maaaea  an  axis  through  their  centre  of  inertia,  and  that  this  figure  is 
stable.  It  is  also  clear  that  there  may  be  an  infinite  number  of 
such  stable  figures,  with  difierent  proportions  of  the  liquid  in 
the  two  detached  masses.  With  the  same  moment  of  momen- 
tum there  are  also  configurations  of  equilibrium  with  the  liquid 
in  divers  proportions  in  more  than  two  detached  approximately 
spherical  masses. 

(A)     No  configuration  in  more  than  two  detached  masses, 
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has  secular  stability  according  to  the  definition  of  (k)  below,  contiirar*- 
and  it  is  doubtful  whether  any  of  them,  even  if  undisturbed  by  detached 
viscous  influences,  could  have  true   kinetic   stability :    at  all  ™*»gj» 
events,  unless  approaching  to  the  case  of  the  three  material 
points    proved    stable    by    Gascheau    (see     Routh's    "Rigid 
Dynamics,"  §  475,  p.  381). 

{%)  The  transition  from  the  stable  kinetic  equilibrium  of  a 
liquid  mass  in  two  equal  or  unequal  portions,  so  far  asunder 
that  each  is  approximately  spherical,  but  disturbed  to  slightly 
prolate  figures  (found  by  the  well-known  investigation  of 
equilibrium  tides,  given  in  §  804  below),  and  to  the  more  and 
more  prolate  figures  which  would  result  from  subtraction  of 
energy  without  change  of  moment  of  momentum,  carried  so  far 
that  the  prolate  figures,  now  not  even  approximately  elliptic, 
cease  to  be  stable,  is  peculiarly  interesting.  We  have  a  most 
interesting  gap  between  the  unstable  Jacobian  ellipsoid  when 
too  slender  for  stability,  and  the  case  of  smallest  moment  of 
momentum  consistent  with  stability  in  two  equal  detached 
portions.  The  consideration  of  how  to  fill  up  this  gap  with 
intermediate  figures,  is  a  most  attractive  question,  towards 
answering  which  we  at  present  offer  no  contribution. 

(j)  When  the  energy  with  given  moment  of  momentum  is 
either  a  minimum  or  a  maximum,  the  kinetic  equilibrium  is 
clearly  stable,  if  the  liquid  is  perfectly  inviscid.  It  seems 
probable  that  it  is  essentially  unstable,  when  the  energy  is  a 
minimax ;  but  we  do  not  know  that  this  proposition  has  been 
ever  proved. 

(k)  If  there  be  any  viscosity,  however  slight,  in  the  liquid,  or 
if  there  be  any  imperfectly  elastic  solid,  however  small,  floating 
on  it  or  sunk  within  it,  the  equilibrium  in  any  case  of  energy 
either  a  minimax  or  a  maximum  cannot  be  secularly  stable  : 
and  the  only  secularly  stable  configurations  are  those  in  which 
the  energy  is  a  minimum  with  given  moment  of  momentum. 
It  is  not  known  for  certain  whether  with  given  moment  of 
momentum  there  can  be  more  than  one  secularly  stable  configu- 
ration of  equilibrium  of  a  viscous  fluid,  in  one  continuous  mass, 
but  it  seems  to  us  probable  that  there  is  only  one. 
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Si^Srioai  ^^^'  -^  ^®^  words  of  explanation,  and  some  graphic  illustra- 
harmonicB.  fions,  of  the  character  of  spherical  surface  harmonics  may  pro- 
mote the  clear  imderstanding  not  only  of  the  potential  and 
hydrostatic  applications  of  Laplace's  analysis,  which  will  occupy 
us  presently,  but  of  much  more  important  applications  to  be 
made  in  Vol.  ii.,  when  waves  and  vibrations  in  spherical  fluid 
or  elastic  solid  masses  will  be  treated.  To  avoid  circumlo- 
Harmonio  cutious,  WO  shall  designate  by  the  term  harmonic  spheroid,  or 
***  *"^*  spherical  harmonic  undulation,  a  surface  whose  radius  to  any 
point  diflfers  from  that  of  a  sphere  by  an  infinitely  small  length 
varying  as  the  value  of  a  surface  harmonic  function  of  the 
position  of  this  point  on  the  spherical  surface.  The  definitions 
of  spherical  solid  and  surface  harmonics  [App.  B.  (a),  (b),  (c)] 
show  that  the  harmonic  spheroid  of  the  second  order  is  a  surface 
of  the  second  degree  subject  only  to  the  condition  of  being 
approximately  spherical:  that  is  to  say,  it  may  be  any  elliptic 
spheroid  (or  ellipsoid  with  approximately  equal  axes).  Gene- 
rally a  harmonic  spheroid  of  any  order  i  exceeding  2  is  a  sur- 
face of  algebraic  degree  i,  subject  to  further  reslarictiona  than 
that  of  merely  being  approximately  spherical. 

Let  ^1  be  a  surfaee  harmonic  of  the  order  i  with  the  coefficient  of 
the  leading  term  so  chosen  as  to  make  the  greatest  maximum 
value  of  the  function  unity.  Then  if  a  be  the  radius  of  the 
mean  sphere,  and  c  the  greatest  deviation  from  it,  the  polar 
equation  of  a  harmonic  spheroid  of  order  i  mil  be 

r  =  a  +  eSt (1) 

if  S^  is  regarded  as  a  function  of  polar  angular  co-ordinates,  $,  t^. 
Considering  that  c/a  is  infinitely  small,  we  may  reduce  this  to  an 
equation  in  rectangular  co-ordinates  of  degree  i,  thus : — Squaring 
each  member  of  (1);  and  putting  cr^ja**^  for  c/a,  from  which  it 
differs  by  an  infinitely  small  quantity  of  the  second  order,  we 
have 

'^  =  «»'  +  J^(^^.) (2).     ■ 

This,  reduced  to  rectangular  co-ordinates,  is  of  algebraic  degi-ee  t. 

Harmonic        780.  •  The  line  of  no  deviation  from  the  mean  spherical  sur- 

wid^iin©."*  face  is  called  the  nodal  line,  or  the  nodes  of  the  harmonic 

spheroid.    It  is  the  line  in  which  the  spherical  surface  is  cut 
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by  the  harmonic  nodal  cone;  a  certaitx  cone  with  vertex  at  the  iMgrenioa 

.  on  apfaericai 

centre  of  the  sphere,  and  of  algebraic  degree  equal  to  the  order  harmonics, 
of  the  harmonic.    An  important  property  of  the  harmonic  nodal  noSicone 
line,  indicated  by  an  interesting  hydrodynamic  theorem  due  to  *"    "*^ 
Bankine*,  is  that  when  self-cutting  at  auy  point  or  points,  the 
different  branches  make  equal  angles  with  one  another  round 
each  point  of  section. 

Denoting  r*St  of  §  779  by  r<,  we  have 

Vi  =  0 (3) 

for  the  equation  of  the  harmonic  nodal  cone.     As  V^  is  [App.  Theorem 
B.  (a)]  a  homogeneous  function  of  degree  i,  we  may  write  nodal  oone. 

r,  =  ff/'hH^z*'-^  +  H^-*+ff^'*-\-eUi (4), 

where  H^  is  a  constant,  and  H^,  ff^,  H^y  etc.,  denote  integral 
homogeneous  functions  of  a;,  y  of  degrees  1,2,  3,  etc. ;  and  then 
the  condition  jfVi  =  0  [App.  B.  (a)]  gives 

v*-ff.+(i-«  +  2)(t-«  +  i)ir._,=o         f'"^  ^* 

which  express  all  the  conditions  binding  on  H^,  ff^,  H^,  etc. 

Now  suppose  the  nodal  cone  to  he  autotomic,  and,  for  brevity 
and  simplicity,  take  OZ  along  a  line  of  intersection.  Then  z  =  a 
makes  (3)  the  equation  in  x,  y,  of  a  curve  lying  in  the  tangent 
plane  to  the  spherical  surface  at  a  double  or  multiple  point  of  the 
nodal  line,  and  touching  both  or  all  its  branches  in  this  point. 
The  condition  that  the  curve  in  the  tangent  plane  may  have  a 
double  or  multiple  point  at  the  origin  of  its  co-ordinates  is,  when 
(4)  is  put  for  Viy 

ff^=0;  and,  for  all  values  of  as,  y,  ff^  =  0. 
Hence  (5)  gives  v'-^«  =  ^> 

so  that,  if  H^  =  Aiiif-hBy'-^  2Cxy, 

we  have  A  +  B  =  0.  This  shows  that  the  two  branches  cut  one 
another  at  right  anglea 

If  the  origin  be  a  triple,  or  nrmultiple  point,  we  must  have 

and  (5)  gives  V*^,  =  0. 

*  "Summary  of  the  Properties  of  oertain  Stream-Lines."    Phil,  Mag.,  Oot. 
1864. 
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Hence  [§  707  (23),  writing  v  for  V- 1], 

H^^A  \{x  +  y  1,)"+  (a;  -  y  v)"}  +  J?v{(a;  +  yv)"-  {x  -  y  v)"}, 

or,  if  a;sp cos ^,  y  s p  sin  ^, 

jy  s  2/}"  (^  COB  n<^  +  ^sin 7i<^), 

which  shows  that  the  n  branches  cut  one  another  at  eqnal  angles 
round  the  origin* 

781.  The  harmonic  nodal  cone  may,  in  a  great  variety  of 
cases  \y^  resolvable  into  factors],  be  composed  of  others  of  lower 
degrees.  Thus  (the  only  class  of  cases  yet  worked  out)  each  of 
the  2i  + 1  elementary  polar  harmonics  [as  we  may  conveniently 
call  those  expressed  by  (36)  or  (37)  of  App.  B,  with  any  one 
alone  of  the  2i  +  l  coefficients  A^,  jBJ  has  for  its  nodes  circles 
of  the  spherical  surface.  These  circles,  for  each  such  harmonic 
element,  are  either  (1)  all  in  parallel  planes  (as  circles  of  lati- 
tude on  a  globe),  and  cut  the  spherical  surface  into  zones,  in 
which  case  the  harmonic  is  called  zonal ;  or  (2)  they  are  all  in 
planes  through  one  diameter  (as  meridians  on  a  globe),  and  cut 
the  surface  into  equal  sectors,  in  which  case  the  harmonic  is 
called  sectorial;  or  (3)  some  of  them  are  in  parallel  planes, 
and  the  others  in  planes  through  the  diameter  perpendicular  to 
those  planes,  so  that  they  divide  the  surface  into  rectangular 
quadrilaterals,  and  (next  the  poles)  triangular  segments,  as 
areas  on  a  globe  bounded  by  parallels  of  latitude,  and  meridians 
at  equal  successive  differences  of  longitude. 

With  a  given  diameter  as  axis  of  symmetry  there  are,  for 

complete  harmonics  [App.  B.  (c),  (^)]>  just  one  zonal  harmonic 

of  each  order  and  two  sectorial.   The  zonal  harmonic  is  a  function 

of  latitude  alone  (Jtt  —  ^,  according  to  the  notation  of  App.  B.); 

being  the  0/°^  given  by  putting  «  =  0  in  App.  B.  (38).     The 

sectorial  harmonics  of  order  i,  being  given  by  the  same  with 

8  =  t,  are 

sin'^cost^,  and  sin'dsinz^ (1). 

The  general  polar  harmonic  element  of  order  «,  being  the 
6,**^  cos  50  and  ©/•^sin*^  of  B.  (38),  with  any  value  of  8  from 
0  to  i,  has  for  its  nodes  t  — «  circles  in  parallel  planes,  and  8 
great  circles  intersecting  one  another  at  equal  angles  round 
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their  poles:  and  the  variation  from  maximum  to  minimum  Diffusion 

^  •  T  1      onspberictl 

along  the  equator,  or  any  parallel  circle,  is  accordmg  to  the  b»rm<mic». 
simple  harmonic  law.     It  is  easily  proved  (as  the  mathematical 
student  may  find  for  himself)  that  the  law  of  variation   is 
approximately  simple  harmonic  along  lengths  of  each  meridian 
cuttiDg  but  a  small  number  of  the  nodal  circles  of  latitude,  aud 
not  too  near  either  pole,  for  auy  polar  harmonic  element  of  high 
order  having  a  large  number  of  such  nodes  (that  is,  any  one  Tesseni 
for  which  i  — «  is  a  large  number).     The  law  of  variation  along  surface  by 
a  meridian  in  the  neighbourhood  of  either  pole,  for  polar  har-  polar  har- 
monic elements  of  high  orders,  will  be  carefully  examined  and 
illustrated  in  Vol.  II.,  when  we  shall  be  occupied  with  vibra- 
tions and  waves  of  water  in  a  circular  vessel,  and  of  a  circular 
stretched  membrane. 

782.  The  following  simple  and  beautiful  investigation  of 
the  zonal  harmonic  due  to  Murphy*  may  be  acceptable  to  the 
analytical  student ;  but  (§  453)  we  give  it  as  leading  to  a  use- 
ful formula,  with  expansions  deduced  from  it^  differing  from  any 
of  those  investigated  above  in  App.  B : — 

"  Prop.  I. 

"  To  find  a  rational  and  entire  function  of  given  dimensions  Murphy'i 
"  with  respect  to  any  variable,  such  that  when  multiplied  by  invention 
'^any  rational  and  entire  function  of  lower  dimensions,  the  harmonics. 

integral  of  the  product  taken  between  the  limits  0  and  I 

shall  always  vanish. 

*^  Let/(<)  be  the  required  function  of  n  dimensions  with  respect 
*'  to  the  variable  t ;  then  the  proposed  condition  will  evidently  re- 
'^  quire  the  following  equations  to  be  separately  true ;  namely, 

"(a) j/{t)dt=0,  lf{t)tdt=0,  J/{t)t'cU=0, Sf{t)r'dt=0, 

"  each  integral  being  taken  between  the  given  limits. 

"  Let  the  indefinite  integral  of/(<),  commencing  when  t  =  0,he 
"  represented  by  /,(<)  ;  the  indefinite  integi-al  ot/^{t),  commencing 
"also  when  i  =  0,  by /,(/);  and  so  on,  until  we  arrive  at  the 
"  function /,(«),  which  is  evidently  of  2n  dimensions.  Then  the 
"  method  of  integrating  by  parts  will  give,  generally, 

*  Trtatite  on  EUetrieity.    Cambridge,  1838. 

22—2 


cc 


340 


AB8TBACT  DYNAMICS. 


[782. 


Digression 
on  spherical 
taarmonios. 

Murpliy's 
analytical 
invention 
of  the  abore 
harmonics. 


''  Let  US  now  put  <  =  1,  and  substitute  for  x  the  values  1,  2,  3, 

" (i-'l)  successively;  then  in  virtue  of  the  equations  (a), 

"  we  get, 

"(b) m  =  o,  /.(«)=o,  /.(o=o /.(<)  =  o. 

"  Hence,  the  function^(^)  and  its  (i  -1)  successive  differential 
"  coefficients  vanish,  both  when  ^  =  0,  and  when  ^  =  1 ;  therefore 
^^  ^  and  (1  - 1)*  are  each  factors  of/^{t) ;  and  since  this  function  is 
"  of  2i  dimensions,  it  admits  of  no  other  factor  but  a  constant  c. 

"Putting  1  -  <  =  ^,  we  thus  obtain 


"  and  therefore 


/w=c  !(«•)'. 


Hi 


CoroUary.-^ll  we  suppose  the  first  term  off(t)f  when  arranged 
"  according  to  the  powers  of  ^,  to  be  unity,  we  evidently  have 

7j  on  this  supposition  we  shsdl  denote  the  above 


«c  = 


12  3         i 
"quantity  by  Q^. 


Mnrpby'* 
analysis. 


"Prop.  II. 

"The  function  Q^  which  has  been  investigated  in  the  pre- 
"  ceding  proposition,  is  the  same  as  the  coefficient  of  if  in  the 
"  expansion  of  the  quantity 

{l-2e(l-20 +  «"}"*. 

"Let  uhesk  quantity  which  satisfies  the  equation 

(c) M  =  t-k-eu{l  -v); 


"that  is, 


"therefore 


1-e 


^=--27-^26 


J;{l-2.(l-20  +  e'}»; 


du 


=  {1 -2(8(1 -2«) +  «•}■"*• 


"But  if,  as  before,  we  write  t*  for  1  ~  f,  we  have,  by  Lagrange's 
"theorem,  applied  to  the  equation  (c), 


«•    d 


e"      d^ 


"  =  ^^^^^' ■*•  172  J^<'^')'-^  1X35?  («'>'-^«^ 


(f 


"If  we  differentiate,  and  put  for  -^Jf^f  its  value  1.2.3..  ,iQ^  given 
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''by  the  former  proposition,  we  get  Digression 

on  spharical 
JU.  luurmonios. 

-^  =  1  +  ©,«  4-  Qjf  +  Qjf  +  etc.  Murphy's 

(tt  analysis. 

ehu, 

''Comparing  this  with  the  above  value  of  -^  the  proposition  is 
"manifest. 

"Prop.  V. 


€i 


To  develope  the  function  Q^. 

''First  Bxp<mBion.—^j  Prop,  i.,  we  have  JrKSa"" 


^'=1.2.3...t5^<^'^*- 


hannonics. 


''Second  Expansion. — If  u  and  v  are  functions  of  any  variable  t, 
"then  the  theorem  of  Leibnitz  gives  the  identity 

d*       .        dfu     .dvd^"'u     t  (i  - 1)  d'v  d'-'v      ^ 
"Put  u  =  ^  and  v  =  t'\  and  dividing  by  1 .  2 .  3...t,  we  have 

"  Third  Expansion,— Fnt  1  -  2<  =/i,  and  therefore  «'=  — s~-, 


"hence    ^.^^O^S -»  |'<^'-1>' 


<C 


- 2.4:6::. 2i ^' r   *^   * nL2  **  ***^/ 

^' 1.2.3...»       r     2(2t-l)'^ 

<(i-l)(*-2)(t-3)  )„ 

*2.4.(2.-l)(2t-3)'*  ***^j" 
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The  ty  i  and  /t  of  Mnrphy's  notation  are  related  to  the  9  we 
have  used,  thus : — 


(2). 


<  =  (2sinJ^)»,     «'  =  (2co8je)«j 

Also  it  is  convenient  to  recall  from  App.  B.  (v'),  (38),  (40),  and 

(42),  that  the  value  of  C«  [or  ^f  of  App.  B.  (61)],  when  fl=  0  is 

unity,  and  that  it  is  related  to  the  6|''y  of  our  notation  for  polar 
harmonic  elements,  thus : — 


^w  _  /)  _  1 .  3.  5...(2t—  1) Q 
*  "  ^'  1.2.3...i 


(3), 


as  is  proved  also  by  comparing  {g)  with  App.  B.  (38).  We  add 
the  foUowiog  formula,  manifest  from  (38),  which  shows  a  deriva- 
tion of  Q/  firom  ©J*',  valuable  if  only  as  proving  that  the  i  —  n 
roots  of  ®/  =  0  are  all  real  and  unequal,  inasmuch  as  App.  B. 
{jp)  proves  that  the  t  roots  of  ^\  =-0  are  all  real  and  unequal: — 


©(.) 


t\ 


Bind     »— «+l<2/i 


[Bin'^J 


(4). 


From  this  and  (3)  we  find 


^-]'l'l"t~'\^'^^: (5). 

*      l,3.5...(2t-l)  c^*  ^  ' 

And  lastly,  referring  to  App.  B.  {fD)\  let 

Q^  and  C<  [cosfi  cos^ +  sinflsin^cos(^-^')] 

denote  respectively  what  Q^  becomes  when  cos  0  is  replaced  by 
cos  ffy  and  again  by  cos  0  cos  tf '  +  sin  0  sin  ^  cos  (^  -  ^') :  and  let  n, 
denote  cos  B\  and  /x',  cos  &,  By  what  precedes,  we  may  put  (6 1) 
of  App.  B  into  the  following  much  more  convenient  form,  agree- 
ing with  that  given  by  Murphy  (Eketriciti/,  p.  24): — 

Qi  [cos  0  cos  tf'  +  sin  0  sin  0'  cos  (^  -  ff/)] 

no > , Qt<»B(»-»0 nmgnm(y ^^'  d<?/  ,     C0B2 (» - 00    .,^,^.,^,^ tPQi ^Ql . ^,  \    ... 
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783.    Elementary  polar  harmonics  become,  in  an  extreme  PhyBioia 
case  of  spherical  harmonic  analysis,  the  proper  harmonics  for  nUitiveto 
the  treatment,  by  either  polar  or  rectilinear  rectangular  co-  ang:ui«rand 
ordinates,  of  problems  in  which  we  have  a  plane,   or  two  piatM. 
parallel  planes,  instead  of  a  sphericaJ  surface,  or  two  concentric 
spherical  surfaces,  thus: — 

First,  let  Si  be  any  sarface  harmonic  of  order  i,  and  F,  and 
F_,.j  the  solid  harmonics  [App.  B.  (6)]  equal  to  it  on  the 
spherical  surface  of  radius  a :  so  that 


r.=  Q'^.,  andF.,..  =  (?)"^, 


Now  [compare  §  655] 


and,  therefore,  if  a  be  infinite,  and  r  —  a  a.  finite  quantity  denoted 
by  osj  which  makes  log  (r/a)  —  xla^  and  if  i  be  infinite,  and 
ali=pf  we  have 

Q '=  c**"  «  «•*,  and  Biinilarly  Q"  -  .-<'+»«'•  =  .-* ; 
the  solid  harmonics  then  become 

c'^'^.^  and  €-'^P^,. 

Supposing  now  4$^  to  be  a  polar  harmonic  element,  and  consider- 
ing, as  Green  did  in  his  celebrated  Essay  on  Electricity,  an  area 
sensibly  plane  round  either  pule,  or  considering  any  sensibly  plane 
portion  far  removed  from  each  pole,  it  is  interesting  and  instruc- 
tive to  examine  how  the  formulsB  [App.  B.  (36)... (40),  (61),  (65); 
and  §  782,  («),  (/),  (g)]  wear  down  to  the  proper  plane  polar 
or  rectangular  formulae.  This  we  may  safely  leave  to  the  ana- 
lytical student.  In  Yol.  ii.  the  plane  polar  solution  will  be  fully 
examined.  At  present  we  merely  remark  that,  in  rectangular 
surface  co-ordinates  (y,  z)  in  the  spherical  surface  reduced  to  a 
plane,  St  may  be  any  function  whatever  fulfilling  the  equation 

<PSi     <rSi     Si_^ 
and  that  the  rectangular  solution  into  which  the  elementary  polar 
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spherical  harmonic  wears  down,  for  sensibly  plane  portions  of  the 
spherical  surface  far  removed  from  the  poles,  is 

/S;  =  cos-cos-7 

^     q 

where  q  and  q  are  two  constants  sach  that  ^  +  $"  =p\ 

Bumpies        784.     The  following  tables   and   graphic  representations   of 
hamonics.    all  the  polar  harmonic  elements  of  the  6th  and  7th  orders  may 

be  useful  in  promoting  an  intelligent  comprehension  of  the 

subject 


Sixth  order: 
Zonal, 

Qe = A  (23V  -  815m* + 106m»  - 

-6) 

=W€li«. 

A. -^  =  i(88M«-80M'+6)M 

=  ve?'(i-Mr*- 

Teneral, 

^■^=-M'^i^*-i»i^*+^) 

=  Hef(i-MV'. 

TA,r.^=t(llM'-8)M 

=  v-e?'(i-M')-«- 

WfT-^=MllM.*-l) 

=  »ep»(i-M*)-'. 

T^.^=/. 

=    epa-M'H- 

Sectorial. 

■ntwt-  ^t    t- 

=       efCl-M')'*  not  shown 

Serenih 
order: 

Q,= A  (429/»'  -  698m<+ 816/.«  ■ 

-86) 

*'=we?»- 

Zonal, 
Tesseral, 

*•  ^'  =A(429m'-«6m«+185m»- 

-6) 

=we?'(i-M')-*. 

^•^=A(143m«-110m'+16)m 

=wef(i-M*)-'- 

^^^■'^^=^(^^l'*-^f'+'> 

=we?'a-M')-». 

,j_.   ^'sa^asu'    Btu 

=  XloMII-.M-t 

Sectorial. 


»»*''-^'='^<^^''*-^> 


tttut-  j.'i—l^ 


=       Of*  {1  -  /»*)"*  no*  shown. 
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1 

«6- 

A 

dQe 
d/ji' 

¥0f^ 

1  ^«* 

«©?»• 

•0 

-   ^3126    1 

•0000 

•0000 

+  ^0625 

.+ 

•0626 

•01 

-   -8118 

•  •  •  •  • 

•05 

-   -2961 

+ 

•0308 

+  -0307 

+  ^0697 

+ 

•0696 

•08 

-   •2738 

•  •  ■  •  • 

••••••    * 

•10 

•2488 

+ 

•0688 

+  -0686 

+  ^0516 

+ 

•0610 

•13 

-   ^2072 

•  ■  •  •  • 

•16 

-   -1746 

+ 

•0814 

+  ^0806 

.  +  •0382 

+ 

•0373 

•17 

-   ^1390 

•2 

-   ^0806 

+ 

•0963 

+  -0944 

+  ^0208 

+ 

•0200 

•24 

+  -0029 

•  •    B   •   • 

•  «  •  •  • 

•26 

+  ^0243 

+ 

•1017 

+  -0984 

+  -0002 

+ 

•0002 

•2606 

•  •  •  •  ■ 

•0000 

•0000 

•8 

+  -1293 

+ 

•0966 

+  ^0921 

-  ^0221 

— 

•0201 

•34 

+  ^2063 

»«*••« 

•36 

+  ^2226 

+ 

•0796 

+  ^0746 

-    0441 

— 

•0887 

•36 

+   -2388 

•4 

+   ^2926 

+ 

•0522 

+  -0479 

-   ^0647 

— 

•0644 

•43 

+  ^3191 

•46 

+ 

•0167 

+  ^0140 

-   ^0807 

-> 

•0644 

•46 

+  •8314 

•  ■  •  •  • 

•4688 

•0000 

•0000 

•469 

+   -3821 

•6 

+   •3233 

__ 

•0273 

-   ^0237 

-   ^0898 

— 

•0674 

•64 

+  -2844 

»••••» 

•66 

^ 

•0726 

-  ^0606 

-   ^0891 

^ 

•0622 

•66 

+  •2646 

•  •  •  •  • 

•6 

+  ^1721 

^ 

•1142 

-   ^0914 

-  -0762 

— 

•0481 

-63 

+  •0935 

•66 

_ 

•1460 

-  ^1102 

~  ^0446 

— 

•0268 

•66 

+  ^0038 

•  «  ■ «  • 

•7 

-   ^1253 

__ 

•1666 

-    1110 

+  -0064 

+ 

•0033 

•74 

-   ^2617 

■••••• 

•76 

-   ^2808 

^ 

•1344 

-   ^0889 

+  -0823 

+ 

•0860 

•76 

-   ^3087 

•  »  •  ■  • 

•8 

-   ^8918 

_ 

•0683 

-  -oiio 

+  -1873 

+ 

•0674 

•82 

-   ^4119 

•  ■  •  •  « 

1 

*••••• 

•8302 

-   ^4147 

•0000 

•0000 

p •  •  ••• 

•84 

-   ^4119 

•86 

-   -4030 

+ 

•0686 

+  -0308 

+  •3268 

+ 

-0906 

•87 

-   •3638 

•90 

-   -2412 

+ 

■2646 

+  -1163   , 

+  -6044 

+ 

•0968 

•92 

-   ^1084 

+ 

•1764 

+  ^1464 

•93 

+ 

-4346 

+  ^1597 

•9326 

•0000 

«  •  •  •  • 

•94 

+  ^0761 

+ 

•6002 

+  ^1706 

• 

•96 

+ 

•5704 

+  ^1778 

+    7271 

+ 

•0709 

•96 

+  -'3160 

1 

1 

•97 

+ 

•7260 

+  -1764 

•98 

+  •6203 

± 

:8H7. 

+.J1616 

;.+-/5fi44.- 

.  ±. 

joafia 

•99 

+  -sobs 

+ 

•9029 

+  ^1274 

+  -9411 

+ 

•0187 

1^00 

+  1-0000 

+  10000 

•0000 

+  1^0000 

1 

+ 

•0000 

Poburbttv 
moniciof 
Bixthoxdor. 
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M. 

1 

1 

ep- 

•0 

•0000 

•0000 

^ 

•1000 

.. 

•1000 
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786.    A  short  di^ession  here  on  the  theory  of  the  potential,  i>)Kn«>ion 
and  particularly  on  equipotential  surfaces  difiering  little  from  potential 
concentric  spheres,  Tvill  simplify  the  hydrostatic  examples  which 
follow.    First  we  shall  take  a  few  cases  of  purely  synthetical 
investigation,  in  which,  distributions  of  matter  being  given, 
resulting  forces  and  level  surfaces  (§  487)  are  found ;  and  then 
certain  problems  of  Green's  and  Gauss's  analysis,  in  which,  from 
data  regarding  amounts  of  force  or  values  of  potential  over 
individual  surfaces,  or  shapes  of  individual  level  surfaces,  the 
distribution  of  force  through  continuous  void  space  is  to  be 
determined.     As  it  is  chiefly  for  their  application  to  physical  SmieveL 
geography  that  we  admit  these  questions  at  present,  we  shall 
occasionally  avoid  circumlocutions  by  referring  at  once  to  the 
Earth,  when  any  attracting  mass  with  external  equipotential 
surfaces  approximately  spherical  would  answer  as   well     We 
shall  also  sometimes  speak  of  ''the  sea  level"  (§§  750,  754) 
merely  as  a  "  level  surface,"  or  "  surface  of  equilibrium  "  (§  487) 
just  enclosing  the  solid,  or  enclosing  it  with  the  exception  of 
comparatively  small  projections,  as  our  dry  land.     Such  a  sur- 
face will  of  course  be  an  equipotential  surface  for  mere  gravita- 
tion, when  there  is  neither  rotation  nor  disturbance  due  to 
attractions  of  other  bodies,  such  as  the  moon  or  sun,  and  due 
to  change  of  motion  produced  by  these  forces  on  the  Earth ;  but  Lerei  snr- 
it  may  be  always  called  an  equipotential  surface,  as  we  shall  see  tiveiy  to 
(§  793)  that  both  centrifugal  force  and  the  other  disturbances  centrihisKi 
referred  to  may  be  represented  by  potentials. 

786.    To  estimate  how  the  sea  level  is  influenced,  and  how  Distuijbance 

-        of  sea  level 

much  the  force  of  gravity  in  the  neighbourhood  is  increased  or  V^®°"^'^ 
diminished  by  the  existence  within  a  limited  volume  under- w  matter 

•^  ^  under- 

ground of  rocks  of  density  greater  or  less  than  the  average,  let  us  K«>und. 

imagine  a  mass  equal  to  a  very  small  fraction,  1/n,  of  the  earth's 
whole  mass  to  be  concentrated  in  a  point  somewhere  at  a  depth 
below  the  sea  level  which  we  shall  presently  suppose  to  be 
small  in  comparison  with  the  radius,  but  great  in  comparison 
with  1/V^  of  the  radius.  Immediately  over  the  centre  of  dis- 
turbance, the  sea  level  will  be  raised  in  virtue  of  the  disturbing 
attraction,  by  a  height  equal  to  the  same  fraction  of  the  radius 
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that  the  distance  of  the  disturbing  point  from  the  chief  centre 
is  of  n  times  its  depth  below  the  sea  level  as  thus  disturbed. 
The  augmentation  of  gravity  at  this  point  of  the  sea  level 
will  be  the  same  fraction  of  the  whole  force  of  gravity  that  n 
times  the  square  of  the  depth  of  the  attracting  point  is  of  the 
square  of  the  radius.  This  fraction,  as  we  desire  to  limit  our- 
selves to  natural  circumstances,  we  must  suppose  to  be  very 
small.  The  disturbance  of  direction  of  gravity  will,  for  the 
sea  level,  be  a  maximum  at  points  of  a  circle  described  from 
A  as  centre,  with  D/»J2  as  radius ;  D  being  the  depth  of  the 
centre  of  disturbance.  The  amount  of  this  maximum  deflec- 
tion wUl  be  |V3«V«^  of  the  unit  angle  of  57' "296  (§  41),  a 
denoting  the  earth's  radius. 

Let  G  be  the  centre  of  the  chief  attracting  mass  (1  —  n"^),  and 

B  that  of  the  disturbing  majss  (l/n),  the 
two  parts  being  supposed  to  act  as  if 
collected  at  these  points.  Let  P  be  any 
point  on  the  equipotential  surface  for 
which  the  potential  is  the  same  as  what  it 
would  be  over  a  spherical  surface  of  radius 
a,  and  centre  C  if  the  whole  were  collected 
inC.     Then  (§491) 


/,       1\     JL      1     JL  -1 
V       nj'  CF'^n'  BF^a' 


which  is  the  equation  of  the  equipotential  surface  in  question. 
It  gives 

This  expresses  rigorously  the  positive  or  negative  elevation  of 
the  disturbed  equipotential  at  any  point  above  the  undisturbed 
surface  of  the  same  potential.  For  the  point  J^  over  the  centre 
of  disturbance,  it  gives 


Ci-a  = 


a 


n.BA 


,CB, 


which  agrees  exactly  with  the  preceding  statement :  and  it  proves 
the  approximate  truth  of  that  statement  as  applied  to  the  sea 
level  when  we  consider  that  when  BP  is  many  times  B^,  CP-  a 
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is  many  times  smaller  than  its  value  at  A*  We  leave  the  proof 
of  the  remaining  statements  of  this  and  the  following  sections 
(§§  787. ..792)  as  an  exercise  for  the  student. 

787.  If  p  be  the  general  density  of  the  upper  crust,  and  a-  f^f'  ^ 
the  earth's  mean  density,  and  if  the  disturbance  of  8  786  be  »boiyaver 

*'  *^  age  denaity 

due  to  there  being  matter  of  a  diflferent  density,  p\  throughout  ^^f^^S]?* 
a  spherical  portion  of  radius  b,  with  its  centre  at  a  depth  D  JJJJStro? 
below  the  sea  level,  the  value  of  n  will  be  o-a'/C/o'— p)6';  and*^^^- 
the  elevation  of  the  sea  level,  and  the  proportionate  augmenta- 
tion of  gravity  at  the  point  right  over  it,  will  be  respectively 

aaD    '^'  ^'''*     caiy    ' 
The  actual  value  of  a  is  about  double  that  of  p.    And  let  us  azamiiia. 
suppose,  for  example,  that  i)  =  6  =  1000  feet,  or  ^7^  of  the 
earth's  radius,  and  p'  to  be  either  equal  to  2p  or  to  zero.    The 
previous  results  become 

±  ^  of  a  foot,  and  ±  ^^  of  gravity, 

which  are  therefore  the  elevation  or  depression  of  sea  level,  and 
the  augmentation  or  diminution  of  gravity,  due  to  there  being 
matter  of  double  or  zero  density  through  a  spherical  space  2000 
feet  in  diameter,  with  its  centre  1000  feet  below  the  surface. 
The  greatest  deviation  of  the  plummet  is  at  points  of  the  circle 

of  707  feet  radius  round  the  point;  and  it  amounts  ^  Yq%qqo 
of  the  radian,  or  nearly  ^\ 

788.  It  is  worthy  of  remark  that,  to  set  off  against  the  in- 
crease in  the  amount  of  gravity  due  to  the  attraction  of  the 
disturbing  mass,  which  we  have  calculated  for  points  of  the  sea 
level  in  its  neighbourhood,  there  is  but  an  insensible  deduc- 
tion on  account  of  the  diminution  of  the  attraction  of  the  chief 
mass,  owing  to  increase  of  the  distance  of  the  sea  level  from  its 
centre,  produced  by  the  disturbing  influence.    The  same  remark 

obviously  holds  for  disturbances  in   gravity  due  to  isolated  ^  ^ 

mountains,  or  islands  of  small  dimensions,  and  it  will  be  proved 
(§  794)  to  hold  also  for  deviations  of  figure  represented  by 
harmonics  of  high  orders.  But  we  shall  see  (§  789)  that  it  is 
otherwise  with  harmonic  deviations  of  low  orders,  and  conse- 
VOL.  II.  23 
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quently  with  wide-spread  disturbances,  such  as  are  produced 
by  great  tracts  of  elevated  land  or  deep  sea.  We  intend  to 
return  to  the  subject  in  Vol.  ii.,  under  Properties  of  Matter, 
when  we  shall  have  occasion  to  examine  the  phenomenal  and 
experimental  foundations  of  our  knowledge  of  gravity ;  and  we 
shall  then  apply  §§  477  (i)  (c)  (rf),  478,  479,  and  solutions  of 
other  allied  problems,  to  investigate  the  effects  on  the  magnitude 
and  direction  of  gravity,  and  on  the  level  surfaces,  produced  by 
isolated  hills,  mountain-chains,  large  table  lands,  and  by  cor- 
responding depressions,  as  lakes  or  circumscribed  deep  places 
in  the  sea,  great  valleys  or  clefts,  large  tracts  of  deep  ocean. 

HwrnoDio  789.  All  the  level  surfEu^s  relative  to  a  harmonic  spheroid 
S^ir^  (§  779)  of  homogeneous  matter  are  harmonic  spheroids  of  the 
same  order  and  type.  That  one  of  them,  which  lies  as  much 
inside  the  solid  as  outside  it,  cuts  the  boundary  of  the  solid  in 
a  line  (or  group  of  lines) — the  mean  level  line  of  the  surface  of 
the  solid.  This  line  lies  on  the  mean  spherical  surface,  and 
therefore  (§  780)  it  constitutes  the  nodes  of  each  of  the  two 
harmonic  spheroidal  surfietces  which  cut  one  another  in  it.  If  t 
be  the  order  of  the  harmonic,  the  deviation  of  the  level  spheroid 
is  (§§  645, 815)  just  3/(2i  + 1)  of  the  deviation  of  the  bounding 
spheroid,  each  reckoned  from  the  mean  spherical  surface. 

Thus  if  t=l,  the  level  coincides  with  the  boundary  of  the 
solid:  the  reason  of  which  is  apparent  when  it  is  considered 
that  any  spherical  harmonic  deviation  of  the  first  order  from  a 
given  spherical  surfSace  constitutes  an  equal  spherical  surface 
round  a  centre  at  some  infinitely  small  distance  from  the  centre 
of  the  given  surfiax^. 

If  is=2,  the  level  surface  deviates  from  the  mean  sphere 
by  f  of  the  deviation  of  the  bounding  surface.  This  is  the 
case  of  an  ellipsoidal  boundary  differing  infinitely  little  from 
spherical  figure.  It  may  be  remarked  that,  as  is  proved  readily 
from  §  522,  those  of  the  equipotential  surfaces  relative  to 
a  homogeneous  ellipsoid  which  lie  wholly  within  it  are  exact 
ellipsoids,  but  not  so  those  which  cut  its  boundary  or  lie  wholly 
without  it:  these  being  approximately  ellipsoidal  only  when 
the  deviation  from  spherical  figure  is  very  small. 
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790.  The  circumstances  for  very  high  orders  are  sufficiently  ^^^^ 
illustrated  if  we  confine  our  attention  to  sectorial  harmonics  K^oMere. 
(§  781).    The  figure  of  the  line  in  which  a  sectorial  harmonic 
spheroid  is  cut  by  any  plane  perpendicular  to  its  polar  axis  is 

[§  781  (1)],  as  it  were,  a  harmonic  curve  (§  62)  traced  from  a 
circular  instead  of  a  straight  line  of  abscissas.  Its  wave  length 
(or  double  length  along  the  line  of  abscissas  from  one  zero  or 
nodal  point  to  the  next  in  order)  will  be  Iji  of  the  circumference 
of  the  circle.  And  when  %  is  very  great,  the  feu^tor  sin'^  makes 
the  sectorial  harmonic  very  small,  except  for  values  of  6  differ- 
ing little  from  a  right  angle,  and  therefore  a  sectorial  harmonic 
spheroid  of  very  high  order  consists  of  a  set  of  parallel  ridges 
and  vaUeys  perpendicular  to  a  great  circle  of  the  globe,  of 
nearly  simple  harmonic  form  in  the  section  by  the  plane  of 
this  circle  (or  equator),  and  diminishing  in  elevation  and 
depression  symmetrically  on  the  two  sides  of  it,  so  as  to  be 
insensible  at  any  considerable  angular  distance  (or  latitude) 
from  it  on  either  side.  The  level  surface  due  to  the  attraction 
of  a  homogeneous  solid  of  this  figure  is  a  figure  of  the  same 
kind,  but  of  much  smaller  degree  of  elevations  and  depressions, 
that  is,  as  we  have  seen,  only  3/(2t  + 1)  of  those  of  the  figure : 
or  approximately  three  times  the  same  fraction  of  the  inequali- 
ties of  figure  that  the  half-wave  length  is  of  the  circumference 
of  the  globe.  It  is  easily  seen  that  when  %  is  very  large  the 
level  surface  at  any  place  will  not  be  sensibly  aff^ected  by  the 
inequalities  in  the  distant  parts  of  the  figure.     "* 

791.  Thus  we  conclude  that,  if  the  substance  of  the  earth  Unduiatfon 

of  l6T<M  dnB 

were  homogeneous,  a  set  of  several  parallel  mountain-chains  to  puaiiei 
and  valleys  would  produce  an  approximately  correspondmg  un-  ndwsand 
dulation  of  the  level  surface  in  the  middle  district :  the  height 
to  which  it  is  raised,  under  each  mountain-crest,  or  drawn  down 
below  the  undisturbed  level,  over  the  middle  of  a  valley,  being 
three  times  the  same  fraction  of  the  height  of  mountain  above 
or  depth  of  valley  below  mean  level,  that  the  breadth  of  the 
mountain  or  of  the  valley  is  of  the  earth's  circumference. 

792.  If  the  globe  be  not  homogeneous,  the  disturbance  in 
magnitude  and  direction  of  gravity,  due  to  any  inequality  in 

28—2 
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Pnotiotti     the  figure  of  its  bounding  surface,  will  (§  787)  be  pja  of  what  it 
Mtodit-     would  be  if  the  substance  were  homogeneous:  and  further,  it 

tnrtoanoosof  . 

sei^ievei,     may  be  remai'ked  that,  as  the  disturbances  are  supposed  to  be 

uid  amount        •'  ,  •*■■*", 

wad  direo-    small,  WO  may  superimpose  such  as  we  have  now  described,  on 
gravity.      any  Other  small  disturbances,  as,  for  instance,  on  the  general 

oblateness  of  the  earth's  figure,  with  which  we  shall  be  occupied 

presently. 

Practically,  then,  as  the  density  of  the  upper  crust  is  some- 
where about  \  the  earth's  mean  density,  we  may  say  that  the 
effect  on  the  level  surface,  due  to  a  set  of  parallel  mountain- 
chains  and  valleys,  is,  of  the  general  character  explained  in 
§  791,  but  of  half  the  amounts  there  stated.  Thus,  for  instance, 
a  set  of  several  broad  mountain-chains  and  valleys  twenty 
nautical  miles  from  crest  to  crest,  or  hollow  to  hollow,  and  of 
several  times  twenty  miles  extent  along  the  crests  and  hollows, 
and  7,200  feet  vertical  height  from  hollow  to  crest,  would 
raise  and  lower  the  level  by  2|  feet  above  and  below  what 
it  would  be  were  the  surface  levelled  by  removing  the  elevated 
matter  and  filling  the  valleys  with  it. 

Determin-       793.    Qreon's  theorem  [App.  A.  («)]*  and  Gauss's  theorem 

atoTifUff  of  fc    A  X  \  /  J 

pg^^     (§  ^^7)  show  that  if  the  potential  of  any  distribution  of  matter, 
"gj«M^^«ni  attracting  according  to  the  Newtonian  law,  be  given  for  every 
over  every  point  of  a  suitsuce  completely  enclosing  this  matter,  the  poten- 
"^rf^f!^      tial,  and  therefore  also  the  force,  is  determined  throughout  all 
space  external  to  the  bounding  surface  of  the  matter,  whether 
this  surface  consist  of  any  number  of  isolated  closed  surfaces, 
each  simply  continuous,  or  of  a  single  one.     It  need  scarcely 
be  said  that  no  general  solution  of  the  problem  has  been  ob- 
tained.    But  fiirther,  even  in  cases  in  which  the  potential  has 
been  fully  determined  for  the  space  outside  the  surface  over 
which  it  is  given,  mathematical  analysis  has  hitherto  failed  to 
determine  it  through  the  whole  space  between  this  surface  and 
the  attracting  mass  within  it.     We  hope  to  return,  in  later 

*  First  apply  Qreen's  theorem  to  the  surfaoe  over  which  the  potential  is 
given.  Then  Gauss's  theorem  shows  that  there  cannot  be  two  distribntions  of 
potential  agreeing  throngh  all  space  external  to  this  surface,  but  differing  for 
any  part  of  the  space  between  it  and  the  bounding  surface  of  the  matter. 
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volumes,  to  the  grand  problem  suggested  by  Gauss's  theorem 
of  §  497.  Meantime,  we  restrict  ourselves  to  questions  practi- 
cally useful  for  physical  geography. 

Example  (1) — Let  the  enclosing  surface  be  spherical,  of  radios  Detemuna- 
a ;  and  let  F  {0,  ^)  be  the  given  potential  at  any  point  of  it,  j^to^tial 
specified  in  the  usual  manner  by  the  polar  co-ordinates  6,  ^.  yaiue  orer 
Green's  solution  [§  499  (3)  and  App.  B.  (46)]  of  his  problem  for  si^uwen- 
the  spherical  surface  is  immediately  applicable  to  part  of  our  maas.^ 
present  problem,  and  gives 

^irajo   Jo  {»^-2ar[coBtfcostf'+sintfBintf'cos(^-i^0]+»'}*  "*^^^ 

for  the  potential  at  any  point  (r,  9^  <f>)  external  to  the  spherical 
surface.  But  inasmuch  as  Laplace's  equation  v'u  =^  0  is  satisfied 
through  the  whole  internal  space  as  well  as  the  whole  external 
space  by  the  expression  (46)  of  App.  B.,  and  in  our  present  pro- 
blem v'^^O  is  only  satisfied  [§  491  (c)]  for  that  part  of  the  in- 
ternal space  which  is  not  occupied  by  matter,  the  expression  (3) 
gives  the  solution  for  the  exterior  space  only.  When  F($,  ^)  is 
such  that  an  expression  can  be  found  for  the  definite  integral  in 
finite  terms,  this  expression  is  necessarily  the  solution  of  our  pro- 
blem through  all  space  exterior  to  the  actual  attracting  body.  Or 
when  F{6f  4)  is  such  that  the  definite  integral,  (3),  can  be  trans- 
formed into  some  definite  integral  which  varies  continuously  across 
the  whole  or  across  some  part  of  the  spherical  surface,  this  other 
integral  will  carry  the  solution  through  some  part  of  the  interior 
space :  that  is,  through  as  much  of  it  as  can  be  reached  without 
discontinuity  (infinite  elements)  of  the  integral,  and  without 
meeting  any  part  of  the  actual  attracting  mass.  To  this  subject 
we  hope  to  return  later  in  connexion  with  Grauss*s  theorem 
(§  497) ;  but  for  our  present  purpose  it  is  convenient  to  expand 
(3)  in  ascending  powers  of  a/r,  as  before  in  App.  B.  (a).  The 
result  [App.  B.  (51)]  is 


a  „  ,^    .^     /a\*„,^    .V     /a>* 


F=  -  F,($,  ^)  +  ^- j  F^{0,  ^)  +  {^-j  F,{6,  4)  +  eta        (3  bia) 

where  F^{0^  <^),  FJfi^  fft),  etc.,  are  the  successive  terms  of  the 
expansion  [App.  B.  (52)]  of  F{0^  <f>)  in  spherical  surface  har- 
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monies ;  the  general  term  being  given  by  the  formula 

where  Q^  is  the  function  of  (tf,  ^)  (^,  ^')  expressed  by  App. 
B.  (61). 

In  any  case  in  which  the  actual  attracting  matter  lies  all  within 
an  interior  concentric  spherical  surface  of  radius  a\  the  harmonic 
expansion  of  F{0,  4)  must  be  at  least  as  convergent  as  the 
geometrical  series 


and  therefore  (3  bis)  will  be  convergent  for  every  value  of  r 
exceeding  a',  and  wiU  consequently  continue  the  solution  into 
the  interior  at  least  as  far  as  this  second  spherical  surface. 

Example  (2) — Let  the  attracting  mass  be  approximately 
centrobaric  (§  534),  and  let  one  equipotential  surface  completely 
enclosing  it  be  given.  It  is  required  to  find  the  distribution  of 
force  and  potential  through  all  space  external  to  the  smallest 
spherical  surface  that  can  be  drawn  round  it  from  its  centre  of 
gravity  as  centre.  Let  a  be  an  approximate  or  mean  radius ; 
and,  taking  the  origin  of  co-ordinates  exactly  coincident  with 
the  centre  of  inertia  (§  230),  let 

r  =  a[l+^(0,^)] (5) 

be  the  polar  equation  of  the  surface ;  F  being  for  all  values  of 
0  and  <l>  so  small  that  we  may  neglect  its  square  and  Higher 
powers.  Consider  now  two  proximate  points  (r,  $,  4>)  (<*»  ^>  ^)- 
The  distance  between  them  is  aF(0,  <f>)  and  is  in  the  direction 
through  Oy  the  origin  of  co-ordinates.  And  if  Jf  be  the  whole 
mass,  the  resultant  force  at  any  point  of  this  line  is  approximately 
equal  to  M/a'  and  is  along  this  line.  Hence  the  difference  of  po- 
tentials (§  486)  between  them  is  MF($,  ^)/^*  And  if  a  be  the 
proper  mean  radius,  the  constant  value  of  the  potential  at  the 
given  surface  (5)  will  be  precisely  M/a.  Hence^  to  a  degree  of 
approximation  consistent  with  neglecting  squares  of  jP(0,  ^)y  the 
potential  at  the  point  (a,  6,  4)  will  be 


a      a      ^  '  ^' 


(6). 
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Hence  the  problem  is  reduced  to  that  of  the  previous  example  :  Determin*- 

wlOQ  Ok 

and  remarking  that  the  part  of  its  solution  depending  on  the  term  potential 
Mia  of  (6)  is  of  course  simply  MJTy  we  have,  by  (3  bis),  for  the  form  of  in 
potential  now  required,  ™^ 

U^Mi^-  +  ^F^lfi,  ^)  +  ^^.((9,  ^)  +  etc.| (7)     «-««*;• 

where  F^  is  given  by  (4).  F^  is  zero  in  virtue  of  a  beiug  the 
proper  mean  radius;  the  equation  expressing  this  condition 
being  fJF(ey4)Bmeded<l>  =  0 (8). 

If  further  0  be  chosen  in  a  proper  mean  position,  that  is  to  say, 
such  that  fJQ,J^(9,  <^)  sin  tf(W(^  =  0 (9) 

F^  vanishes  and  [§  539  (12)]  0  is  the  centre  of  gravity  of  the 
attracting  mass;  and  the  harmonic  expansion  of  F($,  ^)  becomes 

F{e,  «)  =  ^,(tf,  4)  +^.(<',  4')  +  J^A«,  *)  +  eta (10). 

If  a'  be  the  radius  of  the  smallest  spherical  surface  having  0  for 
centre  and  enclosing  the  whole  of  the  actual  mass,  the  series  (7) 
necessarily  converges  for  all  values  of  $  and  ^  at  least  .as  rapidly 
as  the  geometrical  series 

l-^-(^')'-©'-tc. (11) 

for  every  value  of  r  exceeding  a.  Hence  (7)  expresses  the 
solution  of  our  present  particular  problem.    It  may  carry  it  even 

* 

further  inwards ;  as  the  given  surface  (6)  may  be  such  that  the 
harmonic  expansion  (10)  converges  more  rapidly  than  the  series 


1  + 


a'     /a'\"     /a'\" 


The  direction  and  magnitude  of  the  resultant  force  are  of  Beaoltant 
course  [^  486,  491]  deducible  immediately  from  (7)  throughout 
the  space  through  which  this  expression  is  applicable,  that  is  all 
space  through  which  it  converges  that  can  be  reached  from  the 
given  surface  without  passing  through  any  part  of  the  actual 
attracting  mas&  It  is  important  to  remark  that  as  the  resultant 
force  deviates  from  the  radial  direction  by  angles  of  the  same 
order  of  small  quantities  as  F{0,  ^),  its  magnitude  will  differ 
from  the  radial  component  by  small  quantities  of  the  same  order 
as  the  square  of  this:  and  therefore,  consistently  with  our  degree 
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Besnltent 


M 


of  approxiination,  if  R  denote  the  magnitade  of  the  resnltant  force 

*  =  -^=  ?{^  +  ^  ©' ^' <*'  *> ■"  *  ©'^•<'''  *>  +«t<'.}...(12). 

For  the  resultant  force  at  any  point  of  the  spherical  surface 
agreeing  most  nearly  with  the  given  surface  we  put  in  this  for- 
mula r=a,  and  find 

^{1  +  3^, ((9,  ^)  + 4^,(0,  ^)+etc} (13). 

And  at  the  point  (r,  0,  ^)  of  the  given  surfEtoe  we  have  T=^a 
nearly  enough  for  our  approximation,  in  all  terms  except  the 
firsts  of  the  series  (12):  but  in  the  first  term,  Mlv^^  we  must  put 
r  =  a  {1  +  i^(tf,  ^)};  so  that  it  becomes 

a'{l^/(0,^)}'  =  f  {1  -  2^«''  *)l  =  ?  {1  -  2  [^.  («.  *)  +  etc.]}...(14). 


Bemilteiit 

foroeatany 

point  of  ap- 

praniiiiatdy 

aphorical 

lerelsar^ 

faoo,  for 

gravis 

alone. 


and  we  find  for  the  normal  resultant  force  at  the  point  (0,  ^)  of 
the  given  approximately  spherical  equipotential  sur&oe 

^{1  +F,(d,  i>)  +  2F,{9,  <I>)  +  3F,{$,  ^)+...} (15). 

Taking  for  simplicity  one  term,  J'^,  alone,  in  the  expansion  of 
jP,  and  considering,  by  aid  of  App.  B.  (38),  (40),  (/?),  and 
§§  779... 784,  the  character  of  spherical  surface  harmonics,  we 
see  that  the  maximum  deviation  of  the  normal  to  the  surface 

r  =  a{l  +  F,{e,<l>)} (16) 

from  the  radial  direction  is,  in  circular  measure  (§  404),  just  i 
times  the  half  range  from  minimum  to  maximum  in  the  values  of 
Ft  {$f  Kji)  for  all  harmonics  of  the  second  order  (case  t  =  2),  and 
for  all  sectorial  harmonics  (§  781)  of  every  order;  and  that 
it  is  approximately  so  for  the  equatorial  regions  of  all  zonal 
harmonics  of  very  high  order.  Also,  for  harmonics  of  high 
order  contiguous  maxima  and  minima  are  approximately  equal 
We  conclude  that 

794.  If  a  level  surface  (§  487)>  enclosing  a  mass  attracting 
according  to  the  Newtonian  law,  deviate  from  an  approximately 
spherical  figure  by  a  pure  harmonic  undulation  (§  779)  of  order 
i;  the  amount  of  the  force  of  gravity  at  any  point  of  it  will  ex- 
ceed the  mean  amount  by  t  —  1  times  the  very  small  fraction  by 
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which  the  distance  of  that  point  of  it  from  the  centre  exceeds 
the  mean  radius.  The  maximum  inclination  of  the  resultant 
force  to  the  true  radial  direction,  reckoned  in  fraction  of  the 
unit  angle  57°'3  (§404)  is,  for  harmonic  deviations  of  the 
second  order,  equal  to  the  ratio  which  the  whole  range  from 
minimum  to  maximum  bears  to  the  mean  magnitude.  For 
the  class  described  above  under  the  designation  of  sectorial 
harmonics,  of  whatever  order,  t,  the  maximum  deviation  in 
direction  bears  to  the  proportionate  deviation  in  magnitude 
from  the  mean  magnitude,  exactly  the  ratio  t/(t  — 1);  and 
approximately  the  ratio  of  equality  for  sorud  harmonics  of  high 
ordera 

Example  (3). — ^The  attracting  mass  being  still  approximately 
centrobaric,  let  it  rotate  with  angular  velocity  o)  round  OZy  and 
let  one  of  the  level  surfMses  (§  487)  completely  enclosing  it  be 
expressed  by  (5),  §  793.  The  potential  of  centrifogal  force 
(§§  800,  813),  will  be  i<i>'(^  +  3^i  or,  in  solid  spherical  har- 
monics, ^'f^  +  ^"  (fiB*  +  y"  -  2»*). 

This  for  any  point  of  the  given  sur&ce  (5)  to  the  degree  of  Bemlteat 
approximation  to  which  we  are  bound,  is  equal  to  point  of  ap. 

proadniatoly 

i  ft) V  +  Ifti V  (4  -  cos*  0) ;  iSrel  raifaoe 

for  gnyi^ 

which,  added  to  the  gravitation  potential  at  each  point  of  this  fS^HS^ 
surface,  must  make  up  a  constant  sum.     Hence  the  gravitation 
potential  at  (tf,  if>)  of  the  given  surface  (5)  is  equal  to 

and  therefore,  all  other  circumstances  and  notation  being  as  in 
Example  2  (§  793),  we  now  have  instead  of  (6)  for  gravitation 
potential  at  (a,  0,  ^),  the  following : 

^+  ^F{6,  ^)-  J»V  a-ooB'tf) (16). 

Cv       a 

Hence,  choosing  the  position  of  0,  and  the  magnitude  of  a,  ac- 
cording to  (9)  and  (8),  we  now  have,  instead  of  (7),  for  the 
potential  of  pure  gravitation,  at  any  point  (r,  0,  ^), 

V^M\^^^'~[F^(e.<t>)-\,m(\-oo^^e)^^-'^^^  (17), 
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fietaltant  where  m  denotes  t^cflM^  or  the  ratio  of  centrifugal  force  at  the 

point  of  ap.  equator,  to  pure  gravity  at  the  mean  distance  a.     The  force  of 

spberioal  pure  gravity  at  the  point  (^,  ^)  of  the  given  surface  (5)  is  conse- 

for  grBnt7  quently  expressed  by  the  following  formula  instead  of  (15) : — 

and  oentn- 

'^''^^{l+^.(^,<^)-3.im(J-cos'tf)  +  2^,(tf,^)  +  3^,(^,<^)+...}.^ 

From  this  must  be  subtracted  the  radial  component  of  the  centri- 
fugal force,  which  is  (in  harmonics) 

|€D«a  +  cD«a(J-cos'tf), 

to  find  the  whole  amount  of  the  resultant  force,  g  (apparent 
gravity),  normal  to  the  given  surface:  and  therefore 

?  =  ?{l->+^.(<'.*)-Xi-«»'<')+2^.(0.^)+3^.(*.*)+-}(19)- 

If  in  a  particular  case  we  have 

F^{B,  c^)  =  0,  except  for  t=2;  and  jp;(^,«|(»)  =  «(^-cos'tf): 
this  becomes 

(7  =  ^{l->-O-6)(i-C0B«tf)} (20). 

795.    Hence  if  outside  a  rotating  solid  the  lines  of  resultant 
force  of  gravitation  and  centrifugal  force  are  cut  at  right  angles 
Jq  by  an  elHptic  spheroid*  symmetrical  round  the  axis  of  rotation, 

the  amount  of  the  resultant  differs  from  point  to  point  of  this 
sur&ce  as  the  square  of  the  sine  of  the  latitude:  and  the  excess 
of  the  polar  resultant  above  the  equatorial  bears  to  the  whole 
amount  of  either  a  ratio  which  added  to  the  ellipticity  of  the 
figure  is  equal  to  two  and  a  half  times  the  ratio  of  equatorial 
centrifugal  force  to  gravity. 
{2j™^|J  For  the  case  of  a  rotating  fluid  mass,  or  solid  with  density 
distributed  as  if  fluid,  these  conclusions,  of  which  the  second 
is  now  generally  known  as  Clairaut's  theorem,  were  first  dis- 
covered by  Clairaut,  and  published  in  1743  in  his  celebrated 
treatise  La  Figure  de  la  Terre.  Laplace  extended  them  by 
proving  the   formula   (19)  of  §  794  for  any  solid  consisting 

*  Following  the  best  French  writers,  we  use  the  term  spheroid  to  designate 
any  sorfaoe  differing  very  little  from  spherical  figure.  The  commoner  English 
usage  of  confining  it  to  an  ellipsoid  symmetrical  round  an  axis,  and  of  extend- 
ing it  to  such  figures  ^ough  not  approximately  spherical  is  bad. 


^ 
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of  approximately  spherical   layers    of  equal   density.      TJlti-  ^J^ 
mately  Stokes*  pointed  out  that,  only  provided  the  surfaces  of 
equilibrium  relative  to  gravitation  alone,  and  relative  to  the 
resultant  of  gravitation  and  centrifugal  force,  are  approximately 
spherical;  whether  the  surfaces  of  equal  density  are  approxi- 
mately spherical  or  not,  the  same  expression  (19)  holds.    A 
most  important  practical  deduction  from  this  conclusion  is  that,  Fiffuraor 
irrespectively  of  any  supposition  regarding  the  distribution  of  ^g^g^" 
the  earth's  density,  the  true  figure  of  the  sea  level  can  be  Q'^'^™^  . 
determined  from  pendulum  observations  alone,  without  anysn^ity; 
hypothesis  as  to  the  interior  condition  of  the  solid. 

Let,  for  brevity, 

9  {l+Xi-coB**)}  =/(«,*) (21) 

where  m  (§  801)  is  ^l^^,  and  g  is  known  by  observation  in  differ- 
ent localities,  with  reduction  to  the  sea  level  according  to  the 
square  of  the  distance  from  the  earth's  centre  (not  according  to 
Young's  rule).  Let  the  expansion  of  this  in  spherical  surface 
harmonics  be 

m  *)  =/.  +/.  (tf,  *)+/.(«,  ^)  +  etc (22). 

We  have,  by  (19), 

F,(e,^)  =  V-^ (23), 

and  therefore  the  equation  (5)  of  the  level  surface  becomes 

=  «{l  +^[i/".(tf.  *)  +J/.(#.  ^)  +  etc.]}  (24). 

Confining  our  attention  for  a  moment  to  the  first  two  terms  we 
have  for/g,  by  App.  B.  (38),  explicitly 

/,  (9 ,  ^) = J  0  (oos'^  -  i)  +  (ii  1  oofl  0 + £j  sin  ^)  sin  9  008  9 + (ils  OOB  2^ + £s  sin  3^)  sin*^. . .  (25). 

Substituting  in  (24)  squared,  putting 

cos0  =  -,  8in0ce6^  =  ~,  sin08in^  =  -, 

T  T  T 

and  reducing  to  a  convenient  form,  we  find 

*  "On  the  Variation  of  Gravity  at  the  enrfiace  of  the  Earth."— Trafu.  of  the 
Comb.  Phil  Soc.,  1849. 
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ifeUiMoid  Now  from  §§  539,  534,  we  see  that,  if  OX,  07^  OZ  are 

unequal  principal  azes  of  inertia,  the  terms  of  /,  which,  expressed  in 

have  one  of  rectangular  co-ordinates,  in  voire  the  products  yz,  zx,  xy  most 

cident^Th  disappear:  that  is  to  say,  we  must  have  ^i  =  0,  ul,  =  0,  -5^  =  0. 

ivTolutioiL  ^^^  whether  B^  vanishes  or  not^  if  OZ  is  a  principal  axis  we 

must  have  both  A^  =  0  and  B^  =  0;  which  therefore  is  the  case, 
to  a  very  minute  accuracy,  if  we  choose  for  OZ  the  average 
axis  of  the  earth's  rotation,  as  will  be  proved  in  Vol.  ii.,  on  the 
assumption  rendered  probable  by  the  reasons  adduced  below, 
that  the  earth  experiences  little  or  no  sensible  disturbance  in  its 
motion  from  want  of  perfect  rigidity.  Hence  the  expansion  (22) 
is  reduced  to 

/(«,*)=/o+^(c<»"*-y)  +  (^.<50B2^+^,8in2<^)sin«fl+/,(«,<^)+eta...(27). 

If  f^  {0,  tfi)  and  higher  terms  are  n^lected  the  sea  level  is  an 
ellipsoid,  of  which  one  axis  must  coincide  with  the  axis  of  the 
earth's  rotation.  And,  denoting  by  e  the  mean  elliptidty  of 
meridional  sections,  e'  the  elHpticity  of  the  equatorial  section, 
and  /  the  inclination  of  one  of  its  axes  to  OX,  we  have 

In  general,  the  constants  of  the  expansion  (22);  /^  (being  the 
mean  force  of  gravity),  A^,  A^,  B^,  the  seven  coefficients  in 

/a  (^'  ^)'  ^^®  ^^®  ^  /*  (^>  ^)'  ^^^  ^  ^^f  '^^  ^  ^  determined 
from  sufficiently  numerous  and  wide-spread  observations  of  the 
amount  of  gravity. 

Figure  of  796.  A  first  approximate  result  thus  derived  from  pendu- 
dtftenuJn-  lum  observations  and  confirmed  by  direct  seodetic  measure* 
meanire-     ments  is  that  the  fifioire  of  the  sea  level  approximates  to  an 

mentsof  .  ® 

graTitj{  oblate  spheroid  of  revolution  of  ellipticity  about  ^.  Both 
methods  are  largely  affected  by  local  irregularities  of  the 
solid  surface  and  underground  density,  to  the  elimination  of 
which  a  vast  amount  of  labour  and  mathematical  ability  have 
been  applied,  with  as  yet  but  partial  success.  Considering  the 
general  disposition  of  the  great  tracts  of  land  and  ocean,  we 
can  scarcely  doubt  that  a  careful  reduction  of  the  numerous 
accurate  pendulum  observations  that  have  been  made  in  locali- 
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ties  widely  spread  over  the  earth*  will  lead  to  the  determina-  Fimmof 
tion  of  an  ellipsoid  with  three  unequal  axes  coinciding  more  determin- 
nearly  on  the  whole  with  the  true  figure  of  the  sea  level  than  measure- 
does  any  spheroid  of  revolution.    Until  this  has  been  either  ac-  gnntj; 
complished  or  proved  impracticable  it  would  be  vain  to  specu-  ^^^^^Jij^ 
late  as  to  the  possibility  of  obtaining,  from  attainable  data,  a  luitiea. 
yet  (doser  approximation  by  introducing  a  harmonic  of  the  third 
order  [/,(^,  4>)  in  (27)].    But  there  is  little  probability  that 
harmonics  of  the  fourth  or  higher  orders  will  ever  be  found 
useful:  and  local  quadratures,  after  the  example  first  set  by 
Maskelyne  in  his  investigation  of  the  disturbance  produced  by 
Schehallien,  must  be  resorted  to  in  order  to  interpret  irregulari- 
ties in  particular  districts ;  whether  of  the  amount  of  gravity 
shown  by  the  pendulum ;  or  of  its  direction,  by  geodetic  observa- 
tion.   We  would  only  remark  here,  that  the  problems  presented 
by  such  local  quadratures  with  reference  to  the  amovM  of  gravity 
seem  about  as  much  easier  and  simpler  than  those  with  refer- 
ence to  its  direction  as  pendulum  observatioDS  are  than  geodetic 
measurements :  and  that  we  expect  much  more  knowledge  re- 
garding the  true  figure  of  the  sea  level  from  the  former  than 
from  the  latter,  although  it  is  to  the  reduction  of  the  latter 
that  the  most  laborious  efforts  have  been  hitherto  applied.    We 
intend  to  return  to  this  subject  in  Vol.  il.  in  explaining,  under 
Properties  of  Matter,  the  practical  foundation  of  our  knowledge 
of  gravity. 

797.    Since  1860  geodetic  work  of  extreme  importance  hasRemiteor 
been  in   progress,  through   the  co-operation  of  the  Govern-         ^' 
ments  of  Prussia,  Russia,  Belgium,  France,. and  England,  in 
connecting  the  triangulation  of  France,  Belgium,  Russia,  and 
Prussia,  which  were  sufficiently  advanced  for  the  purpose  in 
1860,  with  the  principal  triangulation  of  Great  Britain  and 

*  In  1672,  a  pendolnm  conyeyed  by  Bioher  from  PariB  to  Cayenne  first 
proTed  variation  of  gpravity.  Captain  Kater  and  Dr  Thomas  Touig,  Tram,  B,  S,, 
1819.  Biot,  Arago,  Mathien,  Bonvard,  and  Chaix ;  B<ue  du  Systhne  Mitrique, 
Vol.  m.,  Palis,  1821.  Captain  Edward  Sabine,  B.E.,  ^'Experiments  to  deter- 
mine the  Figure  of  the  Earth  by  means  of  the  Pendnlnm;**  pnblished  for  the 
Board  of  Longitude,  London,  1826.  Stokes  **  On  the  Variation  of  Gravity  at  the 
Sarfaoeof  the  Earth.  **—Cam6.  Phil.  Tran$„  1849. 
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aMuitsof  Ireland,  which  had  been  finished  in  1861.  With  reference 
to  this  work,  Qeneral  Sir  Henry  James  made  the  following 
remarks : — "  Before  the  connexion  of  the  triangulation  of  the 
**  several  countries  into  one  great  network  of  triangles  extend- 
"  ing  across  the  entire  breadth  of  Europe,  and  before  the  dis- 
"covery  of  the  Electric  Telegraph,  and  its  extension  from 
*^  Yalentia  (Ireland)  to  the  Ural  mountains,  it  was  not  possible 
''to  execute  so  vast  an  undertaking  as  that  which  is  now  in 
"progress.  It  is,  in  fact,  a  work  which  could  not  possibly 
"have  been  executed  at  any  earlier  period  in  the  history 
"of  the  world.  The  exact  determination  of  the  Figure  and 
"  Dimensions  of  the  Earth  has  been  one  great  aim  of  astrono- 
"  mers  for  upwards  of  two  thousand  years ;  and  it  is  fortunate 
"  that  we  live  in  a  time  when,  men  are  so  enlightened  as  to 
"  combine  their  labours  to  effect  an  object  which  is  desired  by  all, 
"  and  at  the  first  moment  when  it  was  possible  to  execute  it." 

For  yet  a  short  time,  however,  we  must  be  contented  with 
the  results  derived  from  the  recent  British  Triangulation,  with 
the  separate  measurements  of  arcs  of  meridians  in  Peru,  France, 
Prussia,  Russia,  Cape  of  Good  Hope,  and  India.  The  investiga- 
tion of  the  ellipsoid  of  revolution  agreeing  most  nearly  with 
the  sea  level  for  the  whole  Earth,  has  been  carried  out  with 
remarkable  skill  by  Captain  (now  Colonel)  A.  K  Clarke,  RK, 
and  published  in  1858,  by  order  of  the  Master  General  and 
Board  of  Ordnance  (in  a  volume  of  780  pages,  quarto,  almost 
every  page  of  which  is  a  record  of  a  vast  amount  of  skilled 
labour).  The  following  account  of  conclusions  subsequently 
worked  out  regarding  the  ellipsoid  of  three  unequal  axes  most 
nearly  agreeing  with  the  sea  level,  is  extracted  from  the  preface 
to  another  volume  recently  published  as  one  item  of  the  great 
work  of  comparison  with  the  recent  triangulations  of  other 
countries*: — 

"In  computing  the  figures  of  the  meridians  and  of  the 

*  *<CompariBons  of  the  Siandards  of  Length  of  England,  France,  Belgiom, 
Prossia,  Bussia,  India,  Anstralia,  made  at  the  Ordnance  Sunr^  Office,  Sonth- 
ampton,  by  Captain  A.  B.  Clarke,  B.E.,  nnder  the  direction  of  Colonel  Sir 
Henry  James,  B.E.,  F.B.S."  Published  by  order  of  the  Secretary  of  State  for 
War.  1866. 
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'' equator  for  the  several  measured  arcs  of  meridian,  it  is  found  Bemiuor 
"that  the  equator    is    slightly   elliptical,  having  the    longer 


it 


(C 


''diameter  of  the  ellipse  in  15^  34'  east  longitude.  In  the 
''eastern  hemisphere  the  meridian  of  15^  84'  passes  through 
Spitzbergen,  a  little  to  the  west  of  Vienna,  through  the  Straits 
of  Messina,  through  Lake  Chad  in  North  Africa,  and  along 
''the  west  coast  of  South  Africa,  nearly  corresponding  to  the 
"  meridian  which  passes  over  the  greatest  quantity  of  land  in 
"that  hemisphere.  In  the  western  hemisphere  this  meridian 
"  passes  through  Behring's  Straits  and  through  the  centre  of  the 
"Pacific  Ocean,  nearly  corresponding  to  the  meridian  which 
"passes  over  the  greatest  quantity  of  water  of  that  hemi- 
"  sphere. 

"The  meridian  of  105®  34'  passes  near  North-East  Cape,  in 
the  Arctic  Sea,  through  Tonquin  and  the  Straits  of  Sunda,  and 
corresponds  nearly  to  the  meridian  which  passes  over  the 
"  greatest  quantity  of  land  in  Asia ;  and  in  the  western  hemi- 
"  sphere  it  passes  through  Smith's  Sound  in  Behring's  Straits, 
"near  Montreal,  near  New  York,  between  Cuba  and  St  Do- 
"  mingo,  and  close  along  the  western  coast  of  South  America^ 
"  corresponding  nearly  to  the  meridian  passing  over  the  greatest 
"  amount  of  land  in  the  westeiii  hemisphere. 

''These  meridians,  therefore,  correspond  with  the  most  re- 
"  markable  physical  features  of  the  globe. 

Feet 

"  The  longest  semi-diameter  of  the  equatorial  ellipse  is  20926350 

"And  the  shortest  20919972 

"  Giving  an  ellipticity  of  the  equator  equal  to ^ 

"  The  polar  semi-diameter  is  equal  to   20853429 

"  The  maximum  and  minimum  polar  compressions 

"are  ^   -and — ' — 

S86'97  818'88 

"  Or  a  mean  compression  of  very  closely  ^" 

Fourteen  years  later  Colonel  Clarke  corrected  this  result  in 
the  following  statement*:  "But  these  are  affected  by  the  error 

•  Eztraoted  from  pages  308, 809  of  **  Oeodesy,"  by  Col.  A.  B.  Clarke,  C.B. 
Oi^ford.    1880. 
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BMoiti  of  « in  the  southern  half  of  the  old  Indian  arc.  A  revision  of  this 
**  calculation,  based  on  the  revision  and  extension  of  the  Indian 
"  geodetic  operations,  is  to  be  found  in  the  Philosophical  Maga- 
"  zine  for  August,  1878,  resulting  in  the  following  numbers : 

"  Major  semi-axis  of  equator    (long.  8M5'  W.)  a  =  20926629 
"  Minor  semi-axis  „         (long.  81^45'  W.)  b  =  20925105 

"  Polar  semi-axis  „  c  =  20854477 

"  The  meridian  of  the  greater  equatorial  diameter  thus  passes 
"  through  Ireland  and  Portugal,  cutting  off  a  small  bit  of  the 
"  north-west  comer  of  Africa :  in  the  opposite  hemisphere  this 
''meridian  cuts  off  the  north-east  comer  of  Asia  and  passes 
*^  through  the  southern  island  of  New  Zealand.  The  meridian 
"  containing  the  smaller  diameter  of  the  equator  passes  through 
"Ceylon  on  the  one  side  of  the  earth  and  bisects  North 
"  America  on  the  other.  This  position  of  the  axes,  brought  out 
**  by  a  very  lengthened  calculation,  certainly  corresponds  very 
"  remarkably  with  the  physical  features  of  the  globe — ^the  dis- 
"  tribution  of  land  and  water  on  its  surface.  On  the  ellipsoidal 
"  theory  of  the  earth's  figure,  small  as  is  the  difference  between 
''the  two  diameters  of  the  equator,  the  Indian  longitudes  are 
"  much  better  represented  than  by  a  surface  of  revolution.  But 
"it  is  nevertheless  necessary  to  guard  against  an  impression 
"  that  the  figure  of  the  equator  is  thus  definitely  fixed,  for  the 
"available  data  are  far  too  slender  to  warrant  such  a  con- 
"  elusion." 

Colonel  Clarke  had  previously  found  ("  Account  of  Principal 
Triangiilation,"  1858)  for  the  spheroid  of  revolution  most  nearly 
representing  the  same  set  of  observations,  the  following : — 

Equatorial  semi-axis  =  a  ==  20926062  feet. 
Polar  semi-axis  =c  =  20855121  feet ; 

,  c     293-98        J    „.  ^.  .^       a-c         1 

^^^^"%'=294^'  ^^^^P*^^^*y  =  -^  =  29¥98- 

Colonel  Clarke's  twenty-two  years'  labours,  from  1858  to 
1880,  have  led  him  to  but  very  small  corrections  on  these 
results.     In  his  "  Geodesy,"  page  319,  he  gives  the  following  as 
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the  most  probable  lengths  of  the  polar  semi-axis  and  of  the  Heiuits  of 
mean  equatorial  semi-axis  of  the  terrestrial  spheroid  so  far  as         ^' 
all  observations  and  comparisons  of  standards  up  to  1880  have 
allowed  him  to  judge  : 

a  =  20926202, 

c  =  20854895, 
and  their  ratio 

c     292-465         ,    1,.  X-  -x    a-c  1 

5  =  293^465'  ^^  ^"^P'^^^^y  -T"  =  293^5- 

798.  As  an  instructive  example  of  the  elementary  principles  Hydrostatic 
of  fluid  equilibrium,  useful  also  because  it  includes  the  cele-  resumed, 
brated  hydrostatic  theories  of  the  Tides  and  of  the  Figure  of 

the  Earth,  let  us  suppose  a  finite  mass  of  heterogeneous  incom- 
pressible fluid  resting  on  a  rigid  spherical  shell  or  solid  sphere, 
under  the  influence  of  mutual  gravitation  between  its  parts, 
and  of  the  attraction  of  the  core  supposed  symmetrical ;  to  be 
slightly  disturbed  by  any  attracting  masses  fixed  either  in  the 
core  or  outside  the  fluid ;  or  by  force  fulfilling  any  imaginable 
law,  subject  only  to  the  condition  of  being  a  conservative 
system ;  or  by  centrifugal  force. 

First  we  may  remark  that  were  there  no  such  disturbance 
the  fluid  would  come  to  rest  in  concentric  spherical  layers 
of  equal  density,  the  denser  towards  the  centre,  this  last 
characteristic  being  essential  for  stability,  which  clearly  re- 
quires also  that  the  mean  density  of  the  nucleus  shall  be  not 
less  than  that  of  the  layer  of  fluid  next  it ;  otherwise  the 
nucleus  would,  as  it  were,  float  up  from  the  centre,  and  either 
protrude  from  the  fluid  at  one  side,  or  (if  the  gradation  of 
density  in  the  fluid  permits)  rest  in  an  eccentric  position 
completely  covered;  fulfilling  in  either  case  the  condition 
(§  762)  for  the  equilibrium  of  floating  bodies. 

799.  The  efiect  of  the  disturbing  force,  could  be  at  once  Nomntiuu 
found  without  analysis  if  there  were  no  mutual  attraction  tf^n  por- 

*^  ttons  of  the 

between  parts  of  the  fluid,  so  that  the  influence  tending  toUquid. 
maintain  the  spherical  figure  would  be  simply  the  symmetrical 
attraction  of  the  fixed  core.     For  the  equipotential  surfaces 
VOL.  II.  24 
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Nomatoai  would  then  be  known  (as  directly  implied  by  the  data),  and 
ureenpor-  the  fluid  would  (§  750)  arrange  itself  in  layers  of  equal  density 
liquid:        defined  by  these  surfaces. 

BxampieO).  800.  Examples  of  §  799. — (1)  Let  the  nucleus  act  according 
to  the  Newtonian  law,  and  be  either  symmetrical  round  a  point, 
or  (§  534)  of  any  other  centrobaric  arrangement ;  and  let  the 
disturbing  influence  be  centrifugal  force.  In  Vol.  U.  it  will 
appear,  as  an  immediate  consequence  from  the  elementary 
dynamics  of  circular  motion,  that  kinetic  equilibrium  under 
centrifugal  force  in  any  case  will  be  the  same  as  the  static 
equilibrium  of  the  imaginary  case  in  which  the  same  material 
system  is  at  rest,  but  influenced  by  repulsion  from  the  axis  in 
simple  proportion  to  distance. 

If  2;  be  the  axis  of  rotation,  and  w  the  angular  velocity,  the 
components  of  centrifugal  force  (§§  32,  35a,  259)  are  w'o;  and 
iify.    Hence  the  potential  of  centrifugal  force  is 

reckoned  from  zero  at  the  axis,  and  increasing  in  the  direction 
of  the  force,  to  suit  the  convention  (§  485)  adopted  for  gravita- 
tion potentials.     The  expression  for  the  latter  (^  491,  534  ck)  is 

E 

where  E  denotes  the  mass  of  the  nucleus,  and  the  oo-ordinates 
are  reckoned  from  its  centre  of  gravity  (§  534)  aa  origin.  Hence 
the  'Mevel  surfaces"  (§  487)  external  to  the  nucleus  are  given 
by  assigning  different  values  to  (7  in  the  equation 

-^^^^^.K(«'-y)  =  ^ (1). 

aud  the  fluid  when  in  equilibrium  has  its  layers  of  equal  density 
and  its  outer  boundary  in  these  surfaces.  If  p  be  the  density 
and  p  the  pressure  of  the  fluid  at  any  point  of  one  of  these 
surfaces,  regarded  as  functions  of  (7,  we  have  (§  760) 

P  =  SpdC (2). 

Unless  the  fluid  be  held  in  by  pressure  applied  to  its  bounding 
surface,  the  potential  must  increase  from  this  surface  inwards 
(or  the  resultant  of  gravity  and  o^ntrifugal  force,  perpendicular 
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as  it  is  to  the  surface,  must  be  directed  inwards),  as  negative  No  mntiul 
pressure  is  practically  inadmissible.     The  student  will  find  it  an  twwn  por- 
interesting  exercise  to  examine  the  circumstances  under  which  u^d :  ^^^ 
this  condition  is  satisfied ;  which  may  be  best  done  by  tracing  Ezample(i). 
the  meridional  curves  of  the  series  of  sui-faces  of  revolution 
given  by  equation  (1). 

Let  a  and  a  (1  —  e)  be  the  equatorial  and  polar  semidiameters 
of  one  of  these  surfaces.    We  have 

"'•""**  "£I^T^  =  2T^ (^>' 

where  m  denotes  the  ratio  of  centrifugal  force  at  its  equator 
to  pure  gravity  at  the  same  place.  (Contrast  approximately 
agreeing  definition  of  m,  §  794.)  From  this,  and  the  form  of 
(1),  we  infer  that 

801.  In  the  case  of  but  small  deviation  from  the  spherical 
figure,  which  alone  is  interesting  with  reference  to  the  theory 
of  the  earth's  figure  and  internal  constitution,  the  bounding 
surface  and  the  surfaces  of  equal  density  and  pressure  are  very 
approximately  oblate  ellipsoids  of  revolution*;  the  ellipticityf 
of  each  amounting  to  half  the  ratio  of  centrifugal  force  in  its 
largest  circle  (or  its  equator,  as  we  may  call  this)  to  gravity  at 
any  part  of  it ;  and  therefore  increasing  from  surface  to  surface 
outwards  as  the  cubes  of  the  radii.  The  earth's  equatorial  radius 
is  20,926,000  feet,  and  its  period  (the  sidereal  day)  is  86,164 
mean  solar  seconds.  Hence  in  British  absolute  measure  (§  225) 
the  equatorial  centrifugal  force  is  (27r/86164)*  x  20926000,  or 
"11127.  This  is  ^  of  32158 ;  or  very  approximately  the  same 
fraction  of  the  mean  value,  32*14,  of  apparent  gravity  over  the 

*  Aizy  has  estimated  24  feet  as  the  greatest  deviation  of  the  bonnding  snrface 
from  a  trae  ellipsoid. 

t  A  term  used  by  writers  on  the  figure  of  the  earth  to  denote  the  ratio  which 
the  di£ference  between  the  two  axes  of  an  ellipse  bears  to  the  greater.  Thus  if  e 
be  the  ellipticity,  and  c  the  eccentricity  of  an  ellipse,  we  have  c^ = 2e  -  «'.  Hence, 
when  the  eccentricity  is  smaU,  the  ellipticity  is  a  small  quantity  of  the  same 
order  as  its  square ;  and  the  former  is  equal  approximately  to  the  square  root  of 
twice  the  latter. 

24—2 
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NomntuAi  whole  sea  level,  as  determined  by  pendulum  observations.  It  is 
^"oFthe  therefore  [§  794  (20)]  ^.^g,  or  approximately  ^,  of  the  mean 
liquid;        value  of  truo  gravitation.     Hence,  if  the  solid  earth  attracted 

EzampleCl).  .  ^  hi-  x  j    xt_ 

merely  as  a  pomt  of  matter  collected  at  its  centre,  and  there 
were  no  mutual  attraction  between  the  dififerent  parts  of  the  sea, 
the  sea  level  would  be  a  spheroid  of  ellipticity  ^.  In  reality, 
we  find  by  observation  that  the  ellipticity  of  the  spheroid 
of  revolution  which  most  nearly  coincides  with  the  sea  level  is 
about  y^.  The  difference  between  these,  or  ^,  must  therefore 
be  due  to  deviation  of  true  terrestrial  gravity  from  spherical 
symmetry.  Thus  the  whole  ellipticity  of  the  actual  sea  level, 
yJy,  may  be  regarded  as  made  up  of  two  nearly  equal  parts; 
of  which  the  greater,  ^,  is  due  directly  to  centrifugal  force, 
and  the  less,  ^,  to  deviation  of  solid  and  fluid  attracting 
mass  from  any  truly  centrobaric  arrangement  (§  534).  A  little 
later  (§§  820,  821)  we  shall  return  to  this  subject. 

802.  The  amount  of  the  resultant  force  perpendicular  to 
the  free  surface  of  the  fluid  is  to  be  found  by  compounding 
the  force  of  gravity  towards  the  centre  with  the  centiifugal 
force  from  the  axis;  and  it  will  be  approximately  equal  to 
the  former  diminished  by  the  component  of  the  latter  along 
it,  when  the  deviation  from  spherical  figure  is  smalL  And 
as  the  former  component  varies  inversely  as  the  square  of 
the  distance  from  the  centre,  it  will  be  less  at  the  equator  than 
at  either  pole  by  an  amount  which  bears  to  either  a  ratio  equal 
to  twice  the  ellipticity,  and  which  is  therefore  (§  801)  equal  to 
the  centrifugal  force  at  the  equator.  Thus  in  the  present  case 
half  the  difference  of  apparent  gravity  between  poles  and 
equator  is  due  to  centrifugal  force,  and  half  to  difference  of 
distance  from  the  centre.  The  gradual  increase  of  apparent 
gravity  in  going  from  the  equator  towards  either  pole  is  readily 
proved  to  be  as  the  square  of  the  sine  of  the  latitude;  and 
this  not  only  for  the  result  of  the  two  combined  causes  of 
variation,  but  for  each  separately.  These  conclusions  needed, 
however,  no  fresh  proof,  as  they  constitute  merely  the  appli- 
cations to  the  present  case,  of  Clairaut's  general  theorems 
demonstrated  above  (§  793). 
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Analyticall J,  for  the  present  case,  we  have  No  mutual 

force  be- 
J  rr  tween  por- 

„-.^zl.  Won*  of  the 

^ "      dr  liquid: 

SxAinpleCl). 

if  g  denote  the  magnitude  of  the  resultant  of  true  gravity  and 

centrifugal  force;  ^  [as  in  App.  B.  (^)]  rate  of  variation  per 

unit  of  length  along  the  direction  of  r ;  and  F  the  fbret  member 
of  (1)  §  800.  Hence  taking  »•  =  r»cos*tf,  and  ai"  +  y*  =  r"sin'd  we 
find 

^  =  p-«V8in-tf (4). 

On  the  hypothesis  of  infinitely  small  deviation  from  spherical 
figure  this  becomes 

^  =  ^(l-2w)-(i»*a8in»fl.... ■ (5), 

if  in  the  small  term  we  put  a,  a  constant,  for  r,  and  in  the  other 
r«=a(l-i-u).  By  (I)  we  see  that  EjC  is  an  approximate  value 
for  r,  and  if  we  take  it  for  a,  that  equation  gives 

u  =  \'^^-An*6 (6); 

and  using  this  in  (5)  we  have 

where,  as  before,  m  denotes  the  ratio  of  equatorial  centrifugal 
force  to  gravity. 

803.    Examples  of  §  799  continued, — (2)    The  nucleus  being  Enmpiett). 
held  fixed,  let  the  fluid  on  its  surface  be   disturbed  by  the 
attraction  of  a  very  distant  fixed  body  attracting  according  to 
the  Newtonian  law. 

Let  r,  0  be  polar  co-ordinates  referred  to  the  centre  of  gravity  of 
the  nucleus  as  origin,  and  the  line  from  it  to  the  disturbing  body 
as  axis ;  let,  as  before,  E  be  the  mass  of  the  nucleus ;  lastly,  let 
M  be  the  mass  of  the  disturbing  body,  and  D  its  distance  from 
the  centre  of  the  nucleus.  The  equipotentials  have  for  their 
equation 

7^V(^-2ri?cosfl  +  r')='"°'^"*-  <^>' 


I 
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NomutuAl  which,  for  very  small  values  of  r/2>,  becomes  approximately 

tween  por- 
tions of  the  EM/         T  \ 

i»a«d!  -  + -7^(1  + 7::Cosd)  =  const  (9), 

Bxainple(2).  r      J)  \       I)  J 

And  if ,  as  in  corresponding  cases,  we  put  r  =  a  (1  + 1^)  where  a 
is  a  proper  mean  value  of  r,  and  t^  is  an  infinitely  small 
numerical  quantity,  a  function  of  0,  we  have  finally 

«  =  ^C08e  (10). 

This  is  a  spherical  sui*fiBbce  harmonic  of  the  first  order,  and 
(§  789)  we  conclude  that 

The  fluid  will  not  be  disturbed  from  its  spherical  figure,  but 
it  will  be  drawn  towards  the  disturbing  body,  so  that  its  centre 
will  deviate  from  the  centre  of  the  nucleus  by  a  distance 
amounting  to  the  same  fraction  of  its  radius  that  the  attraction 
of  the  disturbing  body  is  of  the  attraction  of  the  nucleus,  on  a 
point  of  the  fluid  surface.  This  fraction  is  about  g^^^^^Q^  (being 
——*——)  for  the  earth  and  moon,  as  the  moon's  distance  is  60 

83x60x60'  ' 

times  the  earth's  radius,  and  her  mass  about  ^  of  the  earth's. 
Hence  if  the  earth's  and  moon's  centres  were  both  held  fixed, 
there  would  be  a  rise  of  level  at  the  point  nearest  to  the  moon, 
and  fall  of  level  at  the  point  farthest  from  it,  each  equal  to 
TTTiftnjTr  ^^  ^^^  earth's  radius,  or  about  70  feet.  Or  if  we  con- 
sider the  sun's  influence  under  similar  unreal  circumstances, 
we  should  have  a  tide  of  12,500  feet  rise  on  the  side  next 
the  sun,  and  the  same  Ml  on  the  remote  side ;  12,500  feet 
being  (§  812)  j^\yo*  ^^  *^®  ^"^'®  distance. 

Example  for  804.  Examples  of  §  799  continued. — (3)  With  other  con- 
ditions, the  same  ajs  in  Example  (2)  (§  803),  let  one-half  of 
the  disturbing  body  be  removed  and  fixed  at  an  equal  distance 
on  the  other  side. 

The  equation  of  the  equipotentials,  instead  of  (8),  is  now 
^■^^'^LN/(^-2r/>costf+r')  "^  J{V*+2rDcoHe+r^)\  =«o^*--01)' 
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and  as  the  first  approximation  when  rjD  is  treated  as  very  small,  E^piefbr 
instead  of  (9),  we  now  have 

f+ J[l  +  jJ.(3cos'tf-l)]=const. (12); 

whence  finaUy,  instead  of  (10),  with  correspondiQg  notation ; 

«  =  J^'(3ooe*fl-l) (13). 

This  is  a  spherical  surface  harmonic  of  the  second  order,  and 
Ma^lEiy  is  one-quarter  of  the  ratio  that  the  difference  between 
the  moon's  attraction  on  the  nearest  and  farthest  parts  of  the 
earth  bears  to  terrestrial  gravity.     Hence 

The  fluid  will  be  disturbed  into  a  prolate  ellipsoidal  figure,  rafraitamei 

with  its  long  axis  in  the  line  joining  the  two  disturbing  bodies,  wyequi- 

and  with  ellipticity  (§  801)  equal  to  |  of  the  ratio  which  the  toeoiy. 

difference  of  attractions  of  one  of  the  disturbing  bodies  on  the 

nearest  and  farthest  points  of  the  fluid  surface  bears  to  the 

surface  value  of  the  attraction  of  the  nucleus.    If,  for  instance, 

we  suppose  the  moon  to  be  divided  into  two  halves,  and  these 

to  be  fixed  on  opposite  sides  of  the  earth  at  distances  each 

equal  to  the  true  moon's  mean  distance ;  the  ellipticity  of  the 

disturbed  terrestrial  level  would  be  „  ^^  l;r7rinr;ii  or  - — -i :Suiu?' 

2x60x300000'        ^  * '000.000 '  JJS}JJJ,r 

and  the  whole  difference  of  levels  from  highest  to  lowest  would  eqaUibrimii 
be  about  If  feet.  We  shall  have  much  occasion  to  use  this 
hypothesis  in  YoL  ll.,  in  investigating  the  kinetic  theory  of  the 
tides.  We  shall  see  that  it  (or  some  equivalent  hypothesis)  is 
essential  to  Laplace's  evanescent  diurnal  tide  on  a  solid  spheroid 
covered  with  an  ocean  of  equal  depth  all  over;  but,  on  the 
other  band,  we  find  presently  (§  814)  that  it  agrees  very  closely 
with  the  actual  circumstances  so  far  as  the  foundation  of  the 
equilibrium  theory  is  concerned. 

805.  The  rise  and  fall  of  water  at  any  point  of  the  earth'is 
surface  we  may  now  imagine  to  be  produced  by  making  these 
two  disturbing  bodies  (moon  and  anti-moon,  as  we  may  call 
them  for  brevity)  revolve  round  the  earth's  axis  once  in  the 
lunar  twenty-four  hours,  with  the  line  joining  them  always 
inclined  to  the  earth's  equator  at  an  angle  equal  to  the  moon's 
declination.    If  we  assume  that  at  each  moment  the  condition 
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of  hydrostatic  equilibrium  is  fulfilled ;  that  is,  that  the  free 
liquid  surface  is  perpendicular  to  the  resultant  force,  we  have 
what  is  called  the  "equilibrium  theory  of  the  tides." 

Correction  806.  But  even  on  this  equilibrium  theory,  the  rise  and  fall 
cqwiibrium  at  any  place  would  be  most  falsely  estimated  if  we  were  to  take  it, 
ad  we  believe  it  is  generally  taken,  as  the  rise  and  fall  of  the  sphe- 
roidal surface  that  would  bound  the  water,  if  none  of  the  solid 
were  uncovered,  that  is  if  there  were  no  dry  land.  To  illustrate 
this  statement,  let  us  imagine  the  ocean  to  consist  of  two  circular 
lakes  A  and  B,  with  their  centres  90^  asunder,  on  the  equator, 
communicating  with  one  another  by  a  narrow  channel.  In  the 
course  of  the  lunar  twelve  hours  the  level  of  lake  A  would 
rise  and  fall,  and  that  of  lake  B  would  simultaneously  fall  and 
rise  to  maximum  deviations  from  the  mean  level.  If  the  areas 
of  the  two  lakes  were  equal,  their  tides  would  be  equal,  and 
would  amount  in  each  to  about  one  foot  above  and  below  the 
mean  level;  but  not  so  if  the  areas  were  unequal.  Thus,  if 
the  diameter  of  the  greater  be  but  a  small  part  of  the  earth's 
quadrant,  not  more,  let  us  say,  than  20^  the  amounts  of  the 
rise  and  fall  in  the  two  lakes  will  be  inversely  as  their  areas 
to  a  close  degree  of  approximation.  For  instance,  if  the  dia- 
meter of  B.  be  only  -^  of  the  diameter  of  A,  the  rise  and  fall  in 
A  wiU  be  scarcely  sensible ;  while  the  level  of  B  will  rise  and 
fall  by  about  two  feet  above  and  below  its  mean ;  just  as  the 
rise  and  fall  of  level  in  the  open  cistern  of  an  ordinary  barometer 
is  but  small  in  comparison  with  the  fall  and  rise  in  the  tube. 
Or,  if  there  be  two  large  lakes  A,  A'  at  opposite  extremities 
of  an  equatorial  diameter,  two  small  ones  B,  B  at  two  ends  of 
the  equatorial  diameter  perpendicular  to  that  one,  and  two 
small  lakes  (7,  C  at  two  ends  of  the  polar  axis,  the  largest  of 
these  being,  however,  still  supposed  to  extend  over  only  a 
small  portion  of  the  earth's  surface,  and  if  all  the  six  lakes 
communicate  with  one  another  freely  by  canals,  or  under- 
ground tunnels,  there  will  be  no  sensible  tides  in  the  lakes 
A  and  A'  \  m  B  and  B  there  will  be  high  water  of  two  feet 
above  mean  level  when  the  moon  or  anti-moon  is  in  the 
zenith,  and  low  water  of  two  feet  below  mean  when  the  moon 
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is  rising  or  setting ;  and  at  G  and  C  there  will  be  tides  rising  9pJ[3J**°" 
and  falling  one  foot  above  and  below  the  mean,  the  time  of  egj^f*"™ 
low  water  being  when  the  moon  or  anti-moon  is  in  the  meri- 
dian of  A,  and  of  high  water  when  they  are  on  the  horizon  of 
A.  The  simplest  way  of  viewing  the  ease  for  the  extreme 
circumstances  we  have  now  supposed  is^  first,  to  consider  the 
spheroidal  surface  that  woiUd  bound  the  water  at  any  moment  if 
there  were  no  dry  land,  and  then  to  imagine  this  whole  surface 
lowered  or  elevated  all  round  by  the  amount  required  to  keep 
the  height  at  A  and  A'  invariable.  Or,  if  there  be  a  large  lake 
A  in  any  part  of  the  earth,  communicating  by  canals  with  small 
lakes  over  various  parts  of  the  surface,  having  in  all  but  a 
small  area  of  water  in  comparison  with  that  of  A^  the  tides  in 
any  of  these  will  be  found  by  drawing  a  spheroidal  surface  of 
two  feet  difference  between  greatest  and  least  radius,  and,  with- 
out disturbing  its  centre,  adding  or  subtracting  from  each  radius 
such  a  length,  the  same  for  all,  as  shall  do  away  with  rise  or 
fall  at  A. 

807.  It  is,  however,  only  on  the  extreme  supposition  we  have  The  tides, 
made,  of  one  water  area  much  larger  than  all  the  others  taken  traction  of 
together,  but  yet  itself   covering  only  a  small  part  of  the  neglected: 
earth's  curvature,  that  the  rise  and  fall  can  be  nearly  altogether  of  theordi- 
obliterated  in  one  place,  and  doubled  in  another  place.    Taking  libriam 
the  actual  figure  of  the  earth's  sea-surface,  we  must  subtract  a 
certain  positive  or  negative  quantity  a  from  the  radius  of  the 
spheroid  that  would  bound  the  water  were  there  no  land,  a 

being  determined  according  to  the  moon's  position,  to  fulfil 
the  condition  that  the  volume  of  the  water  remains  unchanged, 
and  being  the  same  for  all  points  of  the  sea,  at  the  same  time. 
Many  writers  on  the  tides  have  overlooked  this  obvious  and 
essential  principle;  indeed  we  know  of  only  one  sentence* 
hitherto  published  in  which  any  consciousness  of  it  has  been 
indicated. 

808.  The  quantity  a  is  a  spherical  harmonic  function  of  the 
second  order  of  the  moon's  declination,  and  hour-angle  firom 

*  "Bigidify  of  the  Earth,"  f  17,  Phil  Tram.,  1S62. 
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The  tides,    the  meridiaD  of  Greenwich,  of  which  the  five  constant  go- 

mutual 

attraction  of  efficients  depend  merely  on  the  configuration  of  land  and  water, 
ncffiec^:    and  may  be  easily  estimated  by  necessarily  very  laborious 
equilibrium  quadratures,  with  data  derived  from  the  inspection  of  good 
maps. 

Let  as  above 

r  =  a{l  +tt) (U) 

be  the  spheroidal  level  that  would  bound  the  water  were  the 
whole  solid  covered ;  u  being  given  by  (13)  of  §  804.  Thus,  if 
ffda  denote  surface  integration  over  the  whole  surface  of  the 
sea,  ajfuda  expresses  the  addition  (positive  or  negative  as  the 
case  may  be)  to  the  volume  required  to  let  the  water  stand  to 
this  level  everywhere.  To  do  away  with  this  change  of  volume 
we  must  suppose  the  whole  sur&ce  lowered  equally  all  over  by 
such  an  amount  a  (positive  or  negative)  as  shall  equalize  it. 
Hence  if  O  be  the  whole  area  of  sea,  we  have 

«  =  ^//^ (15). 

And  t  =  r-a  =  a|l  +u-^Jfttd<r\ (16), 

is  the  corrected  equation  of  the  level  spheroidal  surface  of  the 
sea.     Hence 


A  =  a{«-^//t«?a-J (17), 


where  h  denotes  the  height  of  the  surface  of  the  sea  at  any 
place,  above  the  level  which  it  would  take  if  the  moon  were 
removed. 


To  work  out  (15),  put  firsts  for  brevity. 


^  =  lfS • (18)  = 


and  (13)  becomes 

tt=T(00S"fl-J) (19). 

Now  let  I  and  X  be  the  geographical  latitude  and  west  longitude 
of  the  place,  to  which  u  corresponds ;  and  ^  and  8  the  moon's 
hour-angle  from  the  meridian  of  Greenwich,  and  her  declination. 
As  0  is  the  moon's  zenith  distance  at  the  place  (corrected  for 
parallax),  we  have  by  spherical  trigonometry 

co8  0»^co82cos8co8(\-^)  +  sin^8in8; 
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which  gives 

3oos*^  - 1 = fcoB*2co8*doo62(X  -  ^)+6BinZco82Bin8ooB3ooB(X  -  ^)  +  i(3sin>8  -  l)(8Bin*;  - 1)(20). 

Hence  if  we  take  H,  U,  <S,  B,  G  to  denote  five  integrals  depend-  The  tides, 
ing  solely  on  the  distribution  of  land  and  water,  expressed  as  attraction  of 

.  II  the  waters 

follows:  neglected: 

corrected 
equilibrium 
theoiy. 


«  =  i //cos"  /cob  2Xd<r,      9B  =  ^//cos*  /sin  2Xcfo-, 
iff  =  ^//sin/cos/cosAc^,  B  =  - //sin/cos/sinXc^o-, 


(21), 


tf  =  ^//(3sin»/-l)cicr, 

where  of  course  da  =  cos  IcUdkj 
we  have 

~  ^i/^  ~  }ar{|C08*d(^Ui0B2^ + iS8in2^)  +  6Bin8coBa(<2roo8^ + Ssin^)  +  ^^(Ssin'd- 1) }  (22). 

This,  used  with  (19)  and  (20)  in  (17),  gives  for  the  full  conclu- 
sion of  the  equilibrium  theorj, 

A=  Jar  [(cos*  /  cos  2X  -  a)  cos  2^  + (cos*/ sin  2X-»)  sin  2^]  cos's 
+2aT[(sinZco6/cosX-®)cos^+(sin/cos/8inX-B)sin^]sin8cos8  -  ("^)> 

+  Jar (3sin«/-.l -C)  (3 sin'8- 1) 

in  which  the  value  of  r  may  be  taken  from  (18)  for  either  the 
moon  or  the  sun :  and  8  and  ij/  denote  the  declination  and 
Greenwich  hour-angle  of  one  body  or  the  other,  as  the  case  may 
be.  In  this  expression  we  may  of  course  reduce  the  semi- 
diurnal terms  to  the  f  oitq  A  cos  (2^  -  c),  and  the  diurnal  terms 
to  A' cos  (^ -  €).  Interpreting  it  we  have  the  following  conclu- 
sions : — 

809.  In  the  equilibrium  theory,  the  whole  deviation  of 
level  at  any  point  of  the  sea,  due  to  sun  and  moon  acting  jointly, 
is  expressed  by  the  sum  of  six  terms,  three  for  each  body. 

(1)  The  lunar  or  solar  semi-diurnal  tide  rises  and  falls  in  Lunar  or, 
proportion  to  a  simple  harmonic  function  of  the  hour- angle  from  diomaitide. 
the  meridian  of  Greenwich,  having  for  period  ISO"  of  this  angle 
(or  in  time,  half  the  period  of  revolution  relatively  to  the  earth), 
with  amplitude  varying  in  simple  proportion  to  the  square  of 
the  cosine  of  the  declination  of  the  sun  or  moon,  as  the  case 
may  be,  and  therefore  varying  but  slowly,  and  through  but  a 
small  entire  range. 
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Lonar  or         (2)     The  lunar  or  solar  diurnal  tide  varies  as  a  simple  har- 

solardi-  ^   '  .     i  «  /■ 

unaitide.  monic  function  of  the  hour-angle  of  period  360  ,  or  twenty-four 
hours,  with  an  amplitude  varying  always  in  simple  proportion 
to  the  sine  of  twice  the  declination  of  the  disturbing  body,  and 
therefore  changing  from  positive  maximum  to  negative,  and 
back  to  positive  maximum  again,  in  the  tropical*  period  of 
either  body  in  its  orbit. 

Lunar  fort-  (3)  The  lunar  fortnightly  or  solar  semi-annual  tide  is  a 
orsoiar  Variation  on  the  average  height  of  water  for  the  twenty-four 
uds.  lunar  or  the  twenty-four  solar  hours,  according  to  which  there 

is  on  the  whole  higher  water  all  round  the  equator  and  lower 
water  at  the  poles,  when  the  declination  of  the  disturbing  body 
is  zero,  than  when  it  has  any  other  value,  whether  north  or 
south;  and  maximum  height  of  water  at  the  poles  and  lowest 
at  the  equator,  when  the  declination  has  a  maximum,  whether 
north  or  south.     Gauss's  way  of  stating  the  circumstances  on 
which  "  secular  "  variations  in  the  elements  of  the  solar  system 
•depend  is  convenient  for  explaining  this  component  of  the 
Ezpiana-     tides.    Let  the  two  parallel  circles  of  the  north  and  south  de- 
luiwr  fort-   clination  of  the  moon  and  anti-moon  at  any  time  be  drawn  on 
Bouriiemi-  a  geoccntric  spherical  surface  of  radius  equal  to  the  moon's 
tidei.  distance,  and  let  the  moon's  mass  be  divided  into  two  halves 

and  distributed  over  them.  As  these  circles  of  matter  gradu- 
ally vary  each  fortnight  from  the  equator  to  maximum  declina- 
tion and  back,  the  tide  produced  will  be  solely  and  exactly  the 
«  fortnightly  tide." 

810.  In  the  equilibrium  theory  as  ordinarily  stated  there 
is,  at  any  place,  high  water  of  the  semi-diurnal  tide,  precisely 
when  the  disturbing  body,  or  its  opposite,  crosses  the  meridian 
of  the  place ;  and  its  amount  is  the  same  for  all  places  in  the 
same  latitude ;  being  as  the  square  of  the  cosine  of  the  latitude, 
and  therefore,  for  instance,  zero  at  each  pole.     In  the  corrected 

*  The  tropical  period  is  the  interval  of  time  between  two  BQCcessive  passages 
of  the  tide-raising  body  through  the  intersection  of  the  orbit  of  that  body 
with  the  earth's  equator.  In  the  oase  of  the  moon  this  intersection  oscillates, 
with  a  period  of  18}  years,  through  about  18*^  on  each  side  of  the  first  point  of 
Aries,  as  the  nodes  of  the  lunar  orbit  regrede  on  the  ecliptic  (see  §  SIS  a,  h).  In 
the  case  of  the  sun  the  intersection  is  the  first  point  of  Aries,  which  completes 
its  rcTolation  in  26,000  years. 
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equilibrium  theory,  high  water  of  the  semi-diuroal  tides  may  The  tides, 
be  either  before  or  after  the  disturbing  body  crosses  the  meri-  tnction  of 
dian,  and  its  amount  is  very  different  at  different  places  in  the  neftiected: 
same  latitude,  and  is  certainly  not  zero  at  the  poles.     In  the  unportanoe 
ordinarily  stated  equilibrium  theory,  there  is,  precisely  at  the  Jwequiu- 
time  of  transit,  high  water  or  low  water  of  diurnal  tides  in  nirttiyand 
the  northern  hemisphere,  according  as  the  declination  of  the  na»i  tides, 
body  is  north  or  south ;  and  the  amount  of  the  rise  and  fall  is 
in  simple  proportion  to  the  sine  of  twice  the  latitude,  and  there- 
fore vanishes  both  at  the  equator  and  at  the  poles.     In  the 
corrected  equilibrium  theory,  the  time  of  high  water  may  be 
considerably  either  before  or  after  the  time  of  transit,  and  its 
amount  is  very  different  for  different  places  in  the  same  lati- 
tude, and  certainly  not  zero  at  either  equator  or  poles.     In  the 
ordinary  statement  there    is    no   lunar    fortnightly  or   solar 
semi-annual  tide  in  the  latitude  35*  16'  (being  sin"*  1/V3),   . 
and  its  amount  in  other  latitudes  is  in  proportion  to  the  devia- 
tions of  the  squares  of  their  sines  from  the  value  ^.    In  the 
corrected  equilibrium  theory  each  of  these  tides  is  still  the 
same  in  the  same  latitude,  and  vanishes  at  a  certain  latitude, 
and  in  any  other  latitudes  is  in  simple  proportion  to  the  devia- 
tion of  the  squares  of  their  sines  from  the  square  of  the  sine  of 
that  latitude.     But  the  latitude  where  there  is  no  tide  of  this  Latitade  of 

. .araneacent 

class  is  not  sin'*  (1/V3),  but  sin-*[Vi  (1  +  ®)],  where  <S  is  the  gj^"****^ 
mean  value  of  38inV  — 1,  for  the  whole  covered  portion  of  the 
earth's  surface.  In  §  848  c  below  will  be  found  an  approximate 
evaluation  by  means  of  quadratures  of  the  function  <$,  contri- 
buted by  Mr  G.  H.  Dai'win  to  our  present  edition.  The  uncer- 
tainty as  to  the  amount  of  land  in  arctic  and  antarctic  regions 
renders  this  evaluation  to  some  degree  uncertain ;  but  it  appears 
in  any  case  that  the  distribution  of  the  land  is  such  that  the 
latitude  of  evanescent  fortnightly  tide  is  only  removed  a  little 
to  the  southward  of  35*  16'.  The  computations  show,  in  fact, 
that  this  latitude  is  34*40'  or  34*57',  according  to  the  assumptions 
made  as  to  the  amount  of  polar  land. 

As  the  fortnightly  and  semi-annual  tides  have  been  supposed 
by  Laplace*  to  follow  in  reality  very  nearly  the  equilibrium 

*  In  our  first  edition  ve  nndonbtingly  accepted  this  supposition. 
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law,  the  determination  of  the  latitude  of  evanescent  tide  is  a 
matter  of  great  importance.  It  is  moreover  possible  that  careful 
determination  of  the  fortnightly  and  semi-annual  tides  at  various 
places,  by  proper  reductions  of  tidal  observations,  may  contribute 
to  geographical  knowledge  as  to  the  amount  of  water-surface  in 
the  hitherto  unexplored  districts  of  the  arctic  and  antarctic 
regions. 

811.  The  superposition  of  the  solar  semi-diurnal  on  the 
lunar  semi-diurnal  tide  has  been  investigated  above  as  an 
example  of  the  composition  of  simple  harmonic  motions ;  and 
the  well-known  phenomena  of  the  "spring-tides"  and  *  neap- 
tides,"  and  of  the  "priming"  and  "lagging"  have  been  ex- 
plained (§  60).  We  have  now  only  to  add  that  observation 
proves  the  proportionate  difiference  between  the  heights  of 
spring-tides  and  neap-tides,  and  the  amount  of  the  priming 
and  lagging  to  be  much  less  in  nearly  all  places  than  estimated 
in  §  60  on  the  equilibrium  hypothesis ;  and  to  be  very  different 
in  different  places,  as  we  shall  see  in  Vol.  ii.  is  to  be  expected 
from  the  kinetic  theory. 

812.  The  potential  expressions  used  in  the  preceding  in- 
vestigation are  immediately  applicable  (§§  802,  804)  to  the 
hydrostatic  problem.  '  But  it  is  interesting,  in  connexion  with 
this  problem,  to  know  the  amount  of  the  disturbing  influence  on 
apparent  terrestrial  gravity  at  any  point  of  the  earth's  surface, 
produced  by  the  lunar  or  solar  influence.  We  shall  therefore 
— still  using  the  convenient  static  hypothesis  of  §  804^-deter- 
mine  convenient  rectangular  components  for  the  resultant  of  the 
two  approximately  equal  and  approximately  opposed  disturbing 
forces  assumed  in  that  hypothesis.  First,  we  may  remark  that 
these  two  forces  are  approximately  equivalent  to  a  force  equal 
to  their  difference  in  a  line  parallel  to  that  of  the  centres  of 
the  earth  and  moon,  compounded  with  another  perpendicular 
to  this  and  equal  to  twice  either,  multiplied  into  the  cosine 
of  half  the  obtuse  angle  between  them. 

Resolving  each  of  these  components  along  and  perpendicular 
to  the  earth's  radius  through  the  place,  we  obtain,  by  a  process, 
the  details  of  which  we  leave  to  the  student,  the  following  result*?, 
which  are  stated  in  gravitation  measure : — 
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Vertical  component,  upwards  =  fj,y^  (3  cos*  6-1)  ...  (23').      sdlar  in- 

-^-^  fluenoe  on 

apparent 
__     .  _  _  Ma     ,     ^         ^  /fto//x         terreatrial 

Horizontal  component  =  3  -jti^  Bin  0  cos  0 (23  ).      graTity. 

The  direction  of  this  component  is  towards  the  point  of  the 
horizon  under  the  moon  or  anti-moon. 

Here,  as  before,  E  and  M  denote  the  masses  of  the  earth  and 
moon,  D  the  distance  between  their  centres,  a  the  earth's  radius, 
and  0  the  moon's  zenith  distance. 

Or  from  the  potential  expression  (12),  by  taking  -=-  and  >-^ 

we  find  the  same  expressions. 
The  vertical  component  is  a  maximum  upwards,  amounting  to 

when  the  moon  or  anti-moon  is  overhead;  and  a  maximum 
downwards  of  half  this  amount  when  the  moon  is  on  the 
horizon.  The  horizontal  component  has  its  maximum  value, 
amounting  to  Jtfa* 

^  E^' 
when  the  moon  or  anti-moon  is  45®  above  the  horizon.    Similar 
statements,  of  course,  apply  to  the  disturbing  influence  of  the 
sun.  For  the  moon  Ma*/EI/  is  probably  equal  to  about  -_J__  ^ 

or  — J^ — -:  and  the  corresponding  measure  of  the  sun's  influ- 

18'SxlO*  *  ° 

ence  is  very  approximately  (l+^L)  (lO)'_J__,  or  ^^^J^. 
Hence,  considering  the  lunar  influence  alone,  we  see  that  as 
the  moon  or  anti-moon  rises  from  the  horizon  to  the  zenith 
of  any  place  on  the  earth's  surface,  the  intensity  of  apparent 
gravity  is  diminished  by  about  one  six-millionth  part :  and 
the  plummet  is  deflected  towards  the  point  of  the  horizon 
under  either  moou  or  anti-moon,  by  an  amount  which  reaches 
its  maximum  value,  \  ,  of  the  unit  angle  (pT'S),  or  0"'017, 
when  the  altitude  is  45^  The  corresponding  e£fects  of  solar 
influence  are  of  nearly  half  these  amounts. 

Taking  the  notation  of  §  808  above,  and  using  the  expansion 
(20)  of  that  section,  wo  find,  from  (23')  of  the  present,  the  ver- 
tical component  equal  to 
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^  ED 


-  {cos*^  C08*8  COS  2  (X  -  ^)  +  sin  21  sin  28  cos  (X  -  ^) 

+  (1  -  sin'O  (1  -  3  sin"  S)} (23'"). 


Further  remarking  that  dhjadL  and  dlija  cos  IdK  are  respectively 
the  northward  and  the  westward  components  of  the  inclina- 
tioh  of  the  apparent  level  to  the  undisturbed  terrestrial  level, 
we  find  for  the  southward  and  eastward  components  of  the 
horizontal  disturbing  force^  as  given  in  (23"),  the  following 
expressions : 

Southward  component  =  J  -^^j  {sin  21  cos*  S  cos  2  (X  -  ^) 

—  cos  21  sin  28  cos  (X  —  ^) 

+  sin  2/ (1-3  sin*  8)} (23*^); 

Eastward  component  =  |-  -ztto^  {cos  I  cos*  8  sin  2  (X  —  ^) 

-  sin Z  sin  28  sin  (X-^)} (23^). 

These  formulas  show  how  in  any  one  place  the  three  com- 
ponents of  the  lunar  disturbing  foix^e  vaiy  in  the  course  of  the 
24  hours.  They  also  show  how  the  lunar  disturbing  force  varies 
in  longer  periods  when  we  consider  them  as  affected  by  the 
monthly  and  fortnightly  variations  of  8  and  D, 

Actual  tide-  813.  Examples  of  §  799  continued. — (4)  All  other  eircum- 
uifluence^  stances  remaining  as  in  Example  (2),  let  the  two  bodies  be  not 
by  method  fixed,  but  let  them  revolve  in  circles  round  their  common  centre 
funaifofcw.  of  inertia,  with  angular  velocity  such  as  to  give  centrifugal  force 

to   each  just  equal  to  the  force  of  attraction  it  experiences 

from  the  other. 

Let  the  centre  of  the  earth  be  origin  of  rectangular  co-ordi- 
nates, and  OZ  perpendicular  to  the  plane  of  the  circular  orbits, 
and  let  OX  revolve  so  as  alwaj^s  to  pass  through  the  disturbing 
body.  Then,  dealing  with  centrifugal  force  by  the  potential 
method,  as  in  §  794;  for  the  equation  of  a  series  of  surfaces 
cutting  everywhere  at  right  angles  the  resultant  of  gravity  and 
centrifugal  force,  we  find 

where  co  denotes  the  angular  velocity  of  revolution  of  the  two 
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bodies  round  their  centre  of  inertia,  and  &  the  distance  of  this  ^°*J^|J*^** 

point  from  the  earth's  centre: — so  that  ffinS 

jurjf,  bj  method 

l£{D-h)^'^EM^~ (25).     JJSTtoJie. 

Hence  ,. ,-  -  afhx  =  0. 

Using  this  in  (24),  expanded  and  dealt  with  generally  as  (12)  in 
Example  (3),  we  see  that  the  first  power  of  x  disappears;  and, 
omitting  terms  of  third  and  higher  orders,  we  have  ^ 

7  +  f  (l  +  i  ^-)  +  i<»'(«'+  yO=  const (26). 

To  reduce  to  sphencal  harmonics  we  have 

«»  +  y'  =  |r'-i(3«'-r0, 

and  therefore,  as  according  to  our  approximation  we  may  take 
«V  for  wV,  we  find  [with  the  notation  r  =  a  (1  +  tt)  as  above] 


or  in  polar  co-ordinates 

u=J^'(3sin«flcos'^-l)-j"!^'(3cos'tf-l) 


....(27). 


This  interpreted  is  as  follows : — 

The  surface  of  the  fluid  will  be  a  harmonic  spheroid  of  the 
second  order  [that  is  (§  799),  an  ellipsoid  differing  infinitely 
little  from  a  sphere],  which  we  may  regard  as  the  result  of 
superimposing  on  the  deviation  from  spherical  figure  investi- 
gated in  §  804,  another  consisting  of  the  oblateness  due  to 
rotation  with  angular  velocity  q>  round  the  diameter  of  the 
earth  perpendicular  to  the  plane  of  the  disturbing  body's  orbit. 
We  may  prove  this  conclusion  with  less  analysis  by  supposing 
the  purely  static  system  of  Example  (3),  §  804,  to  rotate,  first 
with  any  angular  velocity  q>,  about  any  diameter  of  the  earth 
perpendicular  to  the  straight  line  through  its  centre  in  which  the 
disturbing  bodies  are  placed ;  and  then  supposing  this  angular 
velocity  to  be  just  such  as  to  balance  the  earth's  attraction  on 
the  two  disturbing  bodies,  so  tliat  the  holdfasts  by  which  they 
were  prevented  from  falling  together  may  be  removed.  Then 
VOL.  II.  25 
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it  is  easy  to  prove  analytically  that  the  effect  of  carrying  either 
disturbing  body  to  the  other  side,  and  uniting  the  two,  will  be 
a  small  disturbance  in  the  figure  of  the  fluid  amounting  to 
some  such  fraction  of  the  deviation  investigated  in  Example  (S) 
as  the  earth's  radius  is  of  the  distance  of  the  disturber. 

814.  The  purely  static  system  of  Example  (3),  §  804,  gives 
the  simplest  and  most  symmetrical  foundation  for  the  equili- 
brium theory  of  the  tides.  The  kinetic  system  of  Example  (4), 
§  813,  is  indeed  not  less  purely  static  in  relation  to  the  earth, 
and  is  equivalent  to  an  absolutely  static  ideal  system  in 
which  repulsion  from  a  fixed  line,  on  parts  of  a  non-rotating 
system,  is  substituted  for  the  centrifrugal  force  of  the  rotating 
system.  But  it  is  complicated  by  the  oblateness  of  the  fluid 
surface  produced  by  the  centrifugal  force  or  repulsion.  This 
oblateness,  as  we  see  from  §  801,  would  amount  to  as  much  as 
i-^r^rTTi  X  -i- ,  or  — -,^rT--,  being  about  27*8  times  the  ellipticity  of 

(2  7  4)*        580  435.000  ®  r  J 

the  lunar  tide-level  for  the  case  of  the  earth  and  moon.  For  the 
case  of  the  sun  and  earth,  the  corresponding  oblateness  amounts 
only  to  -i-;  X  rL>  or  ——J—~-    ,  which  is  only  -i-  of  the  ellip- 

•^  366*        580  77.700.000'  '^     8  2  ^ 

ticity  of  the  solar  tide-level. 

Aogmenta-  816.  When  the  attraction  of  the  fluid  on  itself  is  sensible, 
by  mutual  the  disturbance  in  its  distribution  gives  rise  to  a  counter  dis- 
ofthedi!^"  turbing  force,  which  increases  the  deviation  of  the  equipotential 
wAter.  surfaces  from  the  spherical  figure.  The  general  hydrostatic 
condition  (§  750),  that  the  surfaces  of  equal  density  must  still 
coincide  with  the  equipotential  surfaces,  thus  presents  an 
exquisite  problem  for  analysis.  It  has  called  forth  from 
Legendre  and  Laplace  an  entirely  new  method  in  mathematics, 
commonly  referred  to  by  English  writers  as  "Laplace's  co- 
efficients" or  "Laplace's  Functions."  The  principles  have  been 
sketched  in  the  second  Appendix  to  our  first  Chapter;  from 
which,  and  the  supplementary  investigations  of  §§  778 — ^784, 
we  have  immediately  the  solution  for  the  case  in  which  the 
fluid  is  homogeneous,  and  the  nucleus  (being  a  solid  of  any 
shape,  and  with  any  internal  distribution  of  density,  subject 
only  to  the  condition  that  its  external  equipotential  surfaces 
are  approximately  spherical)  is  wholly  covered  by  the  fluid. 
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The  conclusion  may  be  expressed  thus: — Let  p  be  the  density  ^^'^muU 
of  the  fluid,  and  let  <r  be  the  mean  density  of  the  whole  mass,  ^"JJJSSli 
fluid  and  solid.    Let  the  disturbing  influence,  whether  of  ex-  tirSSi**** 
temal  disturbing  masses,  or  of  deviation  from  accurate  centre-  ^•*®'^* 
baric  (§  534)  quality  in  the  nucleus,  or  of  centrifugal  force  due 
to  rotation,  be  such  as  to  render  the  level  surfaces  harmonic 
spheroids  of  order  t,  when  the  liquid  is  kept  spherical  by  a 
rigid  envelope  in  contact  with  it  all  round.     The  tendency  of 
the  liquid  surface  would  be  to  take  the  figure  of  that  one  of 
these  level  surfaces  which  encloses  the  proper  volume.     But 
in   changing  its  figure,  if  permitted,  it  would  increase  the 
deviation  of  this  level  surface.    The  result  is,  that  if  the  con- 
straint be  removed,  the  level  surface  of  the  liquid  in  equilibrium 

will  be  a  harmonic  spheroid  of  the  same  type,  but  of  deviation 
from  sphericity  augmented  in  the  ratio  of  1  to  1  —  .^.     - .     . 

Let  the  potential  at  or  infinitely  near  the  bounding  surface  be 

47r(ra'     ^  ,- » 

-3^:-  +  '^* (1) 

when  the  liquid  is  held  fixed  in  shape  by  a  spherical  envelope,  of 
radius  a.     In  these  cii*cuin8tances 


r 


is  the  equipotential  surface  of  mean  radius  a.     If  now  the  bound- 
ing surface  of  the  liquid  be  changed  into  the  harmonic  spheroid 

r  =  a{l+cS^) (3), 

the  potential  (§  543)  becomes  changed  from  (1)  to 

'-^K'*^)^. w. 

and  the  equipotential  surface  becomes,  instead  of  (2) 

'"H*^^} <»'• 

Hence  that  the  boundary  (3)  of  the  liqtdd  may  be  an  equi- 
potential surface, 


-o^s^o 


C  —   I    J.  T-  TTi         ,-   I     ^    .  .     1  9 


3 
4ird-a" 

25—2 
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Attgmenta*  1 

iionof renilt  which  gives  4irca  =  •^■..^^^ 

by  mutual  °  ,  p 

turbed 

water.  m  ^  . 

Whence  l+-^=_-^ (6). 

(2i  +  l)cr 

Using  this  in  (5),  and  comparing  with  (2),  we  prove  the  pro- 
position. 

Btabiutyof      816.    The  instability  of  the  equilibrium  in  the  case  in  which 

Mia  Ai^^ftn 

the  density  of  the  liquid  is  greater  than  the  mean  density 
of  the  nucleus,  already  remarked  as  obvious,  is  curiously 
illustrated  by  the  present  result,  which  makes  the  deviation 
infinite  when  i  «=  1  and  or  =  p.  But  it  is  to  be  remarked  that 
it  is  only  when  the  nucleus  is  completely  covered  that  the 
equilibrium  would  be  unstable.  However  dense  the  liquid 
may  be,  there  would  be  a  position  of  stable  equilibrium  with 
the  nucleus  protruding  on  one  side;  and  if  the  bulk  of  the 
liquid  is  either  very  small  or  very  large  in  comparison  with 
that  of  the  nucleus,  thb  figure  of  its  surface  in  stable  equi- 
librium would  clearly  be  approximately  spherical.  Excluding 
the  case  of  a  very  small  nucleus  of  lighter  specific  gravity 
(which  would  become  merely  a  small  floating  body,  not  sensibly 
disturbing  the  general  liquid  globe),  we  have,  in  the  apparently 
simple  question  of  finding  the  distribution  of  a  small  quantity 
of  liquid  on  a  symmetrical  spherical  nucleus  of  less  specific 
gravity,  a  problem  which  utterly  transcends  mathematical  skill 
as  hitherto  developed. 

Angmenta-       817.    The  cases  of  t  =  1  and  t  =  2  give  the  solutions  of  the 

results  by    several  examples  of  §  799  when  the  attraction  of  the  liquid  on 

gravitation  itself  is  taken  into  account,  provided  always  that  the  solid  is 

euiatedfor '  wholly  covered.    Thus  [§  799,  Example  (2)]  if  the  earth  and 

S  700.         moon  were  stopped,  and  each  held  fixed,  the  moon's  attraction 

would  still  not  disturb  the  figure  of  the  liquid  surface  from 

true  sphericity,  but  would  render  it  eccentric  to  a  greater 

degree  than  that  previously  estimated,  in  the  ratio  of  .1  to 

1  —  p/a-.    For  the  earth  and  sea,  p/a  is  about  ^^  and  therefore 

the  spherical  liquid  surface  would  be  drawn  towards  the  moon 
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by  86  feet,  being  1|  times  the  amount  of  70  feet  found  above  Aagmento- 
(§  803).     And  the  tidal  and  rotational   ellipticities  estimated  results  by 
in  §8  800,  814,  813  would,  on  the  supposition  now  made,  be  gravitation 
augmented  each  m  the  ratio  of  1  to  1  —  f  <r//o;  or  55  to  49  for  cuutedfor 
the  case  of  earth  and  sea.     The  true  correction  for  the  attrac- 1 7<». 
tion  of  the  sea,  as  altered  by  tidal  disturbance,  in  the  equi- 
librium theory  of  the  tides,  must  be  less  than  this,  as  the  liquid 
does  not  cover  more  than  about  §  of  the  surface  of  the  solid. 
To  find  the  true  amount  of  the  correction  for  the  attraction  of 
the  water  on  itself  when  the  whole  solid  is  not  covered,  even 
if  the  arrangement  of  dry  land  and  sea  were  quite  symmetrical 
and  simple  (as,  for  instance,  one  circular  continent  and  the  rest 
ocean),  belongs  to  the  transcendental  problem  already  referred 
to   (§  816).     It  can  be  practically  solved,  if  necessary,  by 
laborious  methods  of  approximation ;  but  the  irregular  bound- 
aries of  land  and  sea  on  the  real  earth,  and  the  true*  kinetic 
circumstances  of  the  tides,  are  such  as  to  render  nugatory  any 
labours  of  this  kind.    Happily  the  error  committed  in  neglect- 
ing altogether  the  correction  in  question  may  be  safely  esti- 
mated as  less  than  10  per  cent.  (^  being  12*3  per  cent.),  and 
may  be  neglected  in  our  present  uncertainty  as  to  absolute 
values  of  causes  and  effects  in  the  theory  of  the  tides. 

818.    But  although  the  influence  on  the  tides  produced  Load  infla« 
by  the  attraction  of  the  water  itself  as  it  rises  and  falls  is  water  on 
not  considerable  even  in   any  one   place;   it  is  a  manifest,  of  gravity, 
though  not  an  uncommon,  error  to  suppose  that  the  moon's 
disturbing  influence  on   terrestrial  gravity  is  everywhere  in- 
sensible.   It  was  pointed  out  long  ago  by  Robison*  that  the 
great  tides  of  the  Bay  of  Fundy  should  produce  a  very  sensible 
deflection  on  the  plummet  in  the  neighbourhood,  and  that 
observation  of  this  eflect  might  be  turned  to    account   for 
determining  the  earth's  mean  density.     But  even  ordinary 
tides  must  produce,  at  places  close  to  the  sea  shore,  deviations 
in   the  plummet  considerably  exceeding  the  greatest  direct 
effect  of  the  moon,  which,  as  we  have  seen  (§  812),  amounts 

to  3 of  the  unit  ande  (57^*3).     Thus,  at  a  point  on 

12.000.000  o       v   •      /  '  r 

*  Mechanical  Philosophy ,  1804.    See  also  Forbes,  Proe,  R,S.E,,  April,  1849. 


390 


ABSTRACT  DYNAMICS. 


[818. 


Attnction  or  not  many  feet  above  the  mean  sea  level,  and  100  yards 
water  on  ft  from  low- Water  mark,  a  deflection,  amounting  to  more  than 
auheMa-   I of  the  Unit  angle  on  each  side  of  the  mean  verti- 

nde.  8,000,000  ° 

cal,  will  be  produced  by  tides  of  five  feet  rise  and  fall  on  each 
side  of  the  mean,  if  the  line  of  coast  does  not  deviate  very 
much  from  one  average  direction  for  50  miles  on  either  side, 
and  if  the  rise  and  fall  is  approximately  simultaneous  and 
equal  for  50  miles  out  to  sea.     For,  a  point  placed  as  0  in  the 


Vertioal 
aeofeion 
through  0. 


Horiiontikl 
section 
throngh  O. 


:& 
T 


sketch  will,  as  the  water  rises  from  low  tide  to  high  tide,  ex- 
perience the  attraction  of  a  plate  of  water  indicated  in  section 
by  HKK'LL.  If  we  neglect  the  small  part  of  the  whole  effect 
due  to  the  long  bar  (extending  along  the  coast)  shown  in  section 
by  HKLf  we  have  only  to  find  the  attraction  of  the  rectangular 
plate  of  water  by  hypothesis  of  50  miles'  breadth  from  KL^ 

100  miles'  length  parallel  to  the  coast, 
and  10  feet  thickness  (KL),  This  will 
not  be  sensibly  altered  if  0  is  precisely 
in  the  continuation  of  the  middle  plane 
EE'  (instead  of  a  few  feet  above  it,  as 
■  £v  would  generally  be  the  case  in  a  con- 
venient sea-side  gravitation  observatory), 
and  the  whole  matter  of  the  plate  were 
condensed  into  its  middle  plane.    But 


/ 


4' 


.'• 


£. 


^ 


I 


the  attraction  of  a  uniform  rectangular  plate  on  a  point  0  has, 
for  component  parallel  to  OE^ 

(  (OA+AE)(OB  +  BE)OEn 
f^^  ^\(OA'^A'E'){OB'+B'L^)OE*j ^'^' 

where  p  denotes  the  density  of  the  water,  and  t  the  thickness 
of  the  plate,  by  hypothesis  a  small  fraction  of  OE.  (We  leave 
the  proof  as  an  exercise  to  the  student.)  Now,  taking,  the 
nautical  mile  as  2000  yards,  we  have,  according  to  the  assumed 
data,  very  approximately 

OA     AE     OE'     ^...        .OA'     .^^^  ,^ 
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and  B,  B"  are  to  be  taken  as  at  the  same  distances  on  one  side  Attmotion 
of  OE'  as  A  A'  on  the  other.     Hence  the  preceding  expression  water  on  a 

,  ox-  plummet  at 

becomes  the  aea- 

side. 

2pt  log  = y^ ,  which  is  equal  to  13-44  x  pt 

1  +  V  ^ 

The  ratio  of  this  to  ^ira-r,  the  earth's  whole  attraction  on  0,  is 
3  X  lS'4!pt/4!7rar:  which  (as  t/r  is ^ —  by  hypothesis,  and  p/a- 

is  about  -1)  amounts  to  ■; — ^- ■.    The  plummet  will  therefore, 

at  high   tide,  be  disturbed   from   the  position  it  had  at  low 
tide,  by  a  horizontal  force  of  somewhat  more   than  1 

•^  ...  4,000,000 

of  the  vertical  force ;  and  its  deviation  will  of  course  be  this 
fraction  of  5T'3,  the  unit  angle. 

818'.  Since  the  publication  of  our  first  edition  the  British  Gravita- 
Association  has  endeavoured  to  promote  the  existence  of  practical  servatory. 
gravitational  observatories  by  the  appointment  of  a  committee 
for  determining  experimentally  the  lunar  disturbance  of  gravity. 
The  Reports  for  the  years  1881  and  1882  contain  accounts  of 
the  work  which  has  been  done  hitherto.  In  §  818  we  did  not 
mean  to  suggest  the  seaside  as  a  proper  site  for  a  gravitational 
observatory,  and  the  investigation  of  that  section  renders  it 
evident  that  for  the  purposes  in  view  of  the  committee  it  is 
essential  that  the  observatory  should  be  remote  from  the  sea- 
coast. 

The  object  of  the  experimenters  for  the  committee,  Mr 
George  and  Mr  Horace  Darwin,  being  to  measure,  if  possible, 
the  attraction  of  the  moon,  and  thus  to  throw  light  on  the 
elastic  yielding  of  the  earth's  mass  (see  §  837  et  seq.),  care  was 
taken  by  them  to  eliminate  as  far  as  possible  the  effects  of 
tremors,  either  local  and  seismic.  The  experiments  were,  and 
are  still  being,  carried  out  at  Cambridge,  but  notwithstanding 
all  the  precautions  taken  to  shield  the  instrument  (a  pendulum 
hung  in  fluid)  from  disturbance,  it  was  found  that  the  agitation 
of  the  soil  was  incessant.  There  is  strong  evidence  that  this 
agitation  is  wholly  independent  of  the  tremors  produced  by 
traffic  in  the  town,  for  (amongst  other  proofs)  it  appeared  that 
there  were  periods,  lasting  during  several  days,  of  abnormal 
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Gravita.  agitation  and  of  abnormal  quiescence.  The  experimeDters 
•ervatory.  found  that  superposed  on  this  minute  agitation  there  is  a 
diurnal  oscillation  of  level  of  some  regularity ;  and  that  super- 
posed on  that  again  there  are  continuous  changes  of  level 
lasting  over  many  weeks.  The  experiments  afford  no  evidence 
as  to  the  extent  of  land  over  which  these  changes  range ;  and  as 
the  work  is  still  in  progress,  we  should  have  made  no  allusion 
to  it  here,  but  that  the  subject  has  been  attacked  from  an 
entirely  different  point  of  view,  and  at  earlier  dates,  by  a 
number  of  other  observers.  The  general  character  of  the  dis- 
turbances noted  by  these  other  observers  agrees  in  »evexy  par- 
ticular with  what  is  described  by  the  Darwins,  and  thus  we  are 
compelled  to  believe  that  none  of  them  were  noting  a  purely  local 
effect.  As  most  of  the  other  experimenters  have  had  in  view 
the  observation  of  minute  earthquakes,  their  instruments  have 
in  general  been  made  excessively  sensitive  to  tremor,  and  the 
selection  of  appropriate  sites  has  been  rendered  very  difficult. 

We  may  mention  the  following  instances  of  observations 
which  agree  in  character  with  those  of  which  we  have 
spoken,  viz.  by  D'Abbadie  in  Brazil  and  Ethiopia  with  spirit 
levels,  and  on  the  Pyrenees  by  reflexion  from  mercury;  by 
Plantamour  at  Geneva  with  spirit-levels ;  by  ZoUner  at  Leipsig 
with  "a  horizontal  pendulum";  by  Bouquet  de  la  Qrye  at 
Campbell  Island  in  the  S.  Pacific  Ocean,  with  a  pendulum. 
But  the  observations  to  which  we  would  especially  draw  at- 
tention are  those  of  the  Italians,  who  have  far  excelled  in  zeal 
all  the  oth^  nations  combined.  This  has  probably  been  due 
to  the  presence  in  their  country  of  active  volcanoes,  so  that 
attention  has  been  drawn  to  the  science  of  earthquakes.  In 
Italy  we  find  Rossi,  Bertelli,  Palmieri,  Mocenigo,  Malvasia, 
Agostini,  Galli  and  many  others  making  continuous  obser- 
vations in  many  parts  of  the  country  for  some  years  past. 
Their  results  are  being  recorded  in  the  Btdletino  del  Vulcanismo 
Italiano*.  Milne,  Ewing,  and  Gray  have  worked  in  Japan  in 
the  same  field, — but  to  note  all  those  who  have  attended  to 
Seismology  would  be  beyond  the  scope  of  our  present  remarks. 

*  One  of  the  most  interesting  points  is  the  use  of  the  microphone  for  the 
detection  of  telluric  disturbance. 
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We  here  only  wish  to  draw  attention  to  the  subject  of  the  Onviu. 
slower  changes  in  the  direction  of  gravity  relatively  to  the  earth's  senratoiy. 
surface,  and  to  shew  that  although  such  results  of  gravitational 
observation,  as  were  contemplated  by  the  British  Association  in 
the  appointment  of  a  Committee,  may  probably  be  impossible, 
yet  an  important  method  appears  to  be  initiated  for  discovery 
with  regard  to  the  mechanical  constitution  of  the  upper  strata 
of  the  earth.  For  this  end  it  is  essential  that  instruments 
should  be  improved,  for  which  there  is  much  scope,  and  that, 
following  the  Italian  example,  the  observations  should  be 
simultaneous  over  large  tracts  of  country. 

819.  Recurring  to  the  case  of  p  =  <r,  we  learn  from  §  817  ^Pl!}***®" 
that  a  homogeneous  liquid  in  equilibrium  under  the  influence  JJrSrth' 
of  centrifugal  force,  or  of  tide-generating  action,  has  2J  times  ^^^ 

as  much  ellipticity  as  it  would  have  if  mutual  attraction  between 
the  parts  of  the  fluid  were  done  away  with  (§  800),  and  gravity 
were  towards  a  fixed  interior  centre  of  force.  For  a  homogeneous 
liquid  of  the  same  mean  density  as  the  earth,  rotating  in  a  time 
equal  to  the  sidereal  day,  the  ellipticity  is  therefore  -^f  being 
2J  times  the  result,  ^,  which  we  found  in  §  801.  This 
agrees  with  the  conclusion  for  the  case  of  approximate  spheri- 
city, which  we  derived  (§  775)  from  the  theorem  of  §  771, 
regarding  the  equilibrium  of  a  homogeneous  rotating  liquid. 
But  even  for  this  case  Laplace's  spherical  harmonic  analysis  is 
most  important,  as  proving  that  the  solution  is  unique,  when 
the  figure  is  approximately  spherical;  so  that  neither  an 
ellipsoid  with  three  unequal .  axes,  nor  any  other  figure  than 
the  oblate  elliptic  spheroid  of  revolution,  can  satisfy  the  hydro- 
static conditions,  when  the  restriction  to  approximate  sphericity 
is  imposed.  Our  readers  will  readily  appreciate  this  item  of 
the  debt  we  owe  to  the  great  French  naturalist,  when  we  tell 
them  that  one  of  us  had  actually  for  a  time  speculated  on  three 
unequal  axes  as  a  possible  figure  of  terrestrial  equilibrium. 

820.  As  another  example  of  the  result  of  §  817  for  the  case 
%  ^  2,  let  us  imagine  the  earth,  rotating  with  the  actual  angular 
velocity,  to  consist  of  a  solid  centrobaric  nucleus  covered  with 
a  thin  liquid  layer  of  density  equal  to  the  true  density  of  the 
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Aimiicsiion  Upper  crust,  that  is,  we  may  say,  half  the  mean  density  of  the 
theory  of^    nacleus.    The  ellipticity  of  the  free  surface  would  be 

the  eirth's 


flgnre. 


or 


580     l-fx^'        406* 

Or,  lastly,  let  it  be  required  to  find  the  density  of  a  super- 
ficial liquid  layer  on  a  centrobaric  nucleus  which,  with  the 
actual  angular  velocity  of  rotation,  would  assume  a  spheroidal 
figure  with  ellipticity  equal  to  ^^,  the  actual  eUipticity  of  the 
sea  level.    We  should  have 

1        ^  580 
l-f>/(j-''295' 

which  gives  p  =  '819  x  <r. 

821.  Bringing  together  the  several  results  of  §§  801,  817, 819, 
for  a  centrobaric  nucleus  revolving  with  the  earth's  angular 
velocity,  and  covered  with  a  thin  layer  of  liquid  of  density  p, 
the  mean  density  of  the  whole  being  <r,  we  have — 

(l)forj  =  0.        e  =  ^, 
(2)    »   !  =  A.       e  =  -s\r, 


(3)  ,.    J  =  i.         e  =  :f^, 

(4)  „   J  =  -819,    e  =  ^. 

(^)    >»   z  ~  ^>        ^  ~  "si^* 


where  e  denotes  the  ellipticity  of  the  free  bounding  surface  of 
the  liquid.  The  density  of  the  earth's  upper  crust  may  be 
roughly  estimated  as  ^  the  mean  density  of  the  entire  mass, 
and  is  certainly  in  every  part  less  than  *819  of  this  mean 
density.  The  ellipticity  of  the  sea  level  does  not  differ  from 
■^  by  more  than  2  or  3  per  cent.,  and  is  therefore  decidedly 
too  great  to  be  accounted  for  by  centrifugal  force,  and  ellipticity 
in  the  upper  crust  alone,  on  the  hypothesis  that  there  is  a  rigid 
centrobaric  nucleus,  covered  by  only  a  thin  upper  crust  with 
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surface  on  the  whole  agreeing  in  ellipticity  with  the  free  liquid 
surface.     It  is  therefore  quite  certain  that  there  must  be  on  the  obsemrtion 

BOOWt  10 

whole  some  degree  of  oblateness  in  the  lower  strata,  in  theKj»^»n 
same  direction  as  that  which  centrifugal  force  would  produce  Jj^^,,^*^ 

if  the  mass  were  fluid.     There  is,  as  we  shall  see  in  later  gJ^J^^f" 
volumes,  a  great  variety  of  convincing  evidence  in  support  of  JJJJjJ/yi„ 
the  common  geological  hypothesis  that  the   upper  crust  waSroiScSbuf 
at  one  time  all  melted  by  heat.    This  would  account  for  the  torioHayen 
general  agreement  of  the  boundary  of  the  solid  with  that  of  denn^ 
fluid  equilibrium,  though  largely  disturbed  by  upheavals,  and 
shrinkings,  in  the  process  of  solidification  which  (App.  D.)  has 
probably  been  going  on  for  a  few  million  years,  but  is  not  yet 
quite  complete  (witness  lava  flowing  from  still  active  volcanoes). 
The  oblateness  of  the  deeper  layers  of  equal  density  which  we 
now  infer  from  the  figure  of  the  sea  level,  the  observed  density 
of  the  upper  crust,  and  Cavendish's  weighing  of  the  earth  as 
a  whole,  renders  it  highly  probable  that  the  earth  has  been  at 
one  time  melted  not  merely  all  round  its  surface,  but  either 
throughout,  or  to  a  great  depth  all  round. 

822.     We  therefore,  as  our  last  hydrostatic  example,  proceed  Bquiiibnnm 
to  investigate  the  conditions  of  a  heterogeneous  liquid  resting  g*^2^  ^ 
on  a  rigid  spherical  centrobaric  core  or  nucleus,  and   slightly  9«"  "«]f>^t 
disturbed,  as  explained  in  §  815,  by  attracting  masses  fixed  s^ted. 
either  externally  or  in  the  core  (among  which,  of  course,  must 
be  included  deviations,  if  any,  from  a  rigorously  centrobaric 
distribution  in  the  matter  of  the  core). 

For  any  point  (r,  6,  ^)  in  space  let 

N  be  the  potential  due  to  the  core, 
V  „  „  undisturbed  fluid, 

Q  ,,  „  disturbing  force, 

U  „  ,,  disturbance  iu  the  distribu- 

tion of  the  fluid. 

Thus  the  whole  potential  at  the  point  in  question  is  iV  +  F  when 
the  fluid  is  undisturbed,  and  J^+Q-hV-\-U  when  the  disturbing 
force  is  introduced  and  equilibrium  supervenes.  Let  also  p  be 
the  density  of  the  undisturbed  fluid  at  (r,  $,  <f>)  (which  of  course 
would  vanish  if  the  point  in  question  were  situated  in  any  other 
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of  rotating 
.  spheroid  of 
heterogene- 
ous liquid, 
invest  I* 
gated. 


Spheroidal 
surface 
of  equal 
density. 


Bzpression 
of  incom- 
pressibilitjr. 


part  of  space  than  that  occupied  by  the  fluid)  j  and  let  p  +  w  be 
the  altered  density  at  the  same  point  (r,  0^  ^)  when  the  fluid 
rests  under  the  disturbing  influence.  It  is  to  be  noticed  that 
N,  V,  p  are  functions  of  r  alone;  while  Q,  U,  m  are  functions  of 
r,  6,  4>. 

Let  now  Sr  be  an  infinitely  small  variation  of  r.     The  density 

of  the  liquid  at  the  point  (r  +  Sr,  6,  tf})  will  he  p+vr+  -j-  (p+  w)  Sr, 

dr 

or  simply  dp  ^ 

dr 

as  w  is  infinitely  small  by  hypothesis.     If  we  equate  this  to  p  we 

have  dp 


and  deduce 


dr 


&•=--.*. 


dp/dr 


(1) 


for  the  equation  expressing  the  deviation  from  the  spherical 
surface  of  radius  r,  of  the  spheroidal  surface  over  which  the 
density  in  the  disturbed  liquid  is  p.  The  liquid  being  incom- 
pressible, the  volume  enclosed  by  this  spheroidal  surface  must  be 
equal  to  that  enclosed  by  the  spherical  surface,  and  therefore^ 
if  d<r  denote  an  element  of  the  spherical  surface,  and  //  integra- 
tion over  the  whole  of  it, 

JfSrdiT^O (2). 

Hence,  by  (1),  as  y  is  independent  of  tf,  ^, 

/M<r  =  0 (3). 

Now,  as  before  for  density,  we  have  for  the  disturbed  |>otentia] 
at  (r  +  8r,  Oy  i/>) 

or,  because  Q  +  U  is  infinitely  small, 

N-hQ  +  V'hU^j^{N+V)Sr. 

And,  therefore,  to  express  that  the  spheroidal  surface  correspond- 
ing to  (1),  with  r  constant,  is  an  equipotential  surface  in  the 
disturbed  liquid,  we  have 
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Q+  Cr--l--5 tir  +  ir+  r=F(r) (4),      Hydrottatio 

^P  equatioii. 

dr 

which  (§  750)  is  the  equation  of  hydrostatic  equilibrium.  In  this 
equation  we  must  suppose  iT  and  p  to  be  functions  of  r,  and  Q  a 
function  of  r,  $,  <f>;  all  given  explicitly:  and  from  p  we  have,  by 
putting  »  »  0,  in  (15)  and  (16)  of  §  542, 

r=  4ir  f  fVpWr' +  -  rrydA (5),       Equilibrium 

spheroid 
<rf  hetero- 

where  p  is  the  value  of  p  at  distance  /  from  the  centre,  and  t  fj^"^^' 
the  radius  of  the  outer  bounding  surface  of  the  undisturbed  fluid, 
and  a  that  of  the  fixed  spherical  surfJEice  of  the  core  on  which  it 
rests.  To  find  V+  U,  following  strictly  the  directions  of  §  545, 
we  add  the  potential  of  a  distribution  of  matter  with  density  p  +  m 
through  the  space  between  the  spherical  surfaces  of  radii  a  and 
X  to  that  of  the  shell  B  of  positive  and  negative  matter  there 
defined.  Let  the  thickness  of  the  latter  at  the  point  (r,  0,  ^)  be 
called  A,  being  the  value  of  8r  at  the  surface;  and  let  q  denote 
its  density,  being  the  surface  value  of  p.  Then,  subtracting  the 
undisturbed  potential  F,  we  have 

r.///^-*w.[//f^.] (,, 

if  as  usual  J)  denote  the  distance  between  the  points  (r,  0,  ^), 
(/,  ^,  if/),  and  the  accented  letters  denote  the  values  of  the 
corresponding  elements  in  the  latter ;  and  if  [  ]  denote  surfisice 
values  and  integration. 

Let  us  now  suppose  the  required  deviation  of  the  siirfaces  of  Part  of  the 
equal  pi'essure  density  and  potential  to  be  expressed  as  follows  Sue  to  oh- 
in  surface  harmonics,  of  which  the  term  B^  disappears  because 
of  (2):- 

for  the  interior  of  the  fiuid,  8r  =  i?i  +  i?,  +  J?^  +  etc.,  ) 

and  for  the  outer  bounding  surface,  /» ==  ift^  +  91,  +  K,  +  etc. )  ^  '' 

Hence  by  (1)  w  =  -^^(^, +  ^,  +  i?,  +  etc.) (8). 
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derelopedin  Tiding  this  in  (6)  according  to  §§  544,  542,  536,  we  bare 

harmonies. 

"'=-*'!  aril  {''//■'"^^'''^+'^'-'//'"^'^''''''-''^  i^}-^ 

where  Ii{  denotes  the  value  of  i?|  from  the  point  (/,  $,  ^)  instead 
of  (r,  e,  ^). 

To  complete  the  expansion  of  the  hydrostatic  equation  (4)  we 
may  suppose  the  harmonic  expression  for  Q  to  be  either  directly 
given,  or  be  found  immediately  by  Appendix  B.  (52),  or  by 
(8)  of  §  539,  according  to  the  form  in  which  the  data  are  pre- 
sented. Thus  let  us  have 
Harmonic  ,_^  ^i 

SSSTf  Q=^  2(i<]'»co8«^+5;-»sini»^)0;'> (lo), 

disturbing  <=o  r-o      • 

****"****  according  to  the  notation  of  App.  B.  (37)  and  (38),  ^<^  £;' 

denoting  known  functions  of  r.  Using  now  this  and  (8)  in  (4), 
we  have 

-\-A^;^  +  N+V=F(r) (11). 

Hence :  first,  for  the  terms  of  zero  order 

A^^  +  N-\'r=F{r)..,., (12), 

which  merely  shows  the  value  of  F{r),  introduced  temporarily  in 
(4)  and  not  wanted  again  :  and,  by  terms  of  order  t, 

=  2  (^;''cos  «<^  +  ^]'»  sin  «^)  0)'» (13). 

Eqiution  of  Lastly,  expanding  /?|  (as  above  for  the  i  term  of  Q)  by  App.  B. 

for  general  (37),  let  US  have 

taarmonio  ^      ' 

term:  9=i 

^,»2(tt|'»cos«<^  +  t?|*>sin«<^)0)" (14), 

where  u|'' ,  vj''  ax^  functions  of  r,  to  the  determination  of  which  the 
problem  is  reduced.  Hence  equating  separately  the  coefficients 
of  0j'^  cos  8ff^  etc.,  on  the  two  sides,  and  using  u^  to  denote  any 
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one  of  the  required  functions  uj'*,  «•'*,  and  -4,  any  of  the  given  ^^^on^ 
functions  -4|*',  B^^\  and  w/,  u,  the  values  of  tt^  for  r  =  /  and  r  =  r  SeffdeSt^ 

..      ,  ,  «.,  regarded 

respectively,  we  have  m  a  func- 

tion of  r. 

or,  as  it  will  be  convenient  sometimes  to  write  it,  for  brevity,  irjlu)  =  Ai  J 

where  a'^  denotes  a  determinate  operation,  performed  on  u  any 
function  of  r,  continuous  or  discontinuous.  To  reduce  (15)  to  a 
differential  equation,  divide  by  r*,  differentiate,  multiply  by  r""^', 
and  differentiate  again.     If,  for  brevity,  we  put 

-J.(.V+F)=r^ (16),      & 

the  result  is  "p^^*^  °' 


p-|,(.-^-4«>-J=^^{^«|.(^^-)}...(17). 


hetero- 
neoua 


a  linear  differential  equation,  of  the  second  order,  for  u^y  with  Differential 
coe£S.cient8  and  independent  terms  known  functions  of  r.     The  be  inte- 
general  solution,  as  is  known,  is  of  the  form  ^^ 

u,  =  CP  +  C'F  +  a ...(18), 

where  a  is  a  function  of  r  satisfying  the  integral  equation 

cr,  (a)  =  J, (19)  [(15)  repeated]; 

C  and  C"  are  two  arbitrary  constants,  and  P  and  P'  are  two 
distinct  functions  of  r. 

Equation  (15)  requires  that  C  =  0  and  C  =  0 ;  in  other  words, 
u^y  if  satisfying  it,  is  fully  determinate.  This  is  best  shown  by 
remarking  that  if,  instead  of  (15),  we  take 

cr,(ti)  =  J,  +  ^r'  +  ZV-'-* (20) 

where  JT,  K'  are  any  two  constants,  these  constants  disappear  in 

the  differentiations,  and  we  have  still  the  same  differential 

equation,  (17) :  and  that  the  two  arbitrary  constants  C  and  C  Detennina- 

of  the  general  solution  (18)  of  this  are  determined  by  (20)  when  ttantoto" 

any  two  values  are  given  for  K  and  K',     In  fact,  the  expression  tbereqnired 

(18),  used  for  w„  reduces  (20)  to  '^'^'''  ^ 

C<r,(P)  +  CV^(i^)  =  Zr'  +  JrV-'-» (21), 

Which  shows  that  <t^{P)  iuid  cr<(P')  cannot  either  of  them  be 
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Determine-  zero,  and  that  they  must  be  distinct  linear  functions  of  r^  and 

Btants  to  ^"'^S  An<l  determines  C  and  C\ 

oomplete 

•oluSon!'^  Thus  we  see  that  whatever  be  -4  <  we  have,  in  the  int^ration 

of  the  differential  equation  (19),  and  the  determination  of  the 
arbitrary  constants  to  satisfy  (15),  the  oomplete  solution  of  our 
problem. 

Introdno-  Unless  it  is  desired,  as  a  matter  of  analytical  curiosity,  or  for 

Newtonian  some  better  reason,  to  admit  the  supposition  that  N  is  any 

lawof  foree.  '         .     .  .     ,      ,  , 

arbitrary  function  of  r,  it  is  unnecessary  to  retain  both  ^  and  p 
as  two  distinct  given  functions.  For  the  external  force  of  the 
nucleus,  or  that  part  of  it  of  which  N  is  the  potential,  being  by 
.  hypothesis  symmetrical  relatively  to  the  centre,  it  must  in 
nature  vary  inversely  as  the  square  of  the  distance  from  this 

point ;  that  is  to  say,  dN  _  /ui  . 

"  dr"? ^-^^' 

fji  being  a  constant,  measuring  in  the  usual  unit  (§  459)  the 
mass  of  the  nucleus.     And  by  (5) 

-'I -7  jl'^-^ (»)• 

From  this,  with  (22)  and  (17),  we  have 

-A  =  ^/%VW  +  J (24), 

wHch  gives    iwp  =  -jjjJ  find  4^  J  =  r^  +  4^ (25). 

Bimpliflca-  Using  this  last  in  (17),  and  reducing  by  differentiation,  we  have 

theNeU?      cPut    ^/d.      ,    2\dUf    (i-l)(i+2)         1    d(,f^,d,_t.A      ,_^- 

Another  form,  convenient  for  cases  in  which  the  disturbing 
force  is  due  to  external  attracting  matter,  or  to  centrifugal  force 
of  the  fluid  itself,  if  rotating,  is  got  by  putting,  in  (17), 

r-'*\=^e, (27). 

and  reducing  by  differentiation.     Thus 

^•+2(^^log^+--)^+-4:-^e.^^log^=^,^^|r-^^(r'J.)}(28). 

With  this  notation  the  intermediate  integral,  obtained  from  (15) 
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by  the  first  step  of  the  process  of  differentiating  executed  in  the  Biffmntiai 

order  specified,  gives  proportion- 

*  atedevift- 

tion  from 

Important  conclusions,  readily  drawn  from  these  forms,  are  E(|iiili- 

that  if  Q  is  a  solid  harmonic  function   (as  it  is  when  the  rotatini^ 

disturbance  is  due  either  to  disturbing  bodies  in  the  core,  or  in  ofbetoro- 

the  Bpace  external  to  the  fluid,  or  to  centrifugal  force  of  the  Uquid. 

fluid  rotating  as  a  solid  about  an  axis) ;  then  (1)  e,,  regarded  as  Layers  of 

.,.••/.,./•  1  1        greatestand 

positive,  and  as  a  function  of  r,  can  have  no  maximum  value,  feast  pro- 

although  it  might  have  a  minimum ;  and  (2)  if  the  disturbance  Sevia^n 

is  due  to  disturbing  masses  outside,  or  to  any  other  cause  (as  <^™'^  ^' 

centrifugal  force)  which  gives  for  potential  a  solid  harmonic  of 

order  t  with  only  the  r*  term,  and  no  term  r"*~*,  e<  can  have  no 

minimum   except  at  the  centre,  and  must  increase  outwards 

throughout  the  fluid. 

To  prove  these  conclusions,  we  must  first  remark  that  ^ 
necessarily  diminishes  outwards.  To  prove  this,  let  n  denote 
the  excess  of  the  mass  of  the  nucleus  above  that  of  an  equal 
solid  sphere  of  density  a  equal  to  that  of  the  fluid  next  the 
nucleus.     Then  we  may  put  (24)  under  the  form 

'k  =  ^^» -^  [  (' -  P)  ^"dr' +  ^ (30). 

For  stability  it  is  necessary  that  n  and  s^p  he  each  positive ; 
and  therefore  the  last  term  of  the  second  member  is  positive, 
and  diminishes  as  r  increases,  while  the  second  term  of  the  same 
is  negative,  and  in  absolute  magnitude  increases,  and  the  first 
term  is  constant.  Hence  iff  diminishes  as  r  increases.  Again, 
when  the  force  is  of  the  kind  specified,  we  must  [App.  B.  (58)] 

have  A^  =  Kr*  +  rr'*"  (31), 

and  therefore  the. second  member  of  (28)  vanishes.  Hence  if, 
for  any  value  of  r,  dejdr  =  0, 

-     ^,  cTe^        2{i-l)     d  ,      ^ 

for  the  same,       ^  =  -    \    ^g.^logi^, 

and  is  therefore  positive,  which  proves  (1).  Lastly,  when  the 
force  is  such  as  specified  in  (2),  we  have  At  =  Kr*  simply,  and 
VOL.  II.  26 
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ate  Swi^"  therefore  the  second  member  of  (29)  vanishes.     This  equation 

of*TOntri^         *^®^  gives,  for  values  of  r  exceeding  a  hj  infinitely  little, 

fugal  force,  ,  t 

or  of  force  "*<  ^  t        , 


out 


which  is  positive.  Hence  e^  commences  increasing  from  the 
nucleus.  But  it  cannot  have  a  minimum  (1),  and  therefore  it 
increases  throughout,  outwards. 

SntoSugai  ^^^'  When  the  disturbance  is  that  due  to  rotation  of  the 
force.  liquid,  the  potential  of  the  disturbing  force  is  J  ©"  (a?+  y*),  which 
is  equal  to  a  solid  harmonic  of  the  second  degree  with  a  con- 
stant added.  From  this  it  follows  [§§  822,  779]  that  the  sur- 
faces of  equal  density  are  concentric  oblate  ellipsoids  of  revolu- 
tion, with  a  common  axis,  and  with  ellipticities  diminishing 
from  the  surface  inwards. 

We  have,  in  (10)  of  last  section, 

e=K(«^+y')=i<-v(<+0^V 

This  gives  by  (7)  and  (14), 

Hence       r  +  Sr  =  r  A +^»0;'')  =  r  Tl +^^(l-cos'tf)l 


-'(>-i-)('*"^-'') <"■ 


neglecting  terms  of  the  second  order  because  a>,  and  therefore 
also  ujr,  are  very  smalL 

Thus  the  sphere,  whose  radius  was  r,  has  become  an  oblate 
ellipsoid  of  revblution  whose  ellipticity  [§  822  (27)]  is 

e»  =  ^ (2). 

Its  polar  diameter  is  diminished  by  the  fraction  f  ujr  or  §  «,, 
and  its  equatorial  diameter  is  increased  by  ^e^;  the  volume 
remaining  unaltered. 

In  order  to  find  the  value  of  u^,  we  must  have  data  or 
assumptions  which  will  enable  us  to  integrate  equation  (15). 
These  may  be  given  in  many  forms ;  but  one  alone,  to  which  we 
proceed,  has  been  worked. out  to  ptuctical  coticlusions. 


824.]  STATICS.  403 

824.     To  apply  the  results  of  the  preceding  investigation  to  Lapiace'ii 
the  determination  of  the  law  of  ellipticity  of  the  layers  of  cSi^wV 
equal   density  within   the   earth,   on   the    hypothesis    of  its  vithin  the 
original  fluidity,  it  is  absolutely  essential  that  we  commence 
with  some  assumption  (in  default  of  information)  as  to  the 
law  which  connects  the  density  with  the  distance  from  the 
earth's  centre.    For  we  have  seen  (§  821)  how  widely  different 
are  the  results  obtained  when  we  take  two  extreme  suppo- 
sitions, viz.,  that  the  mass  is  homogeneous;  and  that  the  density 
is  infinitely  great  at  the  centre.    In  few  measurements  hitherto 
made  of  the  Compressibility  of  Liquids  (see  Vol.  ii.,  Properties 
of  Matter)  has  the  pressure  applied   been  great  enough  to 
produce  condensation  to  the  extent  of  one-half  per  cent.    The 
small  condensations  thus  experimented  on  have  been  found, 
as  might  be  expected,  to  be  very  approximately  in   simple 
proportion  to  the  pressures  in  each  case ;  but  experiment  has 
not  hitherto  given  any  indication  of  the  law  of  compressibility 
for  any  liquid  tinder  pressures  sufficient  to  produce  considerable 
condensations.  In  default  of  knowledge,  Laplace  assumed,  as  an 
hypothesis,  the  law  of  compressibility  of  the  matter  of  which, 
before  its  solidification,  the  earth  consisted,  to  be  that  the 
increase  of  the  square  of  the  density  is  proportioned  to  the  in-  Awumed 
crease  of  pressure.    This  leads,  by  the  ordinary  equation  of  twoen  den- 
hydrostatic  equilibrium,  to  a  very  simple  expression  for  the  law  preBsure. 
of  density,  wbich  is  still  further  simplified  if  we  assume  that 
the  density  is  everywhere  finite. 

Neglecting  the  disturbing  forces,  we  have  (§§  822,  752) 

dp  =  pd(V+Ii) (1). 

But,  by  the  hypothesis  of  Laplace,  as  above  stated,  k  beiug  some 

constant  dp^kpdp (2). 

Hence  kp  +  C  =  F+  iV 

or,  by  §  822  (5),  =  4ir  j^rydr'  +  ^  /VVf/r'+  ^ . 

Multiplying  by  r,  and  differentiating,-  we  get 

k^-^{rp)  +  C  =  iwj'r'pW 

ae— 2 


[ 
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Laplaoe't 

hjpothoti- 

oailawoC 

denaUjy 

within  the 

earth. 


and 


If  we  write  iv/k  =  l/x',  the  integral  may  be  thus  expressed — 

rp  =  ^sin  f--hGj. 

If  we  suppose  the  whole  mass  to  be  liquid,  t.e.,  if  there  be  no 
solid  core,  or,  at  all  events,  the  same  law  of  density  to  hold  from 
surface  to  centre,  G  must  vanish,  else  the  density  at  the  centre 
would  be  infinite.     Hence,  in  what  follows,  we  shall  take 


Jaw  of 
deoiity. 


F  .  r 
p  =  —  sm  -, 
'^     r        K 


(3). 


With  this  value  of  p  it  is  easy  to  see  that 


L 


0  Cbf 


(4). 


Detenniim- 
tion  of  ellip- 
ticitiesot 
KurflMes 
of  equal 
denaitj. 


the  common  value  of  these  quantities  being 

(T       T  T\ 

sin cos- ). 
K        K  fC/ 

We  are  now  prepared  to  find  the  value  of  t«,  in  §  823,  upon 
which  depends  the  ellipticity  of  the  strata.  For  (15)  of  §  822 
becomes,  by  (23)  of  that  section  and  the  late  equation  (4), 


{^-^'^ih-Tl^j^^^^^^ 


(5) 


where  fi  is  the  mass  of  fluid,  following  the  density  law  (3),  whicb 
is  displaced  by  the  core  /a,  and  q  is  the  surface  density.  In  the 
terrestrial  problem  we  may  assume  fJif  =  fi,  and  of  course  a  =  0. 
For  simplicity  put 


dp 


(«). 


then  divide  by  r*  and  differentiate,  and  we  have 
Multiply  by  r',  and  again  differentiate;  the  result  is 

-(?-?)-» (')■ 


d? 
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,=c[(J-^)^.(r.r)-l».(r.o-)] (8), 


The  integral  of  this  equation  is  known  to  be  hrSoth^'ti- 

oallawci 
deniity 
within  the 

MTth. 

80  that  w,  is  known  from  (6).   Now  we  have  already  proved  that  Come- 

u.  increases  from  the  centre  outwards,  so  that  we  must  have  *f,/^S*?!^' 
■  1 1   1       .  ellipticitiea 

C  =0,  for  otherwise  w.  would  be  infinite  at  the  centre.    Thus,  ofaurftMjet 

,  •  of  equal 

droj)ping  the  suffix  ,  to  the  symbol  e  for  brevity,  we  have  deositor. 


«.         CW     kV 


tan 

^"i^'F     7~r^ — <^)- 

tan 

K        K 


Now  let  :&  =  -  (9»). 

We  may  thus  write  (9)  as  follows : 

*"":^{§^"i-:&cot^j ^^"^• 

The  constants  are,  of  course,  to  be  determined  by  the  known 
values  of  the  ellipticity  of  the  surface  and  of  the  angular  velocity 
of  the  mass. 

Now  (5)  becomes,  at  the  surface, 

We  may  next  eliminate  p,  dp/dr,  and  g,  being  the  surface  value 
of  p,  by  means  of  (3)  (4),  (6),  and  (8),  and  substitute  everywhere 
re  for  w,.  Also,  if  m  be  the  ratio  (^i^)  ^^  centrifugal  force  to 
gravity  at  the  equator,  co  is  to  be  eliminated  by  means  of  the 
equation 


m  = 


rco« 


4  j'pr'dr 

t     JQ 


from  which  p  is  to  be  removed  by  (3).     By  the  help  of  these 
substitutions  (10)  becomes  transformed  as  follows: — 

AirFt  ft    .   r,     4ir<7f«.r/3      1\   .    r      3        rl  - 

itrmF  ft    .    r  ,      AvF      .    t 
2t    Jo         K  5  fc 

If  we  put  tan  x/k  » t,  and  x/k  =  ^,  so  that  6  is  the  surface  value 
of  b,  the  integrated  expression,  divided  by  ^itjFVk' cos  0/t,  with 
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C  eliminated  hj  (9^),  becomes 
5{t-6)-        *-^ 


5m 


Hence  at  once 


[15(«-tf)  +  fl»-6^^]=^(«-tf)  +  ^^. 


2e 


.(11). 


2e    {t-e)[(3-e')t'3e] 

If  we  put  1  -»  for  - ,  I.e.,  for -,  this  becomes  somewhat 

^  t  tan  r/K 

simpler,  and  may  be  written 

2t  "    «(32~"^')       s^-e^*    z  


(12). 


The  mean  density  of  the  sphere  comprised  within  the  radius 
r  is 


r^dr 


,  {sin  {t/k)  -  (t/k)  cos  (t/k)}  _  3F  (sin  ^  -  ^  cos  ^| 


/: 

Let  p^  be  the  mean  density  of  the  sphere  comprised  within  this 
radius  r,  and  p,  as  before,  the  density  at  the  stratum  defined  by 
the  radius  r.  It  may  be  noted  in  passing  that  g^  and  q  are  the 
values  of  p^  and  p  corresponding  to  r  =  r. 

Then, 

3/^(sin:&-:&cos:Sr) 


Po  = 


K 

F  . 

r 


(120, 


p  =  —  sin  ^  =  —  —^r- 


If  we  put  /  for  the  ratio  of  the  mean  density  of  this  sphere  to 
the  density  at  its  bounding  surface,  we  have 


/=^,(l-^cot^)  (12«). 


Substituting  in  (9") 


e  =  — 


C   3 
F? 


Then  writing  for  b  its  value  t/k,  we  have 

Since  ZCjF  is  constHut,  it  follows  that  (er')/(l  —  Xjf)  is  the  same 
for  all  the  strata  of  equal  density.     If  therefore  {  be  the  surface 
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valne  of /^  that  is  to  say  the  ratio  qjq  of  the  mean  density  to  the  ]^^^^ 
surfiice  density  of  the  whole  earth, — a  quantity  which  may  be  ^^  i«v  of 
determined  by  experiment,  within  the 

6ftrth« 

er*  ^r*  Bllipticity 

^^  (12"*).       ofinterni 


1-1//*      1-1/f ^        '*       atratum. 

This  formula  gives  the  ellipticity  of  any  internal  stratum  accord- 
ing to  the  Laplacian  theory. 

It  may  be  also  reduced  to  another  form  which  is  perhaps 
rather  curious  than  important,  as  follows  : — 

Differentiate  (12*)  logarithmically  with  regard  to  ^,  and  we 
have  _logp^  =  -^_^-^--, 

Then  by  (12") 


And  since 


clb  _  dr 


Hence  (12'")  shows  that  e  varies  as 

Thus  we  may  state  verbally  that  the  ellipticity  of  any  internal 
stratum  varies  as  the  rate  of  decrease,  per  unit  increase  of  area 
of  the  stratum,  of  the  logarithm  of  the  mean  density  of  the 
sphere  comprised  within  that  stratum*. 

The  formula  (12)  for  5m/2e  may  now  be  more  simply  ex- 
pressed. Attributing  to  /  and  b  iheir  surface  values  f  aind  0, 
we  have  from  (12") 

9  /^/)      '^9'  Batioof 

f=^{l-tfcottf)  =  3y:=^* (13).      JS-Jo 

density. 
From  this  equation  6  may  be  found  by  approximation,  and  then 

(12)  gives  e  in  terms  of  known  quantities.     In  fact,  it  becomes 

5m         fy      _3  .- 

2V"'3(f-i)    i ^    ^' 

*  This  and  the  preceding  mode  of  expressing  the  ellipticity  of  an  internal 
stratum  are  taken  (with  changed  notation)  from  a  paper  by  Mr  G.  H.  Darwin 
in  the  Meisenger  of  Mathematics  (Vol.  vi.),  1877,  p.  109. 
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From  (13)  and  (14)  the  numbers  in  colamns  iv.  and  v.  of  tKe 
following  table  are  easily  calculated.  Column  yiL  shows  the 
ratio  of  the  moment  of  inertia  about  a  mean  diameter,  on  the 
assumed  law  of  density,  to  what  it  would  be  if  the  earth  were 
homogeneous : — 


1. 


u. 


m. 


IV. 


V. 


VI. 


TU. 


-?• 

-180». 

e. 

t 

t. 

c  • 

C 

3-91 

140» 

2-444 

1-966 

1 

292 

•00335 

•843 

4*24 

1420-6 

2-487 

2-067 

1 

296 

•00330 

•836 

1 

4-61 

146« 

2-631 

2-161 

1 
299 

•00326 

•826 

5*04 

1470-5 

2-674 

2-282 

1 

302-6 

•00321 

•818 

6*53 

1600 

2-618 

2-423 

1 
306-6 

-00316 

•810 

6-11 

1620-6 

2-662 

2*689 

1 
811 

•00309 

•801 

6*80 

1660 

2-706 

2-788 

1 
316 

•00304 

•792* 

• 

m 

824'*.  The  table  given  in  §  824  is  principally  of  interest  for 
application  to  the  case  of  the  earth,  because  it  embraces  those 
values  of  0  which  correspond  with  values  of  f  nearly  equal  to  2; 
and  experiment  has  shown  that  the  mean  density  of  the  earth 
is  about  twice  that  of  superficial  rocks.  But  the  march  of  the 
functions  0  and  f,  as  we  pass  from  the  hypothesis  of  the 
homogeneity  of  the  planet  to  that  of  infinitely  small  surfaoe 
density,  will  afford  an  interesting  illustration  of  the  Laplacian 
theory,  and  will  besides  afford  the  means  of  application  with 
some  degree  of  probability,  to  some  of  the  other  planets. 
When  $  is  small  we  have 


f=l  +  Ad' 


TT' 


-~  =  2+Ae« 


6m 
2e 


(1), 


*  This  section  (§  824^)  is  derived  from  a  paper  by  Mr  Darwin  in  the  Honthly 
Notices  of  the  B.  Ast.  Soo.,  Dec.  1876. 
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and  when  0  is  infinitely  nearly  equal  to  180' 

3 


f  = 


ir(7r-tf) 


Sllipticity 
of  strata 
of  equal 
densitj. 


(2). 


We  see  from  (1)  and  (2)  that  as  0  ranges  from  zero  to  180",  f 
increases  from  unity  to  infinity,  and  5m/2e  from  2  to  Jir*. 

Intermediate  values  of  these  functions,  computed  from  the 
formulse  of  §  824,  are  given  in  the  following  table  : — 


^  or  ^ 
in  degrees. 

fort    . 

5m 

2e- 

8 

1*0000 

2-000 

40 

10341 

2-029 

50 

1-0548 

2-046 

60 

1-0817 

2-067 

70 

1-1161 

2-094 

80 

11600 

2-126 

90 

1-2159 

2-166 

100 

1-2879 

2-213 

110 

1-3827 

2-270 

120 

1-5109 

2-338 

130 

1-6922 

2-422 

140 

1-9657 

2-525 

150 

2-4225 

2-652 

160 

3-3368 

2-813 

170 

• 

6-0750 

3-019 

180 

00 

3-290 

The  numbers  here  given  are  applicable  in  two  ways,  viz.  for 
determining  the  ellipticity  of  any  internal  stratum  of  the  earth, 
and  for  application  to  the  cases  of  the  external  figures  of  the 
other  planets  as  above  stated. 
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To  determine  the  ellipticitj  of  an  internal  stratum  we  write 
(12^)  §  824  in  the  foUowing  form  :— 


(3). 


We  must  in  (3)  take  3^  as  the  same  fraction  of  0,  as  r,  the 
radius  of  the  stratum  in  question,  is  of  t  the  earth's  mean, 
radius.  Thus  if  for  example,  r  =  -^t,  and  if  (as  is  probable  in 
the  case  of  the  earth)  {=2*1,  0=  144^  we  must  take  d=60^ 
The  table  then  shows  that  J^  =  60*  gives  /=  1-0817.  By  sub- 
stitution in  (3)  we  get  ^=  frl^v^^   which  with  e  =  ^^,  gives 

In  the  cases  of  those  planets  which  have  satellites^  m  and 
t  —  ^m  are  determinable  from  observation  and  from  the  theory 
of  the  satellites ;  so  that  5m/2e  is  determinable.  This  function 
being  known,  the  corresponding  value  of  f  is  determinable  from 
the  table,  or  by  direct  computation.  For  example,  Mr  G.  H.  Darwin 
has  shown  that  in  the  case  of  Jupiter,  where  5in/2t  is  3*2646,  we 
must  have  «  =  68,  tf  =  179"  11'  20",  ande=  1/16-022*  Different 
data,  perhaps  equally  probable,  give  somewhat  different  results, 
but  in  all  cases  the  physical  conclusion  is  that  the  superficial  den- 
sity of  the  visible  disk  of  Jupiter  is  very  small  compared  with  the 
mean  density — a  conclusion  which  appears  to  agree  well  with 
the  telescopic  appearance  of  that  planet  A  similar  application 
to  the  planet  Saturn  points  to  a  similar  result,  but  the  conclu- 
sion is  less  certain  on  account  of  the  great  uncertainty  iu  the 
data. 

OynamicBi       828.    The  phenomena  of  Precession  and   Nutation  result 

origin  of  . 

Proc«sion   from  the  earth's  being  not  centrobaric  (§  534),  and  therefore  * 
tion.  attracting  the  sun  and  moon,  and  experiencing  reactions  from 

them,  in  lines  which  do  not  pass  precisely  through  the  earth's 
centre  of  inertia,  except  when  they  are  in  the  plane  of  its 
equator.  The  attraction  of  either  body  transferred  (§  559,  c) 
from  its  actual  line  to  a  parallel  line  through  the  earth's  centre 
of  inertia,  gives  therefore  a  couple  which,  if  we  first  assume, 
for  simplicity,  gravity  to  be  symmetrical  round  the  polar  axis, 

*  In  the  MSc,  CiL  (viii.  vii.  §  23)  Laplace  uses  values  of  fit  and  e  which 
make  5m/2e  greater  than  |ir'.  His  determination  of  the  Precessional  Constant 
of  the  planet  is  thus  vitiated. 
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tends  to  turn  the  earth  round  a  diameter  of  its  equator,  in  the  SS^/*^ 
direction  bringing  the  plane  of  the  equator  towards  the  dis-JJJJ^J^ 
turbing  body.    The  moment  of  this  couple  is   [§  539  (14)]  **<»• 
equal  to 

^((7— -4)  sin  8  cos  S (14), 

where  S  denotes  the  mass  of  the  disturbing  body,  D  its  dis- 
tance, and  S  its  declination ;  and  C  and  A  the  earth's  moments 
of  inertia  round  polar  and  equatorial  diameters  respectively. 
In  all  probability  (§§  796,  797)  there  is  a  sensible  difference 
between  the  moments  of  inertia  round  the  two  principal  axes 
in  the  plane  (§  795)  of  the  equator:  but  it  is  obvious,  and 
will  be  proved  in  YoL  il.,  that  Precession  and  Nutation  are  the 
same  as  they  would  be  if  the  earth  were  symmetrical  about  an 
axis,  and  had  for  moment  of  inertia  round  equatorial  diameters, 
the  arithmetical  mean  between  the  real  greatest  and  least  values. 
From  (12)  of  §  539  we  see  that  in  general  the  differences  of  the 
moments  of  inertia  round  principal  axes,  or,  in  the  case  of 
symmetry  round  an  axis,  the  value  of  G  —  A,  may  be  deter- 
mined solely  from  a  knowledge  of  surface  or  external  gravity, 
or  [§§  794,  796]  from  the  figure  of  the  sea  level,  without 
any  data  regarding  the  internal  distribution  of  density. 

Equating  §  639  (12)  to  §  794  (17),  in  which,  when  the 
sea  level  is  supposed  symmetrical,  F^(0,  4*)  becomes  simply 
e  ( J  —  cos*  0),  we  find 

whence  6'-il  =  §-¥r'(c-iwi) (15). 

Similarly  we  may  prove  the  same  formula  to  hold  for  the  real 
case,  in  which  the  sea  level  is  an  ellipsoid  of  three  unequal  axes, 
one  of  which  coincides  with  the  axis  of  rotation;  provided  c 
denotes  the  mean  of  the  ellipticities  of  the  two  principal  sections 
of  this  ellipsoid  through  the  axis  of  rotation,  and  A  the  mean  of 
the  moments  of  inertia  round  the  two  principal  axes  in  the 
plane  of  the  equator. 
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^wm^tor-      ®^®'    ^^®  angular  accelerations  produced  by  the  disturbing 
tothedit   ^^uples  are  (§  281)  directly  as  the  moments  of  the  couples, 
theSuih's'  ^^^  inversely  as  the  earth's  moment  of  inertia  round  an  equa- 
BuScc^*^^*  torial  diameter.    But  the  integral  results,  observed  in  Precession 
gravity  d«©8g^jj(j   Nutation,  would,  if   the   earth's   condition   varied,  vary 
directly  as  C  —  A,  and  inversely  as  C.    We  have  seen  (§794) 
that  if  the  interior  distribution  of  density  were  varied   in 
any  way  subject  to  the  condition   of  leaving  the   superficial, 
and  consequently   (§   793)    the   exterior,  gravity  unchanged, 
-C  —  A  remains  unchanged.     But  it  is  not  so  with  O,  which 
will  be  the  less  or  the  greater,  according  as  the  mass  is  more 
condensed  in  the  central  parts,  or  more  nearly  homogeneous 
to  within  a  small  distance  of  the  surface :  and  thus  it  is  that  a 
comparison  between  dynamical  theory  and  observation  of  Pre- 
cession and  Nutation  gives  us  information  as  to  the  interior 
distribution  of  the   earth's  density  (just  as  from  the  rate   of 
Precession   acceleration  of  balls   or  cylinders   rolling  down  an   inclined 

priyes  infor-  ...  • 

mation  M  plane  WO  Can  distinguish  between  solid  brass  gilt,  and  hollow 
tnbutionpf  gold,  sholls  of  cqual  weight  and  equal  surface  dimensions); 
mass.  while  no  such  information  can  be  had  from  the  figure  of  the 
sea  level,  the  surface  distribution  of  gravity,  or  the  disturbance 
of  the  moon's  motion,  without  hypothesis  as  to  primitive  fluidity 
or  present  agreement  of  surfaces  of  equal  density  with  the 
surfaces  which  would  be  of  equal  pressure  were  the  whole 
deprived  of  rigidity. 

The  con-  827.  But  WO  shall  first  find  what  the  magnitude  of  the 
PreccMion  terrestrial  constant  (G—A)/C  of  Precession  and  NvJtation  would 
from  La-  be,  if  Laplacc's  were  the  true  law  of  density  in  the  interior  of 
the  earth ;  and  if  the  layers  of  equal  density  were  level  for  the 
present  angular  velocity  of  rotation.  Every  moment  of  inertia 
involving  the  latter  part  of  this  assumption  will  be  denoted  by 
a  black-letter  capital. 

The  moment  of  inertia  about  the  polar  axis  is,  by  §  281 , 

®  =  2  r  f     f  ^^  pr»  sin  edvdedff^ .  r«  sin»  0, 
Jo  Jo  Jo 

the  first  factor  under  the  integral  sign  being  an  element  of  the 
mass,  the  second  the  square  of  its  distance  from  the  axis. 


place's  law. 
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For  the  moment  of   inertia  about  another  principal   axis  The  oon- 

stant  of 

(which  may  be  any  equatorial  radius,  but  is  here  taken  as  that  Praoesnon 

lyinir  in  the  plane  from  which  A  is  measured),  we  have  from  Ia- 

■^     ®  *^  .  plaoe'ilftw. 

«  =  2  ff^r  pi-*  sin  0drd0d<f> .  r"  (1  -  sin*  6  sin'  i^). 

Now,  by  §  823,  we  have 

r  =  r[l+(?(J-co8«tf)], 

where  r  denotes  the  mean  radius  of  the  surface  of  equal  density 
passing  through  r,  0,  ^ ;  whence 

r*dT  =  i^dr  =  r'dr  +  {^'-'COB*6)^{f^e)dr. 


dr  ^^     '  dr 

Let  I  pr*dr'== 

and  j'^pj^(f*e)dr  =  K, 


(16). 


Then     «  =  2  J  '  r'sin*  ed6d<l>  [K+  JT,  (J  - cos*^)] 

or  C  =  §ir^  nearly. (17). 

e-9i=2J    j    8mfl<W(f^[Z+^,(J-coa*^](8m'fl-l+sin'tf8m*^) 

=  tV^.  (18). 

Now  we  have 

K:=  rprVr  =  i^[Vsin-Jr, 

Jo  Jo  K 

or,  if  we  put  as  before  tf  =  - ,   t  =  tan  0, 

£=Fk*  COB  $(-&'  + 36*1 +  66-61). 

Again  ^.  =  J[p  ^  i^e)  dr  =  x'tq  -  j^ef^  dr, 

and  thin,  by  (10)  of  last  section,  becomes 

jr,  =  5rtrpr'dr--g^ (19). 

=  5(c-im)^K*fl'(<-tf)cosfl. 
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Thus,  finally, 


dediio6d 

fkvmLa- 

pkoe'iLftw. 


=  (c-iin) 


2  +  (1  -  6^-')  2 


(20) 


(21). 


& 


8ir/ 


CompMrison 
ofLaplice's 


From  these  formuls  the  numbers  iu  Column  yL  of  the  table  in 
§  824  were  calculated.     Bj  (18)  and  (19)  we  see  that 

=  |ift'(e-Ji») (22), 

which  agrees,  aa  it  ought  to  do,  with  (15)  of  §  825. 

A  comparison  of  (21)  and  (22)  then  shows  that 

C=|lft*[l-6<i^^] (23). 

oriiftpiBce'B  ^^'  From  the  elaborate  investigations  of  Precession  and 
^oSJJ.  Nutation  made  by  Le  Verrier  and  Serret,  it  appears  that  the 
""^^  true  value  of  {0  -  A)/ G  is,  very  approximately,  •00327*  This, 
according  to  the  table  of  §  824,  agrees  with  ((E^-^yC  for /=  2*1, 
which  gives  e  =  ^.  These  are  (§§792,  796,  797)  about  the 
most  probable  values  which  we  can  assign  to  these  elements 
by  observation.  Thus,  so  far  as  we  have  the  means  of  testing  it, 
Laplace's  hypothesis  is  verified. 

Sw^ibmty  ^^'  ^^*''  ^  *  further  check  upon  Laplace's  assumption,  it 
£  ttie  k^po-  ^^  necessary  to  inquire  whether  the  results  involve  anything 
****•*■•  inconsistent  with  experimental  knowledge  of  the  compressi- 
bility of  matter  under  such  pressures  as  we  can  employ  in  the 
laboratory.  For  this  purpose  the  first  column  has  been  added 
to  the  preceding  table.  From  it  may  be  deduced  the  compres- 
sibility of  the  upper  stratum  of  liquid  matter,  which  composed 
the  crust  of  the  earth,  required  by  the  assumed  law  of  density, 
for  the  respective  values  of  0.  In  fact,  the  numbers  in  CoL  i. 
are  those  by  which  the  earth's  radius  must  be  divided  to  find 

*  Afmales  de  VObservatoire  Imperial  de  Purit,  1859,  p.  824. 
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the  lengths  of  the  modulus  of  compression  (§  688)  of  the  upper-  The  oom- 
most  layer  of  fluid,  according  to  the  surface  value  of  gravity.       mvoived 

thesis. 

We  have,  by  §  824  (3), 

F  ,.  r     da        F  (sin  (r/jc)      cos  (Wk)) 

9«-8m-,    ?-=---^, ^ ^-^^P 

r        K     dr         r  \      r  '^j 

whence,  at  the  surface,      ^=-(1  —  |. 

L     ^^'^\      «\      ^/ 

The  corresponding  numbers  for  several  different  liquid   and 
solid  substances  are  as  follows : — 


Alcohol  .....  37 

Water  .  .  .  ...  29         ' 

Mercury  .....  27 

Glass  .....  50 

Copper  .....  8*1 

Iron  .....  4*1 

Melted  Lava^  by  Laplace's  law,  with/=  2*1  4'42 

This  comparison  may  be  considered  as  decidedly  not  adverse 
to  Laplace's  law,  but  actual  experiments  on  the  compressibility 
of  melted  rock  are  still  a  desideratum. 

830.  In  §  276  it  was  proved  that  the  tides  must  tend 
to  diminish  the  angular  velocity  of  the  earth's  rotation ;  it  may 
be  proved  (and  it  was  our  intention  to  do  so  in  a  later  volume) 
that  this  tendency  is  not  counterbalanced  to  more  than  a  very 
minute  degree  by  the  tendency  to  acceleration  which  results 
from  the  secular  cooling  and  shrinking  of  the  earth.  In  obser^ 
vational  astronomy  the  earth's  rotation  serves  as  a  time^keeper, 
and  thus  a  retardation  of  terrestrial  rotation  will  appear  astrono* 
mically  as  an  acceleration  of  the  motion  of  the  heavenly  bodies. 
It  is  only  in  the  case  of  the  moon's  motion  that  such  an 
apparent  acceleration  can  be  possibly  detected.  Now,  as  Laplace 
first  pointed  out,  there  must  be  a  slow  variation  in  the  moon's 
mean  motion  arising  from  the  secular  changes  in  the  eccentricity 
of  the  earth's  orbit  round  the  sun.  At  the  present  time,  and 
for  several  thousand  years  in  the  future,  the  variation  in  the 
moon's  motion  has  been  and  will  be  an  acceleration.  Laplace's 
theoretical  calculation   of   the   amount  of   that    acceleration 


Compresti* 
bilitjyofUTa 
required  by 
LaplanTs 
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with  ezperi- 
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Nameriai  appeared  to  agree  well  with  the  results  which  were  in  his  day 
of  the        accepted  as  representing  the  facts  of  observations.    But  in  1853 

amount  of      .  i  .  />  n 

tidal  firic-    Adams  wrote  as  follows  : — 

tion. 

See  Appen-  "  In  the  M^caniqii4  Celeste,  the  approximation  to  the  value 
Tidal  "  of  the  acceleration  is  confined  to  the  principal  term,  but  in  the 
"  theories  of  Damoiseau  and  Plana  the  developments  are  carried 
"  to  an  immense  extent,  particularly  in  the  latter,  where  the  mul- 
"  tiplier  of  the  change  in  the  square  of  the  eccentricity  of  the 
"earth's  orbit,  which  occurs  in  the  expression  of  the  secular 
"  acceleration,  is  developed  to  terms  of  the  seventh  order. 

"  As  these  theories  agree  in  principle,  and  only  differ  slightly 
"in  the  numerical  value  which  they  assign  to  the  acceleration, 
"and  as  they  passed  under  the  examination  of  Laplace,  with 
"  especial  reference  to  this  subject,  it  might  be  supposed  that  at 
"  most  only  some  small  numerical  corrections  would  be  required 
"  in  order  to  obtain  a  very  exact  determination  of  the  amount  of 
"  this  acceleration. 

"  It  has  therefore  not  been  without  some  surprise,  that  I  have 
"  lately  found  that  Laplace's  explanation  of  the  phenomenon  in 
"question  is  essentially  incomplete,  and  that  the  numerical 
"results  of  Damoiseau's  and  Plana's  theories,  with  reference 
"to  it,  consequently  require  to  be  very  sensibly  altered*." 

Hansen's  theory  of  the  secular  acceleration  is  vitiated  by  an 
error  of  principle  similar  to  that  which  affects  the  theories  of 
Damoiseau  and  Plana,  but  the  mathematical  process  which  he 
followed  being  different  from  theirs,  he  arrived  at  somewhat 
different  results.  From  this  erroneous  theory  Hansen  found 
the  value  12"'18  for  the  coefficient  of  the  term  in  the  moon's 
mean  longitude  depending  on  the  square  of  the  time,  the  unit 
of  time  being  a  century ;  in  a  later  computation  given  in  his 
Darlegung,  he  found  the  coefficient  to  be  12"'56"t". 

*  "  On  the  Secular  Variation  of  the  Moon's  Mean  Motion/*  by  J«  G.  Adams. 
Phil.  Trans.  1853.  Vol.  143,  p.  897. 

t  It  appears  not  unnsual  for  physical  astronomers  to  use  an  abbreviated 
phraseology,  for  specifying  accelerations,  which  needs  explanation.  Thus  when 
they  speak  of  the  secular  acceleration  being  e.g.  "12" '56  in  a  century";  they 
mean  by  "acceleration"  what  is  more  properly  "the  effect  of  the  acceleration 
on  the  moon*s  mean  longitude."  The  correct  unabbreviated  statement  is  "  the 
acceleration  is  25''*12  per  oentuzy  per  century."    Thus  Hansen's  result  is  that 
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In  1859  Adams  communicated  to  Delaunay  his  final  result,  SeooUur 
namely  that  the  coefficient  of  this  term  appears  from  a  correctly  of  moon's 
conducted  investigation  to  he  5"*7,  so  that  at  the  end  of  a  tkm 
century  the  moon  is  5"'7  before  the  position  it  would  have  had 
at  the  same  time,  if  its  mean  angular  velocity  had  remained  the 
same  as  at  the  beginning  of  the  century.    Delaunay  verified 
this  result,  and  added  some  further  small  terms  which  increased 
the  coefficient  from  5"7  to  6"-l. 

Now,  according  to  Airy,  Hansen's  value  of  the  "advance" 
represents  very  well  the  circumstances  of  the  eclipses  of 
Agathocles,  Larissa  and  Thales,  but  is  if  anything  too  small. 
Newcomb  on  the  other  hand  is  inclined  from  an  elaborate 
discussion  of  the  ancient  eclipses  to  believe  Hansen's  value  to 
be  too  large,  and  gives  two  competing  values,  viz.  8"'4  and 
10"-9* 

In  any  case  it  foUows  that  the  value  of  the  advance  as 
theoretically  deduced  from  all  the  causes,  known  up  to  the 
present  time  to  be  operative,  is  smaller  than  that  which  agrees 
with  observation.  In  what  follows  12'^  is  taken  as  the  obser- 
vational value  of  the  "  advance,"  and  &'  as  the  explained  part 
of  this  phenomenon.  About  the  beginning  of  1866  Delaunay  jH^^bj 
suggested  that  the  true  explanation  of  the  discrepancy  might  ^'"^^^ 
be  a  retardation  of  the  earth's  rotation  by  tidal  friction.  Using 
this  hypothesis,  and  allowing  for  the  consequent  retardation  of 
the  moon's  mean  motion  by  tidal  reaction  (§  276),  Adams,  in  an 
estimate  which  he  has  communicated  to  us,  founded  on  the 
rough  assumption  that  the  parts  of  the  earth's  retardation  due 

in  each  centniy  the  mean  motion  of  the  moon  is  augmented  by  an  angular 
velocity  of  25"*12  per  centniy;  bo  that  at  the  end  of  a  century  the  mean 
longitude  is  greater  by  )  of  25"*12  than  it  would  have  been  had  the  moon's 
mean  motion  remained  the  same  as  it  was  at  the  beginning  of  the  century. 
Considering  how  absurd  it  would  be  to  speak  of  a  falling  body  as  experi- 
encing an  acceleration  of  16  feet  in  a  second,  or  of  64  feet  in  two  seconds; 
and  how  false  and  inconvenient  it  is  to  speak  of  a  watch  being  ^  seconds  fast 
when  it  is  20  seconds  in  advance  of.  where  it  ought  to  be,  we  venture  to  suggest 
that,  to  attain  clearness  and  correctness  without  sacrifice  of  brevity,  **  advance  *' 
be  substituted  for  "acceleration*'  in  the  ordinary  astronomical  phraseology. 

*  See  Rewarehei  en  the  Motion  of  the  Moon  (Washington,  1878),  by  Simon 
Newoomb,  Part  i.  pp.  18  and  280. 
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Numerical   to  solar  and  lunar  tides  are  as  the  squares  of  the  respective  tide- 
ojj^un*    generating  forces,  finds  22  sec.  as  the  error  by  which  the  earth, 
SrStfth's     ^^g^^ded  as  time-keeper,  would  in  a  century  get  behind  a  perfect 
rotation,     clock  rated  at  the  beginning  of  the  century.     Thus  at   the 
end  of  a  century  a  meridian  of  the  earth  is  330"  behind  the 
position  in  which  it  would  have   been,  if  the  earth  had  con- 
tinued to  rotate  with  the  same  angular  velocity  which  it  had  at 
the  beginning  of  the  century  •. 

Thermo-  Besidos  the  secular  contraction  of  the  earth  in  cooling,  re- 

acceleration  ferred  to  abovo,  which  counteracts  the  tidal  retardation  of  the 

of  earth's 

rotation,  earth's  rotation  to  a  very  minute  degree,  there  exists  another 
counteracting  influence,  as  has  been  pointed  out  by  Sir  William 
Thomson  "f,  which,  though  much  more  considerable,  is  still  but 
small  in  the  amount  of  its  accelerative  effect,  compared  with 
the  actual  retardation  as  estimated  by  Adams.  It  is  an  ob- 
served fact  that  the  barometer  indicates  variations  of  pressure 
during  the  day  and  night,  and  it  is  found  that  when  these 
variations  are  analysed  into  their  diurnal  and  semi-diurnal  har- 
monic constituents,  the  semi-diurnal  constituent  rises  to  its 
maximum  about  10  a.m.  and  10  p.m.  The  crest  of  the  nearer 
atmospheric  tidal  protuberance  is  thus  directed  to  a  point  in  the 
heavens  westward  of  the  sun,  and  the  solar  attraction  on  these 
protuberances  causes  a  couple  about  the  earth's  axis  by  which 
the  rotation  is  accelerated.  As  the  barometric  oscillations  are 
due  to  solar  radiation,  it  follows  that  the  earth  and  sun  together 
constitute  a  thermodynamic  engine.  Sir  William  Thomson 
computes,  as  a  rough  approximation,  that  from  this  cause  the 
earth  gains  about  2'7  seconds  in  a  century  on  a  perfect  chro- 
ttetardation  nometer  set  and  rated  at  the  beginning  of  the  century.  On  the 
of  meteoric  other  hand  the  fall  of  meteoric  dust  on  to  the  earth  must  cause 

dust. 

a   small  retardation   of  the  earth's    rotation,   although  to  an 
amount  probably  quite  insensible  in  a  century. 

*  See  Appendix  G  (a),  where  Mr  G.  H.  Darwin  verifies  Professor  Adams's 
computation,  and  shows  that  the  combination  of  Hansen's  12"'56  with  Delannay's 
6"'l  would  show  the  earth  to  be  losing  2d'4  sec.  in  the  circimistances  defined  in 
the  text;  and  that  the  combination  of  Newcomb's  8"'4  with  Delauna^'s  6'^*! 
Vould  give  a  result  of  8*3  sec.  instead  of  23*4. 

t  Societi  de  Physique,  Sept.  1881 ;  or  Royal  Society  of  Ediriburgli,  Session 
1881— «2,  p.  396. 
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Whatever  be  the  value  of  the  retardation  of  the  earth's  Csium  for 
rotation,  it  is  necessarily  the  result  of  several  causes,  of  which  prepon- 
tidal  friction  is  almost  certainly  preponderant.  If  we  accept 
Adams's  estimate  (according  to  which  the  earth  would  in  a 
century  get  22  sec.  behind  a  perfect  clock  rated  at  the  beginning 
of  the  century)  as  applicable  to  the  outcome  of  the  various 
concurring  causes,  then  if  the  rate  of  retardation  giving  the 
integral  effect  were  uniform,  the  earth  as  a  time-keeper  would 
be  going  slower  by  *22  of  a  second  per  year  in  the  middle,  and 
by  '44  of  a  second  per  year  at  the  end,  than  at  the  beginning 
of  the  century. 

The  latter  is  7i-7xio«  ^^  *^®  present  angular  velocity;  and 
if  the  rate  of  retardation  had  been  uniform  during  ten  mil- 
lion centuries  past,  the  earth  must  have  been  rotating  faster 
by  about  one-seventh  than  at  present,  and  the  centrifugal 
force  must  have  been  greater  in  the  proportion  of  817*  to  717", 
or  of  67  to  51.  K  the  consolidation  took  place  then  or  earlier, 
the  ellipticity  of  the  upper  layers  must  have  been  -^j^  instead 
of  about  ^,  as  it  is  at  present.  It  must  necessarily  remain  Date  of 
uncertain  whether  the  earth  would  from  time  to  time  adjust  *ion?' 
itself  completely  to  a  figure  of  equilibrium  adapted  to  the 
rotation.  But  it  is  clear  that  a  want  of  complete  adjustment 
would  leave  traces  in  a  preponderance  of  land  in  equatorial 
regions.  The  existence  of  large  continents  (§  832'),  and  the 
great  effective  rigidity  of  the  earth's  mass  (§  848),  render  it 
improbable  that  the  adjustments,  if  any,  to  the  appropriate 
figure  of  equilibrium  would  be  complete.  The  fact  then  that 
the  continents  are  arranged  along  meridians,  rather  than  in  an 
equatorial  belt,  affords  some  degree  of  proof  that  the  consolida- 
tion of  the  earth  took  place  at  a  time  when  the  diurnal  rotation 
differed  but  little  from  its  present  value.  It  is  probable  there- 
fore that  the  date  of  consolidation  is  considerably  more  recent 
than  a  thousand  million  years  ago.  It  is  proper  however  to 
add  that  Adams  lays  but  little  stress  on  the  actual  numerical 
values  which  have  been  used  in  this  computation,  and  is  of 
opinion  that  the  amount  of  tidal  retardation  of  the  earth's 
rotation  is  quite  uncertain. 

In  Appendix  D,  §  (j)  it  is  shown,  from  the  theory  of  the 

27—2 
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Argument    conduction  of  heat,  that  the  date  of  consolidation  may  be  about 
ing^the    a  hundred  million  years  ago;  but  that  in  all  probability  it 

cannot  have  been  so  remote  as  five  hundred  million  years  from 

the  present  time. 


Abrupt 

CfaUlfCMOf 

interior 
density, 
not  im- 
probable. 


Two  non- 
mixing 
liquidBof 
different 
densitiei^ 
Mohbomo- 
^eneoui. 


831.  From,  the  known  facts  regarding  compressibilities  of 
terrestrial  substances,  referred  to  above  (§  829),  it  is  most 
probable  that  even  in  chemically  homogeneous  substances  there 
is  a  continuous  increase  of  density  downwards  at  some  rate 
comparable  with,  that  involved  in  Laplace's  law.  But  it  is  not 
improbable  that  there  may  be  abrupt  changes  in  the  quality  of 
the  substance,  as,  for  instance,  if  a  large  portion  of  the  interior 
of  the  earth  had  at  one  time  consisted  of  melted  metals,  now 
consolidated.  "We  therefore  append  a  solution  of  the  problem 
of  determining^  the  ellipticities  of  the  surfaces  of  a  rotating 
mass  conaisting  of  two  non-mixing  fluids  of  different  densities, 
each,  however,  being  supposed  incompressible. 

Let  the  densities  of  the  two  liquids  be  p  and  p  +  p,  the  latter 
forminff  the  spheroid 

r=a'[l+.'(J-cos'fl)] (1), 

and  the  former  filling  the  space  between  this  spheroid  and  the 
exterior  concentric  and  coaxal  surface 

r  =  a[l+c(^-co8'tf)] (2). 

Also  let  the  whole  revolve  with  imiform  angular  velocity  w.  The 
conditions  of  equilibrium  are  that  the  surface  of  each  spheroid 
must  be  an  equipotential  surface. 

Now  the  potential  at  a  point  r,  0,  in  the  outer  fluid  is 
^irp[i(3a'-r')  +  4f'c(i-cos'tf)]T 

+  4V[^  +  fpc'a-cos'*)] 

+  ^V  +  Ja>V(|-C0S«tf) 

The  flrst  line  is  the  potential  due  to  a  liquid  of  density  p  filling 
the  larger  spheroid,  the  second  that  due  to  a  liquid  of  density  p 
filling  the  inner  spheroid,  the  third  is  the  potential  (ii^V  tdn'O) 
of  centrifugal  force  arranged  in  solid  harmonics. 


(3). 
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Substituting  in  (3)  the  values  of  r  from  (1)  and  (2)  suoces-  Two  nan- 
sively,  neglecting  squares,  etc.,  of  the  ellipticities,  and  equating  flnida  of 
to  zero  the  sum  of  the  coefficients  of  {\  -  oos'0) ;  we  have  two  denaities, 

. .         ^  V  I-         ^    J  eB4di  homo* 

equations  from  which  we  find  geneoiu. 


P  + 


yi^*'"^ 


3a)' 


€  = 


(4). 


(p  +  |p')(!p+Jp')-irVp'J'* 
The  corresponding  value  of  c'  is  to  be  found  from  the  equation 

Expressing  ci>'  in  terms  of  the  known  quantity  m  we  have 

3<»  '      -'■ 


Two  non> 
mixing 
fluids  of 


;«■     -      /       a'*    A  ,.,        difllerent 

—  =Jm(p  +  ~5  p  1 -.........(o).       deniitioa. 


8w 
Also,  to  a  sufficient  approximation,  we  ha^re 


(6), 


a 


and  the  mean  density  is  obviously  p+  -^p  .v (7). 


a 


The  numerical  values  of  the  exprcssious  ^4)  and  (7)  are  approxi- 
mately known  from  observation  and  experiment,  so  that  if  we 
assume  a  value  of  aja  we  can  at  once  tind  p  and  p\  and,  from 
them,  the  value  oi  {C-  A)IC. 

From  the  formulas  just  given  it  Is  easy  to  show  that  results 
closely  agreeing  with  observation  as  regards  precession,  ratio 
of  surface  density  to  mean  density,  and  ellipticity  of  sea  level 
may  be  obtained  without  making  any  inadmissible  hypotheses 
as  to  the  relative  volumes  and  densities  of  the  two  assumed 
liquids.     But  this  must  be  left  as  an  exercise  for  the  student. 

832.     These    estimates,    and    all    dynamical   investigations  ^dii7  of 
(whether  static  or  kinetic)  of  tidal   phenomena,  and   of  pre- 
cession and  nutation,  hitherto  published,   with  the  exceptions 
referred  to  below,  have  assumed  that  the  outer  surface  of  the 
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^UfidHyof  solid  earth  is  absolutely  unyielding.    A  few  years  ago*,  for 

the  first  time,  the  question  was  raised :  Does  the  earth  retain 

its   figure   with   practically  perfect  rigidity,  or  does  it  yield 

sensibly  to  the  deforming  tendency  of  the  moon's  and  sun's 

attractions  on  its  upper  strata  and  interior  mass?    It  must 

yield  to  some  extent,  as  no  substance  is  infinitely  rigid:  but 

whether  these  solid  tides  are  sufl&cient  to  be  discoverable  by 

any  kind  of  observation,  direct  or  indirect,  has  not  yet  been 

f^rcat         ascertained  (see  §  847).   The  negative  result  of  attempts  to  trace 

negafiyethe  their  influence  on  ocean  and  lake  tides,  as  hitherto  observed, 

E^To^esis  suffices,  as  we  shall  see,  to  disprove  the  hypothesis,  hitherto  so 

soUdcruat.  prevalent,  that  we  live  on  a  mere  thin  shell  of  solid  substance, 

enclosing  a  fluid  mass  of  melted  rocks  or  metals,  and  proves,  on 

the  contrary,  that  the  earth  as  a  whole  is  much  more  rigid  than 

any  of  the  rocks  that  constitute  its  upper  crust. 

Theintemai     832'.     Since  the  first  edition  of  this  work  appeared,  certain 

stress  ,        ,  . 

»"^in     further  investigations  have  been  made,  the  results  of  which 
the  weight  from  a  diflferent  point  of  view  confirm  the  conclusion  at  which 
nents.         ^e  have  arrived  concerning  the  solidity  of  the  earth.     This 
subject,  forming  a  point  of  confluence  of  the  sciences  of  astro- 
nomy and  geology,  appears  of  some  importance,  so  that  we 
propose  to  give  a  short  account  of  these  investigations*!". 

The  mathematical  theory  of  elastic  solids  imposes  no  restric- 
tions on  the  magnitudes  of  the  stresses,  except  in  so  far  as  that 
mathematical  necessity  requires  the  strains  to  be  small  enough 
to  admit  of  the  principle  of   superposition.     Nature  however 
Conditions   does  imposo  a  limit  on  the  stresses :  if  they  exceed  a  limit  the 
elasticity     elasticity  breaks  down,  and  the  solid  either  flows  (as  in  the 
d^^^lnd    punching  or  crushing  of  metalsj)  or  ruptures  (as  when  glass  or 
rupture.      stone  breaks  under  excessive  tension).     It  follows  therefore  that 
besides  the  question  of  the  earth's  rigidity,  on  which  depends  the 

♦  "  On  the  Rigidity  of  the  Earth."  W.  Thomson.  Tram.  R.  5.,  May  1863, 
p.  673. 

t  *'  On  the  Stresses  caused  in  the  Interior  of  the  Earth  by  the  Weight  of 
Continents  and  Mountains,"  by  G.  H.  Darwin.  Phil.  Trans.  Vol.  173,  Part.  i. 
p.  187.    1882. 

X  See  the  account  of  Tresca's  most  interesting  experiments  on  the  flow  of 
solids.    M^moires  Prisentii  d  Vlrutitutf  Vol.  18.  1868. 
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amount  of  straining  due  to  tidal  or  other  stresses,  there  is  an  Rigidity  of 
important  question  as  to  the  strength  of  the  materials  of  the  conditioni 

^o  -J,  u  under  whioh 

QoXm.  elasticity 

breaks 

The  theory  of  elastic  solids  as  developed  in  §§  658,  663,  &c.,2^j]j»">d 
shows  that  when  a  solid  is  stressed,  the  state  of  stress  is  com-  rupture, 
pletely  determined  when  the  amount  and  direction  of  the  three 
principal  stresses  are  known,  or,  speaking  geometrically,  when 
the  shape^  size,  and  orientation  of  the  stress  quadric  is  given. 
It  is  obvious  that  the  tendency  of  the  solid  to  rupture  must  be 
intimately  connected  with  the  shape  of  this  quadric. 

The  precise  circumstances  under  which  elastic  solids  break  Provisional 
have  not  hitherto  been  adequately  investigated  by  experiment,  tendency  to 

X  -t  IT  •iT«»       rupture  by 

It  seems  certam  that  rupture  cannot  take  place  without  differ-  difference 

between 

ence  of  stress  in  different  directions.     One  essential  element  »»^*«8t 

and  least 

therefore  is  tho  difference  between  the  greatest  and  least  of  the  principal 

°  '  stresses. 

three  principal  stresses.  How  much  the  tendency  to  break  is 
influenced  by  the  amount  of  the  intermediate  principal  stress  is 
quite  unknown.  The  difference  between  the  greatest  and  least 
stresses  may  however  be  taken  as  the  most  important  datum 
for  estimating  tendency  to  break.  This  difference  has  been 
called  by  Mr  G.  H.  Darwin  (to  whom  the  investigation  of  which 
we  speak  is  due)  the  "stress-difference."  It  may  be  proved 
that  the  greatest  tangential  stress  at  any  point  is  equal  to  half 
the  stress-difference.  In  the  case  of  a  wire  under  simple  longi- 
tudinal stress,  "the  tenacity"  is  estimated  by  the  stress  per  unit 
area  of  section  under  which  the  wire  breaks.  In  this  case  two 
of  the  principal  stresses  are  zero,  and  the  third  is  the  longitudinal 
tension;  thus  tenacity  is  a  word  to  define  "limiting  stress- 
difference'*  when  produced  in  a  special  manner.  Engineers 
have  made  a  great  many  experiments  on  the  strength  of 
materials  for  sustaining  tensional  and  crushing  stresses*,  and 
their  experiments  afford  data  for  a  comparison  between  the 
strength  which  analysis  shows  that  the  materials  of  the  earth 
must  possess  in  the  interior,  and  that  of  the  solids  which  have 
been  submitted  to  experiment. 

*  See,  for  example,  Bankine's  Useful  Rules  and  Tables,  Griffin,  LondoD, 
1S73  ;  and  Sir  W.  Thomson's  Elasticity,    Black,  Edinburgh,  1878. 
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Rigidity  of       We  have  in  §  797  been  occupied  with  the  results  of  observa- 
tions giving  the  form  of  ellipsoid  which  most  nearly  satisfies 
geodetic  and  gravitational  experiments,  but  the  existence  of  dry 
land  proves  that  the  earth's  surface  is  not  a  figure  of  equilibrium 
Weight  of    appropriate  to  the  diurnal  rotation.     Hence  the  interior  of  the 
produces     earth  must  be  in  a  state  of  stress,  and  as  the  land  does  not  sink 
stTCM  in      in,  nor  the  sea-bed  rise  up,  the  materials  of  which  the  earth  is 

the  earth.  *■ 

made  must  be  strong  enough  to  bear  this  stress. 

We  are  thus  led  to  inquire  how  the  stresses  are  distributed  in 
the  earth's  mass,  and  what  are  magnitudes  of  the  stresses. 

Mr  Darwin  has,  by  means  of  the  analysis  of  §  834,  solved  a 
problem  of  the  kind  indicated  for  the  case  of  a  homogeneous 
incompressible  elastic  sphere,  and  has  applied  the  results  to  the 
discussion  of  the  strength  of  the  interior  of  the  earth. 

If  the  earth  were  formed  of  a  crust  with  a  semi-fluid  interior, 
the  stresses  in  that  crust  must  be  greater  than  if  the  whole  mass 
be  solid,  very  far  greater  if  the  crust  be  thin ;  and  therefore  this 
investigation  cannot  give  as  its  result  stresses  greater  than 
those  which  exist  in  reality. 

He  has  only  treated  the  problem  for  the  class  of  inequali- 
ties called  zonal  harmonics ;  that  is  (§  781)  inequalities  con- 
sisting of  a  number  of  undulations  running  round  the  globe  in 
parallels  of  latitude.  The  number  of  crests  is  determined  by 
the  order  of  the  harmonic.  The  second  harmonic  constitutes 
simply  ellipticity  of  the  spheroid.  A  harmonic  of  a  high  order 
may  be  described  as  a  series  of  mountain  chains,  with  inter- 
vening valleys,  running  round  the  globe  in  parallels  of  latitude, 
estimated  with  reference  to  the  chosen  equator. 

stress  when      In  the  case  of  the  second  harmonic  it  is  shown  by  Mr  Darwin 

tbeellip-  ,.„  .  .  , 

ticityof  the  that  the  stress-difference  rises  to  a  maximum  at  the  centre  of 

spheroid  IB      ,  ,   ,  ,    .  „  i  *»  mi  « 

notsp-       the  globe,  and  is  constant  all  over  the  surface.    The  central 

propnate  «•  •       •    i 

dUunui       stress-difference  is  eight  times  as  great  as  that  at  the  surface. 

On  evaluating  the  stress-difference  arising  from  given  ellip- 
ticity in  a  rotating  spheroid  of  the  size  and  density  of  the  earth, 
it  appears  that  if  the  excess  or  defect  of  ellipticity  above  or 
below  the  equilibrium  value  were  ~^^—,  then  the  stress-difference 

^  1000 

at  the  centre  would  be  12  x  10*  grammes  weight  per  square 
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centimetre ;  and  that,  if  the  sphere  were  made  of  material  as  ^fiJ^jj' 
strong  as  brass,  it  would  be  just  on  the  point  of  rupture.   Again,  stnM  when 
if  the  homogeneous  earth,  with  ellipticity  -J— ,  were  to  stop  tidty  oPthe 

*  ^  *  spheroid  is 

rotating,  the  central  stress-difference  would  be  50  x  10*  grammes  "*>**§^^ 
weight  per  centimetre,  and  it  would  break  if  made  of  any  «>  the 
material  except  the  finest  steel.  rotation. 

The  stresses  produced  by  harmonic  inequalities  of  high  orders 
are  next  considered  in  the  paper  to  which  we  refer.  This  is  in 
effect  the  case  of  a  series  of  parallel  mountains  and  valleys,  cor- 
rugating a  mean  level  surface  with  an  infinite  series  of  parallel 
ridges  and  furrows. 

It  is  found  that  the  stress-difference  depends  only  on  the 
depth  below  the  mean  surface,  and  is  independent  of  the  position 
of  the  point  considered  with  regard  to  ridge  and  furrow. 

Numerical  calculation  shows  that  if  we  take  a  series  of  moun-  strrss  due 

to  %  series 

tains,  whose  crests  are  4,000  metres  (or  about  13,000  feet)  above  ©f  pamiiei 

*  ,  *  ^  '  '         ,       mountam 

the  intermediate  valley  bottoms,  formed  of  rock  of  specific  chains, 
gravity  2*8,  then  the  maximum  stress-difference  is  4  x  10"  grammes 
weight  per  square  centimetre  (about  the  tenacity  of  cast  tin) ; 
also  if  the  mountain  chains  are  314  kilometres  apart,  the  maxi- 
mum stress-difference  is  reached  at  50  kilometres  below  the 
mean  surface. 

The  solution  shows  that  the  stress-difference  is  nil  at  the 
surface.  It  is,  however,  only  an  approximate  solution,  for  it 
will  not  give  the  stresses  actually  in  the  mountain  masses,  but 
it  gives  correct  results  at  some  four  or  five  kilometres  below  the 
mean  surface. 

The  cases  of  the  harmonics  of  the  4th,  6th,  8th,  10th,  and  12th 
orders  are  then  considered  ;  and  it  is  shown  that,  if  we  suppose 
them  to  exist  on  a  sphere  of  the  mean  density  and  dimensions  of 
the  earth,  and  that  the  height  of  the  elevation  at  the  equator  is 
in  each  case  1,500  metres  above  the  mean  level  of  the  sphere, 
then  in  each  case  the  maximum  stress-difference  is  about  6  x  10* 
grammes  weight  per  square  centimetre.  This  maximum  is 
reached  in  the  case  of  the  4th  harmonic  at  1,840  kilometres, 
and  for  the  12th  at  560  kilometres,  from  the  earth's  surface. 

In  the  second  part  of  the  paper  it  is  shown  that  the  great 
terrestrial  inequalities,  such  as  Africa,  the  Atlantic  Ocean,  and 
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^       of  America,  are  represented  by  a  harmonic  of  the  4th  order ;  and 


that,  having  regard  to  the  mean  density  of  the  earth  being  about 
twice  that  of  superficial  rocks,  the  height  of  the  elevation  is  to 
be  taken  as  about  1,500  metres. 

Six  hundred  thousand  grammes  per  square  centimetre  is  the 

crushing  stress-difference  of  average  granite,  and  accordingly  it 

is  concluded  that  at  1,600  kilometres  from  the  earth's  sarface 

the  materials  of  the   earth   must   be   at   least   as  strong  as 

Conciasion  granite.     A  very  closely  analogous  result  is  also  found  from 

i!to«iigthof  the  discussion  of  the  case  in  which  the  continent  has  not  the 

of  earth      regular  undulating  character  of  the  zonal  harmonics,  but  con- 

tudeof      '  sists  of  an  equatorial  elevation  with  the  rest  of  the  spheroid 

actual  oon-  .        ^  .  ,       .      . 

tinents,       approximately  spherical. 

From  this  we  may  draw  the  conclusion,  that  either  the 
materials  of  the  earth  have  at  least  the  strength  of  granite  at 
1,600  kilometres  from  the  surface,  or  they  must  have  a  much 
greater  strength  near  to  the  surface. 

For  the  analysis  by  which  these  conclusions  are  supported  we 
must  refer  to  Mr  Darwin's  paper. 

The  subject  of  this  investigation  has  an  important  connection 
with  the  date  of  the  earth's  consolidation  as  explained  in  §  830 
above. 

Tidaiinflu-      833.     The    character   of  the   deforming  tidal   influence    of 

enoe  of  san  *-' 

»n<JmooQ  the  sun  and  moon  will  be  understood  readily  by  consider- 
«»rth.  ing  that  if  the  whole  earth  were  perfectly  fluid,  its  bounding 
surface  would  coincide  with  an  equipotential  surface  relatively 
to  the  attraction  of  its  own  mass,  the  centrifugal  force  of 
its  rotation,  and  the  tide-generating  resultant  (§  804)  of  the 
moon's  and  sun's  forces,  and   their  kinetic  reactions*.    Thus 

*  It  was  our  intention  to  prove  in  Vol.  n.  that  the  "eqnilibriam  theory"  of 
the  tides  for  an  ocean,  whether  of  uniform  density  or  denser  in  the  lower  part«, 
completely  covering  a  solid  nucleus,  requires  correction,  on  account  of  the  diurnal 
rotation,  but  less  and  less  correction  the  smaller  this  nucleus  is ;  and  that  it  agrees 
perfectly  with  the  "kinetic  theory"  when  there  is  no  nucleus,  always  provided  the 
angular  velocity  is  not  too  great  for  the  ordinaiy  approximations  (§§  794,  801, 
802,  815)  which  require  that  there  be  not,  on  any  account,  more  than  an  in- 
finitely small  disturbance  from  the  spherical  figure.  It  is  interesting  to  remark 
that  this  proposition  does  not  require  the  tidal  deformations  to  be  small  in  com- 
parison with  the  70,000  feet  deviation  due  to  centrifugal  force  of  rotation. 
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(§§  81d,  824)  there  would  be  the  full  equilibrium  lunar  and  gf^^^^ 
solar  tides;  or  2|  times  the  amount  of  the  disturbing  de- xidai influ- 
viation  of  level  if  the  fluid  were  homogeneous,  or  of  nearly  tSifmJT 
twice  this  amount  if  it  were  heterogeneous  with  Laplace's  ^rth? 
hypothetical  law  of  increasing  density.  If  now  a  very  thin 
layer  of  lighter  liquid  were  added,  this  layer  would  rest 
covering  the  previous  bounding  surface  to  very  nearly  equal 
depth  all  round,  and  would  simply  rise  and  fall  with  that  sur* 
face,  showing  only  infinitesimal  variations  in  its  own  depth, 
under  tidal  influences.  Hence  had  the  solid  part  of  the  earth 
so  little  rigidity  as  to  allow  it  to  yield  in  its  own  figure  very 
nearly  as  much  as  if  it  were  fluid,  there  would  be  very  nearly 
nothing  of  what  we  call  tides — that  is  to  say,  rise  and  fall  of 
the  sea  relatively  to  the  land ;  but  sea  and  land  together  would 
rise  and  fall  a  few  feet  every  twelve  lunar  hours.  This  would, 
as  we  shall  see,  be  the  case  if  the  geological  hypothesis  of  a 
thin  crust  were  true.  The  actual  phenomena  of  tides,  therefore, 
give  a  secure  contradiction  to  that  hypothesis.  We  shall  see 
indeed,  presently,  (§  841)  that  even  a  continuous  solid  globe,  of 
the  same  mass  and  diameter  as  the  earth,  would,  if  homogeneous 
and  of  the  same  rigidity  (§  680)  as  glass  or  as  steel,  yield  in  its 
shape  to  the  tidal  influences  three-fifths  as  much,  or  one-third 
as  much,  as  a  perfectly  fluid  globe ;  and  further,  (§  842)  it  will 
be  proved  that  the  effect  of  such  yielding  in  the  solid,  according 
as  its  supposed  rigidity  is  that  of  glass  or  that  of  steel,  would 
be  to  reduce  the  tides  to  about  J  or  |  of  what  they  would  be  if 
the  rigidity  were  infinite. 

834.  To  prove  this,  and  to  illustrate  this  question  of  elastic  ^^\ 
tides  in  the  solid  earth,  we  shall  work  out  explicitly  the  solu- 
tion of  the  general  problem  of  §  696,  for  the  case  of  a  homo- 
geneous elastic  solid  sphere  exposed  to  no  surface  traction; 
but  deformed  infinitesimally  by  an  equilibrating  system  of 
forces  acting  bodily  through  the  interior,  which  we  shall  ulti- 
mately make  to  agree  with  the  tide-generating  influence  of  the 
moon  or  sun.  In  the  first  place,  however,  we  only  limit  the 
deforming  force  by  the  final  assumption  of  §  733. 

Following  the  directions  of  §  732,  we  ai*e   to  find,  the  two 

constitaents  (a,  *^,  *y)  and  (o^,  ^^,  yj  for  the  complete  solu- 
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Eigidityof 
tlie  earth. 


Homogene- 
ous elastic 
■olid  frlobe 
free  at  sur- 
face; de- 
formed by 
bodily  har- 
monic force. 


a  =  — 


tion;  of  which  the  first,  given  by  (6)  and  (7)  of  §  733,  is  as 
follows : — 

^ (r*)V    ) 

m  +  nX    2(2i+3)    dx     *(2i  +  3j{2i  +  b)~iix^"''         fj-'K^h 
with  symmetrical  formulae  for  ^fi  and  ^y;   which   [§  733  (6)], 

IT 


give 


^S  =  - 


vh  +  n 


(2). 


and,  [§  737  (28)1,  'i  =  -  -f*+l>-ij^*'- 
These,  used  in  (29)  of  §  737  with  t  +  2  for  i,  give 

-^^'•=^.{(-'*)'»^-«'--2^^;|(^'^-)} («)^ 

which,  reduced  to  harmonics  by  the  proper  formula  [§  737  (36)'], 
becomes 


(2i  +  5)jii-n  rf 


-«-)j(4). 

This  and  the  symmetrical  formulae  for  ^Gr  and  ^Hr,  with  f  taken 
equal  to  a,  express  the  components  of  the  force  per  unit  area 
which  would  have  to  be  balanced  by  the  application  from  without 
of  surface  traction  to  the  bounding  surface  of  l^e  globe,  if  the 
strain  through  the  interior  were  exactly  that  expressed  by  (1). 
Hence,  still  according  to  the  directions  of  §  732,  we  must  now 
find  (a^,  )8^,  y)  the  state  of  interior  strain  which  with  no  force 
from  without  acting  bodily  through  the  interior,  would  result 
from  surface  traction  equal  and  opposite  to  that  (4).  Of  this 
part  of  the  problem  we  have  the  solution  in  §  737  (52),  the  par- 
ticular data  being  now 


At        m  +  (i  +  l)n  ^jdHm.   Ai^.._ 


(2i  +  6)  m  -  n 


.i+i 


»'*';^("'**i'"^')-(5). 


(2i  +  3)(/»  +  n)         dx    '    a'+^         (2i  +  3)  (24  +  6)  (wi  +  n) '      dx 

with  symmetrical  terms  for  B^,  C7„  and  j5,^,,  C,^,;  but  none  of 
other  orders  than  t  and  i  +  2.  Hence  for  the  auxiliary  functions 
of  §  737  (50) 


i+n 


^l^\^^>"'-r^^'^V...aad..,.=  0       i 


(2i  +  3)(wi  +  «) 
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Now  (52),  with  the  proper  terms  for  t  +  2  instead  of  *  added,  is  ^J*^^ 
to  be  used  to  give  us  a/,  and  through  the  vanishing  of  %_^  and 
<^,^j,  it  becomes 


'"»lt-l  L2i(2»  +  1)    dx    ^a*-»J^2/^"     '^ '  **  dx 


i+1  L  I(2i  +  6)  dx^    ' 


Uir-«-»)  +  ^,+,f»« 


] 


(7). 


where  for  brevity  we  put 

/=[2(t  +  2)"+l]m-(2i  +  3)n (7*). 

To  this  we  must  add  \  given  by  (1),  to  obtain,  according  to 
§  732,  the  explicit  solution,  a,  of  our  problem.  Thus,  after 
somewhat  tedious  algebraic  reductions  in  which  m  +  n,  appearing 
as  a  factor  in  the  numerator  and  denominator  of  each  fraction,  is 
removed,  we  find  a  remarkably  simple  expression  for  a.  This, 
^and  the  symmetrical  formulas  for  fi  and  y,  are  as  follows: — 


where 


y  =  ((?»•- iFO*^^"  -®^"|  (^«*>'-"""') 
M     (t+l)[(t  +  3)OT-n] 


....(8), 


iF  = 


(i  +  2)(2t4-5)m-(2i  +  3)n 


2(2i  +  3)/n 
^     (2t  +  3)/n 


...(9). 


The  infinitely  great  value  of  &  for  the  case  i  =  0  depends  on 
the  circumstance  that  the  bodily  force  for  this  case,  being 
uniform  and  in  parallel  lines  through  the  whole  mass,  is  not  self 
equilibrating,  and  therefore  surface  stress  would  be  required  for 
equilibrium. 

The  formulsLS  (8)  are  susceptible  of  considerable  simplification 
if  we  complete  the  differentiations  in  their  laat  terms.  We  shall 
at  the  same  time  separate  the  formulas  into  two  parts,  of  which 
one  has  for  coefficient  the  bulk-modulus,  and  the  other  the 
rigidity-modulus. 
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If  A;  be  the  bulk-modulus,  or  modulus  of  resistance  to  com- 
pression, we  have  by  §  698  (5), 


m=^k  +  ^n 


(S*) ; 


Bepantion 
of  the  two 
modalnaeti 
ofelaatioity. 


Oaieof 
htoompree- 
Bible  elastic 
iolid. 


and  n  is  the  rigidity  modulus. 
Thus  (7*)  becomes 

/=[2(^  +  2)'+l]A;  +  |^(^  +  l)n (9«). 

Also  on  completing  the  diiferentiation  we  have 

Then,  on  substituting  in  (9)  for  m  from  (9*),  carrying  the  results 
into  (9^)  and  separating  the  parts  depending  on  k  and  ti^  we  have 

(2/n)a  =  *{r(i  +  4)(a'-0  +  ^l  ^±J  +  2{i+l)xWj] 

and  symmetrical  formulse  for  )3  and  y. 

In  the  elastic  solids  of  which  we  have  experimental  know- 
ledge [§  684]  the  bulk-modulus  is  larger  than  the  modulus  of 
rigidity,  and  therefore  k  is  considerably  larger  than  ^n;  thus 
the  terms  written  in  the  first  line  of  (9^^  are  practically  much 
more  important  than  those  in  the  second.  In  the  ideal  case 
of  an  absolutely  incompressible  elastic  solid,  the  terms  in  the 
second  line  of  (9*^)  vanish,  and  I  Ik  becomes  simply  2  (i  +  2)'  +  1, 
and  thus  we  have 

2n[2(i+2)«+l]a  = 

\i  +  4)  («•-  ^)  +  ??!]  ^^  +  2  (t  +  \)xW,,, 

and  symmetrical  formulas  for  P  and  y. 

The  case  of  t  =  1  is  that  with  which  we  are  concerned  in  the 
tidal  problem.  In  it  (7*)  and  (9")  give  tts 

/=19m-5n=19*  +  in (10). 

To  prepare  for  terrestrial  applications  we  may  conveniently 
reduce  to  polar  co-ordinates  (distance  from  the  centre,  r; 
latitude,  l]  longitude,  X)  such  that 

a;  =  r cos Z cos X,  y  =  r cos Z sin X^  «  =  r8inZ (H); 


[' 


•••(n 
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and  denote  hy  p,  /x,  v,  the  coiTesponding  components  of  displace-  Kigidity  of 
ment.     The  expressions  for  these  will  be  precisely  the  same  as 

those  for  a,  )3,  y,  except  that  instead  of  ;p ,  as  it  appears  in  the 
expression  for  cl  we  have  ,    in  the  expression  for  p :  —j-.  in  that  Cue  of 

^  dr  '^  ral  inoomprea- 

^  sible  elastic 

for  u,  and rrr  in  that  for  v.     Also  in  transforming  from  a  ***^** 

to  p  we  must  put  x  =  r,  and  in  transforming  from  /3  and  y  to 
ft  and  V,  y  and  z  must  be  put  zero.     Thus  if  we  put 

w,,,  =  s,,y*' (12), 

SO  that  «S^^^,  may  denote  the  surface  harmonic,  or  the  harmonic 
function  of  directional  angular  co-ordinates  I,  A,  corresponding 
to  IT^^j,  we  have  from  (9*^) 


(2/n)p==(i  +  l)[ib|^i±^^^Ja«-(i+2)r»|+ln{(i+l)a«-(i-l)^^ 


dl 
dSn.'i 


h...(13). 


In  the  case  of  elastic  solids^  such  as  we  know  them  experi- 
mentally, the  terms  in  k  are  much  more  important  than  those 
in  n. 

Now  it  is  easy  to  show  that,  in  as  far  as  p  depends  on  the 

term  in  k,  it  reaches  a  maximum  value  when  r=£ajl  —  l/{i-^2y; 
and  in  as  far  as  it  depends  on  the  term  in  ri  it  would  algebrai- 
cally reach  a  maximum  when  r  —  a  J I  +  2  /{{i+-  2)  (i  -  1)}.  But 
this  latter  point  being  outside  of  the  sphere  it  follows  that  the 
term  in  n  increases  from  the  centre  to  the  surface.  We  thus 
sec  that  p  increases  from  zero  at  the  centre,  to  a  maximum 
value  near  the  surface,  and  then  diminishes  again. 

In  a  similar  manner  it  appears  that  p  /r  reaches  a  maximum, 

as  far  as  concerns  the  term  in  k,  when  f-aj\  -  3/{i  {%  +  2)};  ^ 

and  as  far  as  concerns  the  term  in  t^  when  r  =  a. 

When  » =  1,  which  corresponds  to  the  case  of  the  tidal  pro- 
blem, we  have  from  (13) 
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Bigiditj  of 
the  earth. 


P  = 


{I9k  +  in)n 


[(8a'-3r^A  +  fa"w]r^, 


^  =  2(19/.4n)nK^--'-^-')^^^(-'--')->§ 


v  = 


[(8a«-5r*)A+|(o'-r')w] 


dS. 


cos  I  dk 


...  (U). 


It  is  obvious  that  p/r  diminishes  from  the  centre  outwards  to 
the  surface ;  and  its  extreme  values  are 

Sk-hin 


at  the  centre    ?=^^g^ 


at  the  surface  "  =  t^^^JV  ^S,  =  f^f  1  +7^^)  ^. 


(15). 


centrifugal 
force:— 


tide-gene- 
rating force. 


When  the  disturbing  action  is  the  centrifugal  force  of  uniform 
rotation  with  angular  velocity  oi,  we  have  as  found  above  (§794) 
for  the  whole  potential 

Tr,  =  «7{^V  +  io)Va-cos«tf)} (16), 

where  w  denotes  the  mass  of  the  solid  per  unit  volume.  The 
effect  of  the  term  ^lowV  is  merely  a  drawing  outwards  of  the 
solid  from  the  centre  symmetrically  all  round;  which  we  may 
consider  in  detail  later  in  illustrating  properties  of  matter  in  our 
second  volume.  The  remainder  of  the  expression  gives  us 
according  to  our  present  notation 

^.-iT(a;'  +  y«-2;2;«);  or  S^  =  tor  {^ ^ cos' 6) (17), 

where  t  =  |a)* (18). 

For  tide-generating  force  the  same  formulee  (14)  and  (15)  bold 
if  (§§  804,  808,  813)  we  take 

M 


T  = 


—  8 


B' 


(19), 


and  alter  signs  so  as  to  make  the  strain-spheroids  prolate  instead 
of  oblate.  The  deformed  figure  of  each  of  the  concentric 
spherical  surfaces  of  the  sphere  is  of  course  an  ellipsoid  of 
revolution;  and  from  (15)  we  find  for  the  extremes : — 


»nipticity  of  central  strain  spheroids  =  ^q-  ( 1  +  T~^^~4 — 71:)  • 

(i ,    A»/^  N 


WT 


of  free  surface 


5a* 
19n 


wr  I 

J 


.  (20). 
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From  these  results,  (8)  to  (20),  we  conclude  that  EUatioioiid 

836.    The  boundiDg  surface  and  conceDtric  interior  spherical 
surfaces  of  a  homogeneous  elastic  solid  sphere  strained  slightly 
by  balancing  attractions  from  without,  become  deformed  into 
harmonic  spheroids  of  the  same  order  and  type  as  the  solid  har- 
monic expressing  the  potential  function  of  these  forces,  when 
they  are  so  expressible:  and  the  direction  of  the  component 
displacement  perpendicular  to  the  radius  at  any  point  is  the 
same  as  that  of  the  component  of  the  attracting  force  perpendi- 
cular to  the   radius.      These    concentric  harmonic  spheroids  Homogene. 
although  of  the  same  type  are  not  similar.    When  they  are  of  eoUd  ^ciobe 
the  second  degree  (that  is  when  the  force  potential  is  a  solid  face;  de- 
harmonic  of  the  second  degree),  the  proportions  of  the  ellipti-  bodiij  bar- 
cities  in  the  three  normal  sections  of  each  of  them  are  the 
same  in  all :  but  in  any  one  section  the  ellipticities  of  the  con- 
centric ellipsoids  increase  from  the  outermost  one  inwards  to 
the  centre,  in  the   ratio  of  5fc  +  |n  to  8i+§n,  or 

If  ^n/k  be  small,  as  is  in  general  the  case,  the  ratio  isCaaeof 
approximately  i  +  ^n/k:l.  sSx 

For  harmonic  disturbances  of  hicfher  orders  the  amount  of  de-  diminMhing 

.  .  t      from  centre 

viation  from  sphericity,  reckoned  of  course  in  proportion  to  the  outTOcU:- 
radius,  increases  from  the  surface  inwards  to  a  certain  distance,  Kreeagive 
and  then  decreases  to  the  centre.    The  explanation  of  this  re-  ^twi»te 
markable  conclusion  is  easily  given  without  analysis,  but  we  ^™"5SJ^' 
shall  confine  ourselves  to  doing  so  for  the  case  of  ellipsoidal  J*JJ5Jgge. 
disturbances. 

836.    Let  the  bodily  disturbing  force  cease  to  act,  and  let  ^JJJJ'**"' 
the  surface  be  held  to  the  same  ellipsoidal  shape  by  such  anuaLmvm 
distribution  of  surface  traction  (§§  693,  662)  as  shall  maintain  «*;»ngj; 
a  homogeneous  strain  throughout  the  interior.    The  interior  j^«w»  rf 
ellipsoidal  surfaces  of  deformation  will  now  become  similar  order, 
concentric  ellipsoids :  and  the  inner  ones  must  clearly  be  less 
elliptic  than  they  were  when  the  same  figure  of  outer  boundary 
was  maintained  by  forces  acting  throughout  all  the  interior; 
VOL.  IL  28 
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Risi^of  and,  therefore,  they  must  have  been  greater  for  the  inner  sur- 
face.   And  we  may  reason  similarly  for  the  portion  of  the 
whole  solid  within  any  one  of  the  ellipsoids  of  deformation,  by 
supposing  all  cohesive  and  tangential  force  between  it  and  the 
Synthetic    soHd  surrounding  it  to  be  dissolved ;  and  its  ellipsoidal  figure  to 
maximum    be  maintained  by  proper  surface  traction  to  give  homogeneous 
at  centre,     strain  throughout  the  mterior  when  the  bodily  force  ceases  to 
mationof    act.     We  concludc  that  throughout  the  solid  from  surface  to 
order.         centre,  when  disturbed  by  bodily  force  without  surface  traction, 
the  ellipticities  of  the  concentric  ellipsoids  increase  inwards. 

837.    When  the  disturbing  action  is  centrifugal  force,  or 
tide  generating  force  (as  that  of  the  sun  or  moon  on  the  earth), 
the  potential  is,  as  we  have  seen,  a  harmonic  of  the  second 
degree,  symmetrical  round  an  axis.     In  one  case  the  spheroids 
of  deformation  are  concentric  oblate  ellipsoids  of  revolution; 
in  the  other  case  prolate.    In  each  case  the  ellipticity  increases 
from  the  surface  inwards,  according  to  the  same  law  [§834  (15)] 
which  is,  of  course,  independent  of  the  radius  of  the  sphere, 
obiatenera  For  Spheres  of  different  dimensions  and  similar  substances  the 
homogone-  ellipticitics  produccd  by  equal  angular  velocities  of  rotation 
loLid  Kiobe,  are  as  the  squares  of  the  radii.     Or,  if  the  equatorial  sur&ce 
velocity  ( V)  be  the  same  in  rotating  elastic  spheres  of  different 
dimensions  but  similar  substance,  the  ellipticities  are  equal. 
The  values  of  the  surface  and  central  ellipticities  are  respec- 
tively 

for  solids  fulfilling  Poisson's  hypothesis  (§  685),  according  to 
which  m  =  2w>  or  k  =  ^n. 

If  the  solid  be  absolutely  incompressible  these  ellipticities 
are  by  §  834  (15) 

A  Z!??  and  -5-^  (22) 

Now  since  ^  =  "2727  and  rf^  =  -2632 ;  and  Jf  =  "4242  and 
^^  =  •4211,  we  see  that  the  compressibility  of  the  elastic  solid 
exercises  very  little  influence  on  the  result. 


837.]  STATICS.  435 

For  steel  or  iron  the  values  of  n  and  m  are  respectively  EiMtiosoild 
780  X  10*  and  about  1600  x  10*  grammes  weight  per  square 
centimetre,  or  770  x  10*  and  about  1600  x  10*  gramme-centi- 
metre-seconds, absolute  units  (§  223),  and  the  specific  gravity  {vi) 
is  about  7*8.  Hence  a  ball  of  steel  of  any  radius  rotating  with 
an  equatorial  velocity  of  10,000  centimetres  per  second  will  be 
flattened  to  an  ellipticity  (§  801)  of  ^^L*  ^^^  *  specimen  of 
flint  glass  of  specific  gravity  2*94  Everett  finds  n  =  244xl0' 
grammes  weight  per  square  centimetre  and  very  approximately 
m  =  271.  Hence  for  this  substance  «/w  =  83  x  10*  [being  the 
length  of  the  modulus  of  rigidity  (§  678)  in  centimetres].  But  the 
numbers  used  above  for  steel  give  nlw  =  100  x  10*  centimetres :  Numerioai 

**  '  nsults  for 

and  therefore  (§  838)  the  flattening  of  a  glass  globe  is  l/*83,  or  ^^JJ^* 
1^  times  that  of  a  steel  globe  with  equal  velocities. 

838.  For  rotating  or  tidally  deformed  globes  of  glass  orBototionai 
metals,  the  amount  of  deformation  is  but  little  influenced  by  eUiptidties 

.  •'  but  little 

compressibility,  as  we  see  from  the  numerical  comparison  given  in  influenoed 

_^  by  ooDippes* 

§  837.    For  any  substance  for  which  3fc  >  5n  the  surface  ellipti-  "l^S^'^"* 
city  is  diminished  by  three  per  cent,  or  by  less  than  three  per  metaui<i 

^  .  vitreous,  or 

cent,  and  the  centre  ellipticity  by  J  per  cent,  or  less  than  f  per  ^Jjj**"* 
cent  if  we  suppose  the  rigidity  to  remain  in  any  case  unchanged,  ^^^ 
but   the  substance  to  become  absolutely  incompressible.    For 
the  surface  ellipticity,  §  834  (22)  gives  on  this  supposition 

^=i9;r^ <23), 

or  with        n  =«  770  X  10*  as  for  steel  (§  837), 

a  =  640  X  10*,  the  earth's  radius  in  centimetres, 
and  w  =  5'5,  „        „      mean  density, 

we  have,  in  anticipation  of  §  839, 

6  =  77  X  10*.  T (24). 

839.  If  now  we  consider  a  globe  as  large  as  the  earth,  and  Value  of 
of  incompressible  homogeneous  material,  of  density  equal  to  giiptidties 
the  earth's  mean  density,  but  of  the  same  rijridity  as  steel  or  ■»««  si" 

,•"  oj  and  mass  ft 

glass;  and  if,  m  the  first  place,  we  suppose  the  matter  of  such  ^^h. of, 
a  globe  to  be  deprived  of  the  property  of  mutual  gravitation  *»*Nf 

28—2 
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material, 
homogene> 
oils,  incom- 
preamble, 
and  same 
rigidity  as 
steel. 


between  its  parts:  the  ellipticities  induced  by  rotation,  or  by  tide 
generating  force,  will  be  those  given  by  the  preceding  formulae 
[§  834  (20)],  with  the  same  values  of  w  as  before;  with  v/k  =  0; 
with  640  X  10*  for  a,  the  earth's  radius  in  centimetres ;  and 
with  5'5  for  w  instead  of  the  actual  specific  gravities  of  glass 
and  steel. 

But  without  rigidity  at  all,  and  mutual  gravitation  between 
the  parts  alone  opposing  deviation  from  the  spherical  figure, 
we  found  before  (§  819)  for  the  ellipticity 


e  =  |-T  =  162xlO*.T. 


(25). 


Comparison 
between 
spheroidal- 
maintaining 

gravitation 
and  rigidity, 
for  large 
bomoff«ne- 
OU9  solid 
globes. 


g,  r  denote 
resistances 
to  deforma- 
tion due  re- 
spectively 
to  gravity 
and  to 
rigidity. 


840.  Hence  of  these  two  influences  which  we  have  con- 
sidered separately: — on  the  one  hand,  elasticity  of  figure,  even 
with  so  great  a  rigidity  as  that  of  steel ;  and,  on  the  other  hand, 
mutual  gravitation  between  the  parts:  the  latter  is  consider- 
ably more  powerful  than  the  former,  in  a  globe  of  such  dimen- 
sions as  the  earth.  When,  as  in  nature,  the  two  resistances 
against  change  of  form  act  jointly,  the  actual  ellipticity  of  form 
will  be  the  reciprocal  of  the  sum  of  the  reciprocals  of  the- ellip- 
ticities that  would  be  produced  in  the  separate  cases  of  one  or 
other  of  the  resistances  acting  alone.  For  we  may  imagine  the 
disturbing  influence  divided  into  two  parts:  one  of  which  alone 
would  maintain  the  actual  ellipticity  of  the  solid,  without 
mutual  gravitation;  and  the  other  alone  the  same  ellipticity 
if  the  substance  had  no  rigidity  but  experienced  mutual  gravi- 
tation between  its  parts.  Let  r  be  the  disturbing  influence  as 
measured  by  §  834  (20),  (21) ;  and  let  r/r  and  r/g  be  the  ellipti- 
cities of  the  spheroidal  figure  into  which  the  globe  becomes 
altered  on  the  two  suppositions  of  rigidity  without  gravity  and 
gravity  without  rigidity,  respectively.  Let  e  be  the  actual 
ellipticity  and  let  t  be  divided  into  r  and  t"  proportional  to 
the  two  parts  into  which  we  imagine  the  disturbing  influence 
to  be  divided  in  maintaining  that  ellipticity.  We  have  t  =  t'+  t", 
and  e  =  r/x  =»  r'Vg. 

Whence  -  =  t  +  g, or-  =-  +  ",  which  proves  the  proposition. 

r  +  8    t/8  +  l 


It  gives 


e- 


(26). 
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By  §§  838,  839  we  have  t  =  ^,  and  g  =  ?^ (27), 


6a*w  *         ^     oa 

and  '-  =  -1-5"  =  1^"/^ 

g     2gaw      2aw 


(28). 


where  n/g  is  the  rigidity  in  grammes  weight  per  square  centi-  Wgidity  of 
metre.     For  steel  and  glass  as  above  (§§  837,  839)  the  values 
of  r/g  are  respectively  2*1  and  66. 

840'.     Mr  G.  H.  Darwin  has  shown*  how  the  introduction  of  Anaijticai 
the  effects  of  the  mutual  gravitation  of  the  parts  of  the  spheroid  tton  of 
may  be  also  carried  out  analytically  instead  of  synthetically,  gnritation. 
The  sphere  being  in  a  state  of  strain  is  distorted  into  a  spheroid 
(say  r  =  a  +  <T„   where   <r,  is   a  surface  harmonic).     Then  the 
state  of  internal  stress  and  strain  in  the  spheroid  is  due  to 
three  causes,   (i)  the  external  disturbing  potential  TT,,  (ii)  the 
attraction  of  the  harmonic  inequality  of  which  the  potential  is 
3ffti>r*aJ{2i  +  1)  a\  (iii)  the  weight  (positive  in  partes  and  nega- 
tive in  others)  of  the  inequality  a .     This  last  is  equivalent 
to  a  normal  traction  per  unit  area  applied  to  the  surface  of 
the  sphere  equal  to  —gwo-f.    It  is  not  possible  to  arrive  at 
the  results  due  to  the  last  cause  without  a  modification  of  the 
analysis  of  §  834,  because  we  have  to  introduce  the  effects  of 
surface  tractions. 

But  Mr  Darwin  shows  (p.  9  loc.  cit)  that  "  if  Wt  be  the 
potential  of  the  external  disturbing  influence,  the  effective 
potential  per  unit  volume  at  a  point  within  the  sphere,  now 
free  of  surface  action  and  of  mutual  gravitation,  is 

F,-  2gw  {i  - 1)  rV,/(2i  + 1)  a'  =  r'T,  suppose.'' 

The  case  considered  by  him  is  that  of  an  incompressible 
viscous  spheroid,  and  he  goes  on  to  find  the  height  and  retarda- 
tion of  tide  in  such  a  spheroid.  The  analysis  is,  however,  almost 
literatim  applicable  to  the  case  of  an  elastic  incompressible 
spheroid. 

Suppose  now  that  the  external  disturbing  potential  is 

Tf,  =  wnV*  (i  -  cos' tf), 

*  "On  the  Bodily  Tides  of  Yiscons  and  Semi-elastic  Spheroids,  <!^c."    Phil. 
Tram.  Part  l  1879,  p.  1. 
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Rigidity  of  and  that  the  sphere  consequently  becomes  distorted  into  the 

*  *    .  *  spheroid  whose   equation   is   r  =  a  [1  +  e  (^  —  cos*  tf)],  so  that 

introduc-  a^  =  ae  ( J  —  cos'  ff).    Then  the  eflfective  disturbing  potential  to 

effects  of  produce  the  same  strain  in  a  sphere  devoid  of  gravitation  is 

frnvitfttion*  • 

(t  —  %e)  tor^  (J  —  cos*^).  Such  a  potential  we  know  by  (23)  §  838, 
and  (27)  §  840,  will  produce  ellipticity  e,  given  by  e=(T—  8e)/r. 
Whence 

c  =  -^ (26), 

which  is  the  result  (26)  of  §  840. 

The  analytical  method  has  the  advantage  of  showing  that  we 
are  neglecting  as  small  the  tangential  action  between  the  in- 
equality (Ti  and  the  true  spherical  surface,  a  fact  which  is  not  so 
obvious  from  the  synthetical  mode  of  treatment.  In  the  case 
of  the  viscous  spheroid  considered  by  Mr  Darwin  this  tangential 
action  (although  varying  as  t*)  is  of  much  interest,  for  the  sum 
of  the  moments  of  all  the  tangential  actions  about  the  axis  of 
revolution  of  the  spheroid  constitutes  the  tidal  frictional  retard* 
ing  couple*. 

HypotheBis  In  the  paper  to  which  we  refer  Mr  Darwin  has  also  investigated 
eUaSb£it7?f  the  conscquences  which  would  arise  from  the  hypothesis  that 
**"  the  elasticity  of  the  earth  is  not  perfect,  but  that  the  stress 
requisite  to  maintain  a  given  state  of  strain  diminishes  in 
geometrical  progression  as  the  time,  measured  from  the  time  of 
straining,  increases  in  arithmetical  progression.  This  hypothesis 
undoubtedly  represents  some  of  the  phenomena  of  the  imper- 
fect elasticity  of  actual  solids.  He  finds,  then,  that  if  "the 
modulus  of  the  time  of  relaxation  of  rigidity,"  being  the  time 
in  which  the  stress  falls  to  1/6  or  '378  of  its  initial  value,  be 
about  one-third  of  the  period  of  the  tidal  disturbance,  then  the 
height  of  the  bodily  tide  scarcely  differs  sensibly  from  the  height 
on  the  hypothesis  of  perfect  elasticity.  The  phase  of  tide 
would  still  however  be  considerably  affected.  The  existence  of 
the  great  continents  (§  832')  proves  almost  conclusively  that  for 


*  See  **  Problems  conneeted  with  the  Tides  of  a  Viscous  Spheroid.*'  PhiL 
Trans,  Part  n.  1879,  p.  539. 
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stresses  lasting  for  a  few  hours  or  days  the  earth  has  practically 
perfect  elasticity. 

841.  Reverting  now  to  the  results  of  §  840,  it  appears  that  Bigidityof 
if  the  rigidity  of  the  earth,  on  the  whole,  were  only  as  much  as  «niM«    ' 
that  of  steel  or  iron,  the  earth  as  a  whole  would  yield  about  that  of  jiteei 

would  be 

one-third  as  much  to  the  tide-generating  influences  of  the  sun  ^*JJ*^' 
and  moon  as  it  would  if  it  had  no  rigidity  at  all ;  and  it  would  ^f^fn!" 
yield  by  about  three-fifths  of  the  fluid  yielding,  if  its  rigidity  jJliSlSfde. 
were  no  more  than  that  of  glass.  Sroe**"** 

842.  To  find  the  eifect  of  the  earth's  elastic  yielding  on  the 
tides,  we  must  recollect  (§  819)  that  the  ellipticity  of  level  due 
to  the  disturbing  force,  and  to  the  gravitation  of  the  undisturbed 
globe,  which  [§§  804,  808,  (18),  (19)]  is  ar/g,  will  be  augmented 

by  fe  on  account  of  the  alteration  of  the  srlobe  into  a  spheroid  inflaenoe 

fit  nlnmtin 

of  ellipticity  e:  so  that  if  (§  799)  we  neglect  the  mutual  attrac-  yieidin/jof 
tion  of  the  waters,  we  have  for  the  disturbed  ellipticity  of  the  ew^ontbe 
sea  level  (§  785)  Kuid  tides. 

-gT  +  ie (29). 

The  rise  and  fall  of  the  water  relatively  to  the  solid  earth  will 
depend  on  the  excess  of  this  above  the  ellipticity  of  the  solid. 
Denoting  this  excess,  or  the  ellipticity  of  relative  tides,  by  e, 
we  have 

e  =  |T-|e (30). 

or  by  (26)  and  (27)  ^  =  J^f^8 ^^^^- 

Hence  the  rise  and  fall  of  the  tides  is  less  than  it  would  be 
were  the  earth  perfectly  rigid,  in  the  proportion  that  the  resist- 
ance against  tidal  deformation  of  the  solid  due  to  its  rigidity 
bears  to  sum  of  the  resistances  due  to  rigidity  of  the  solid  and 
to  mutual  gravitation  of  its  parts.  By  the  numbers  at  the  end 
of  §  840  we  conclude  that  if  the  rigidity  were  as  great  as  that 
of  steel,  the  relative  rise  and  fall  of  the  water  would  be  reduced 
by  elastic  yelding  of  the  solid  to  |,  or  if  the  rigidity  were  only 
that  of  glass,  the  relative  rise  and  fall  would  be  actually  re- 
duced to  f ,  of  what  it  would  be  were  the  rigidity  perfect. 
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Rifddiivof       843.     Imperfect   as   the   comparison    between    theory   and 

observation  as  to  the  actual  height  of  the  tides  has  been 

hitherto,  it  is  scarcely  possible  to  believe  that  the  height  is 

in  reality  only  two-fifths  of  what  it  would  be  if,  as  has  been 

probably     universally  assumed  in  tidal  theories,  the  earth  were  perfectly 

thTwhoi©    ririd.     It  seems,  therefore,  nearly  certain,  with  no  other  evi- 

ofaaoiid     dcnco   than  is  afforded  by  the  tides,  that  the  tidal  effective 

rigidity  of  the  earth  must  be  greater  than  that  of  glass. 

844.  The  actual  distribution  of  land  and  water,  and  of 
depth  where  there  is  water,  over  the  globe  is  so  irregular,  that 
we  need  not  expect  of  even  the  most  powerful  mathematical 
i)7iuuDio  analysis  any  approach  to  a  direct  dynamical  estimate  of  what 
tif^too  the  ordinary  semi-diurnal  tides  in  any  one  place  ought  to  be 
togiveanj.  if  the  earth  were  perfectly  rigid.  In  water  10,000  feet  deep 
abaoiuto      (which   is   Considerably   less  than  the   fi^eneral  depth  of  the 

values  for      ^  ,  '^  .  . 

mainpheno-  Atlantic,  as  demonstrated  by  the  many  soundings  taken  within 
the  last  few  years,  especially  those  along  the  whole  line  of  the 
Atlantic  Telegraph  Cable,  from  Valencia  to  Newfoundland),  the 
velocity  of  long  free  waves,  as  will  be  proved  in  VoL  II.,  is  567 
feet  per  second*.  At  this  rate  the  time  of  advancing  through 
57°  (or  a  distance  equal  to  the  earth's  radius)  would  be  only 
ten  hours.  Hence  it  may  be  presumed  that,  at  least  at  all 
islands  of  the  Atlantic,  any  tidal  disturbance,  whose  period 
amounts  to  several  days  or  more,  ought  to  give  very  nearly  the 
bat  not  M  true  equilibrium  tide,  not  modified  sensibly,  or  little  modified, 
nightly  and  by  the  inertia  of  the  fluid.     Now  such  tidal  disturbances  (8  808) 

8«nii-annuai     •',       ,  /"  ' 

tides.  exist  m  virtue  of  the  moon's  and  sun's  changes  of  declination, 
having  for  their  periods  the  periods  of  these  changes. 

846.    The  sum  of  the  rise  from  'lowest  to  highest  at  Teneriffe, 

and  simultaneous' fall  from  highest  to  lowest  at  Iceland,  in  the 

Amounts  of  lunar  fortnightly  tide,  would  amount  to  4'-3  inches  if  the  earth 

tideesti-     Were  perfectly  rigid,  or  2*9  inches  if  the  tidal  effective  rigidity 

▼arioua  gup.  were  Only  that  of  steel,  or   1*7   inches  if  the  tidal  effective 

positions  as     ..,.^  i.i'-,  r.^  -, 

to  rigidity,  rigidity  Were  only  that  of  glass.  The  amounts  of  the  semi- 
annual tide,  whatever  be  the  actual  rigidity  of  the  earth,  would 
of  course  be  about  half  that  of  the  fortnightly  tide.  The  amount 

♦  Airy,  Tides  and  Waves,  §  170, 
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of  either  in  any  one  place  would  be  discoverable  with  certainty  Bigicutyof 
to  a  small  fraction  of  an  inch  by  a  proper  application  of  the 
method  of  least  squares,  such  as  has  hitherto  not  been  made, 
to  the  indications  of  an  accurate  self-registering  tide-gauge. 
For  our  present  object,  the  semi-annual  tide,  though  it  may 
have  the  advantage  of  being  more  certainly  not  appreciably 
different  from  the  true  equilibrium  amount,  may  be  sensibly 
affected  by  the  melting  of  ice  from  the  arctic  and  ant^artic  polar 
regions,  and  by  the  fall  of  rain  and  drainage  of  land  elsewhere, 
which  will  probably  be  found  to  give  measurable  disturbances 
in  the  sea  level,  exhibiting,  on  the  average  of  many  years,  an 
annual  and  semi-annual  harmonic  variation.     This  disturbance  F^^ 
will,  however,  be  eliminated  for  any  one  fortnight  or  half-year,  }jj"**i^ 
by  combininor   observations    at   well-chosen    stations    in    dif-^?**®"" 
ferent  latitudes.     It  seems  probable,  therefore,  that  a  some-*™on.nteof 
what  accurate  determination  of  the  true  amount  of  the  earth's  *ide8. 
elastic   yielding  to  the   tide-generating  forces   of  the    moon 
and    sun   may  be  deduced  from  good  self- registering  tide- 
gauges  maintained  for  several  years  at  such   stations  as  Ice- 
land, Teneriflfe,   Cape  Verde  Islands,  Ascension  Island,   and 
St  Helena.    It  is  probable  also  that  the  ratio  of  the  moon's 
mass  to  that  of  the  earth  may  be  determined  from  such  observa- 
tions more  accurately  than  it  has  yet  been.     It  is  to  be  hoped  Tide-gaugm 
that  these  objects  may  induce  the  British  Government,  which  wuhedat 

•'•'.,  .  ooean  sta- 

has  done  so  much  for  physical  geography  in  many  ways,  totiona. 
establish  tide-gauges  at  proper  stations  for  determining  with 
all  possible  accuracy  the  fortnightly  and  semi-annual  tides, 
and  the  variations  of  sea  level  due  to  the  melting  of  ice  in  the 
polar  regions,  and  the  fall  of  rain  and  drainage  of  land  over  the 
rest  of  the  world. 

846.    More  observation,  and  more  perfect  reduction  of  obser-  ^y?"**^^. 
vations  already  made,  are  wanted  to  give  any  decided  answer  ^^f^l^!^' 
to  the  questions,  how  much  the  fortnightly  tide  and  the  semi-  Sy^^jthe,, 
annual  tide  really  are.     "In  the  Philosophical  Transactions, ^^^^^^ 
"1839,  p.  157,  Mr  Whewell  shows  that  the  observations  of  ^^»^°- 
*"  high  and  low  water  at  Plymouth  give  a  mean  height  of  water 
"  increasing  as  the  moon's  declination  increases,  and  amounting 
***  to  3  inches  when  the  moon's  declination  is  25^    This  is  the 
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Rigidity  of  "same  direction  as  that  corresponding  in  the  expression  above 
Scantiness  ''  to  a  high  latitude.  The  effect  of  the  sun's  declination  is  not 
umi^^Srd^  "  investigated  from  the  observations.  In  the  Philosophical 
iii|htijr  "  Transdctions,  p.  163,  Mr  Whewell  has  given  the  observations 
to  drawn  ^'^  "  of  somo  most  extraordinary  tides  at  Petropaulofsk,  in  Kams- 
vaSn^  "^  "  chatka,  and  at  Novo- Arkhangelsk,  in  the  Island  of  Sitkbi,  on 
"  the  west  coast  of  North  America. 

"From  the  curves  in  the  Philosophical  Transactions^  as  well 
''as  from  the  remaining  curves  relating  to  the  same  places 
"  (which,  by  Mr  WhewelFs  kindness,  we  have  inspected),  there 
''appears  to  be  no  doubt  that  the  mean  level  of  the  water  at 
''Petropaulofsk  and  Arkhangelsk  rises  as  the  moon's  dedina- 
"tion  increases.  We  have  no  further  information  on  this 
"  point." — (Airy's  Tides  and  Waves,  §  533.) 

Advance  in  847.  We  have  left  these  sections,  on  the  probability  of  the 
of  tides  great  effective  rigidity  of  the  earth,  in  the  form  in  which  they 
first  edi-      stood  in  our  first  edition  in  1867.      Since   that  date  great 

tion,  .  ° 

advances  have  been  made  in  our  knowledge  of  actual  tidal 
phenomena.  The  Tidal  Committee  of  the  British  Association 
"  appointed  on  the  motion  of  Sir  William  Thomson  in  1867,  with 
for  one  prominent  object  the  evaluation  of  the  long-period  tides 
for  the  purpose  of  answering  the  question  of  the  Earth's  rigidity," 
has  done  much  towards  the  attainment  of  a  satisfactory  know- 
ledge of  the  tides  in  the  ocean  surrounding  these  islands. 
But  by  far  the  most  complete  information  relates  to  the  Indian 
Ocean,  for  in  consequence  of  the  exertions  of  General  Walker, 
Sir  William  Thomson,  General  Strachey  and  others,  the  Indian 
Government  has  taken  up  the  question,  and  is  now  issuing,  under 
the  direction  of  General  Walker  and  Major  Baird,  R.E.,  tide  tables 
for  the  principal  ports  in  India.  We  are  thus  now  able  to 
present  the  following  discussion  of  the  questioDS  raised  above, 
contributed  to  our  present  edition  by  Mr  G.  H.  Darwin. 

The  theo-  848.  The  expression  for  a  tide  should  consist  of  a  spheri- 
of  the  fort-  cal  harmonic  function  of  latitude  and  longitude  of  places  on  the 
mont}3y°  earth's  surface  multiplied  by  a  simple  time-harmonic;  but 
tides.  where  a  correct  expansion,  rigorously  following  this  defi- 
nition, would  involve  some   terms   of  very  long   period,   it 
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is  more  convenient  to  resnird  the  spherical  harmonic  as  itself  The  theo- 

.  .,..  ,,  ,  retlcal  value 

slowly  varying  between  certain  limits,  and  thus  to  amalgamate  of  the  fort- 
a  number  of  terms  together.    The  last  term  of  (23)  §  808  will  ™g"^^ 
give  the  theoretical  equilibrium  values  of  the  fortnightly  decli-  *»*«• 
national  tide,  and  of  the  monthly  elliptic  tide.    The  full  expan- 
sion of  this  term  would  involve  a  certain  part  going  through  its 
period  in  19  years,  in  which  time  the  lunar  nodes  complete  a 
revolution.  This  part  will,  according  to  Sir  William  Thomson,  be 
most  conveniently  included  by  conceiving  the  inclination  of  the 
lunar  orbit  to  the  equator  to  undergo  a  slow  oscillation  in  that 
period.    In  practice  an  average  value  for  the  inclination,  the 
average  being  taken  over  a  whole  year,  is  sufficiently  exact. 

(a)  In  what  follows,  the  descending  node  of  the  equator  on 
the  lunar  orbit  will  be  called  ''the  intersection."  If  the  lunar 
orbit  were  identical  with  the  ecliptic,  the  intersection  would  be 
the  vernal  equinox  or  T. 

The  followinir  is  a  summary  of  the  notation  employed  below: —  Deflnition 

*     •'  of  symbols. 

For  the  moon : 

if = mass;  2)  =  radius  vector;  c  =  mean  distance;  or  =  mean 
motion ;  $  =  true  longitude  in  the  orbit ;  i  =  inclination  of  lunar 
orbit  to  the  ecliptic :  iTs  longitude  of  ascending  node  on  the 
ecliptic;  tir=» longitude  of  perigee  in  the  orbit;  «  =  eccentricity 
of  orbit;  f» longitude  of  "the  intersection"  in  the  orbit;  v  = 
right  ascension  of  "  the  intersection  " ;  8  =  declination. 

Observe  that  longitudes  "in  the  orbit"  are  measured  along  the 
ecliptic  as  far  as  the  lunar  node,  and  thence  along  the  orbit;  or 
are  measured  altogether  in  the  movable  orbit  from  a  point 
therein,  which  is  at  a  distance  behind  the  node  equal  to  the  r^ 

distance  of  the  node  from  T.  ^ 

For  the  earth : 

J^smass;  a  =  mean  radius;  I,  X  =  latitude  and  W.  longitude 
of  places  on  the  earth's  surface ;  cd  =  obliquity  of  ecliptic ;  /=  in- 
clination of  equator  to  lunar  orbit. 

For  both  bodies  together,  let  T«f  iW/^c*.  And  let  the 
time  t  be  measured  from  the  instant  when  the  moon's  mean 
longitude  vanishes. 

The  readers  of  the  Tidal  Eeports  of  the  British  Association 
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Long-perkMi         for  1868,  1870,  1871,  1872,  1876*  may  find  it  convenient  to 
*  **"  note  that  the   symbols  employed  are  frequently  the    Greek 

initials  of  the  corresponding  words  :  thus, — y,  <r,  i;  [y^,  o-cXiyvif, 
ryXios]  for  the  rotation  and  mean  motions  of  earth,  moon,  and 
sun. 

We  may  now  write  the  last  term  of  (23)  §  808,  thus 

A  =  ^^(l-3sin'8)       I    ^j^ 

where  5'=  jTa[J(l +«)-8in*q' 

It  is  obvious  from  the  solution  of  a  right-angled  spherical  triangle 

that 

sin  8  =  sin  /sin  (0  -  (), 

Whence 

l-38in*8  =  l-fsin'/  +  |8in"/cos2(tf-^)  (2). 

By  the  theory  of  elliptic  motion,  we  have,  on  neglecting  the 
solar  perturbation  of  the  moon,  which  causes  the  'evection,'  the 
'variation'  and  other  inequalities, 


e 


-g(l-«^  =  l+«cos(^-«r)  (3). 

In  proceeding  to  further  developments,  e  and  sin'/  will  be 
treated  as  small  quantities  of  the  first  order,  and  those  of  the 
second  order  will  be  neglected.  Thus  in  terms  of  the  first  order 
we  have 

0  =  ai (4). 

Then  from  (3)  and  (4)  we  have 


c» 


,  :3  =  1  +  3c  COB  {ct  —  tc), 

and  from  (1),  (2),  and  (4) 

A  =  {1  +  3e  cos  (trt -  tr)}  {1  -  ^  sin'/+ 1 sin*  /cos  2  {at  - ()} 

=1  -  I  sin*  /  +  3«(1  -  f  sin* /)  cos  (crt  -  tir)  +  f  sin" /cos  2(<r<  -  f) 

(5). 

In  this  expression  the  firat  term  1  -  f  sin'/  oscillates  with  a 
period    of   19  years   about  the  mean  value   l-fsin'o),  the 

*  Also  of  papers  presented  to  the  British  Association  by  Sir  W.  Thomson  and 
Capt.  Evans,  B.N.,  in  1878  (reprinted  in  Nature^  Oct.  24,  1878),  and  by 
Mr  G.  H.  Darwin  in  1882. 
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maximum   and  minimum  values  of  /  being  oi  +  i  and  cd  — t.  Long-period 

It  represents  a  small  permanent  increase  to  the  ellipticity  of  the 

oceanic  spheroid,  on  which  is  superposed  a  small  lO-yearlj  tide. 

This  part  of  the  expression  has  no  further  interest  in  the  present 

investigation.    The  last  term  of  (5)  goes  through  a  double  period 

in  nearly  27'3  m.  s.  days  and  constitutes  the  fortnightly  decli- 

national  tide.     If  the  approximation  were  carried  to  terms  of 

the  second  order,  which  may  very  easily  be  done,  this  term  would 

have  involved  a  factor  l-^e*.     The  middle  term  goes  through 

a  single  period  in  something  over  27 '3  days,  the  angular  motion 

of  the  lunar  perigee  being  40°  40'  per  annum.     This  term  as  it 

stands  in  (5)  is  complete  to  the  second  order.     Thus  we  may 

write  the  expressions  to  the  second  order  of  small  quantities, 

for  the  fortnightly  and  monthly  elliptic  tides,  thus : — 


* 


^  =  1(1  - 1«»)  fdnVcos  2  {at -  f) 
^  =  3e  (1  -  f  sin'/)  cos  {art  -  -bt) 


(6). 


(b)    We  must  now  show  how  to  compute  I  and  (,  and  it  Ponnul« 

for  the 


will  be  expedient  (as  will  appear  below)  at  the  same  time  to  longitude 

^^^  •>„  4-^  and  E.  A.  of 

compute  y. 

The  accompanying  figure  exhibits  the  relation  of  the  three 
planes  to  one  another. 


the  inter- 
Mction. 


Orbit 


i  the  longitude  of  I  in  the  orbit  is  T  SI  -  ft  I,  and  v  the  right 
ascension  of  I  is  Tl. 

Now  from  the  spherical  triangle  Tftl,  we  have 

cotlftsiniy^^cosiVcosi  +  sintcotw (7), 

cot  lTsinaV=  cos iV cos  cd  +  sin  cd  cot  i: (8), 

cos/=costcos(i>  — sintsincdcos^ (9). 
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Long-period 

tidet. 


FormaUs 
for  the 
longitude 
and  R.A.  of 
the  inter- 
■ection. 


.-  ^         .       (C0tlSiS\TiN-'COBN)BUiN 

Also        tant=  — Tf — ^t^    - — %f — •  » nr  • 

cos  N  cot  I  iX  siii  -^ + siu'iV 

Substituting  in  which  from  (7),  and  effecting  some  redactions 
in  the  result,  and  in  (8),  we  have 


^_   8intcotci>8ini\r(l -tan^t  tancocosilT) 
cos'  ^  t  +  sin  %  cot  cii  cos  i\r-  sin'  ^  %  cos  2^ 


_  tan  i  cosec  o)  sin  iV 
1  +  tani  cot  wcos-A^ 


.  ...(10), 


These  formulas  are  rigorously  true,  but  since  i  is  small,  being 
about  5*^9',  we  maj  obtain  much  simpler  approximate  for- 
mula, sufficiently  accurate  for  all  practical  purposes.  Treating 
then  SLQ  i  and  tan  i  as  equal  to  one  another,  and  to  %  the  circular 
measure  of  5°  9',  equations  (10)  become  approximately, 

1  —  ^  sin*  0)  ^ 


tan  i=i cot  oi  sin  iV"—  ^  t*  sin  2j2V* 


sin'ctf 


tan  V  =  i  cosec  w  sin  iV-  j^  t*  sin  2N 


cos  (0 

sin'  Q} 


(11). 


The  second  terms  of  these  expressions  are.  very  nearly  equal 
to  one  another,  because  cos  (i>  =  1  -  ^  sin'  o)  approximately.  And 
V  -  £  is  a  small  angle,  which  is  to  a  close  degree  of  approxima- 
tion equal  to  i  tan  ^  <a  sin  N. 

Numerical  calculation  shows  that  ttan^cn  is  1^4';  hence 
f  =  V  —  1°  4' sin  N  very  nearly. 

In  the  Tidal  Keport  of  the  British  Association  for  1876  the 
treatment  of  this  subject,  with  notation  involving  a  symbol  ),  is 
somewhat  different  from  the  above,  but  the  result  is  the 
same.  The  symbol  ])  denotes  "the  equatorial  mean  moon's'* 
right  ascension  at  the  epoch  when  ^  =  0 ;  which  it  may  be  ob> 
served  is  not  the  same  epoch  as  that  chosen  here.  This  fictitious 
mean  moon  moves  in  the  equator  with  an  angular  velocity  equal 
to  the  moon's  mean  motion,  and  it  is  at  the  "intersection"  at 
the  instant  when  the  moon's  mean  longitude  is  equal  to  the 
longitude  "in  the  orbit"  of  the  intersection.  In  other  words, 
if  we  take  a  second  fictitious  moon  moving  in  the  plane  of  the 
lunar  orbit  with  an  angulai*  velocity  equal  to  the  moon's  mean 
motion,  and  coinciding  with  the  actual  moon  at  the  instant 
when  the  moon's  mean  longitude  vanishes,  then  the  equatorial 
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mean  moon  coincides  with  this  orbital  mean  moon  at  the  inter-  Long-period 

tides. 

section. 

It  is  obvious  then  that  the  right  ascension  of  the  equatorial 
mean  moon  will  always  differ  from  the  moon's  mean  longitude 
l>y  V  —  f,  and  thus 

J  =  moon's  mean  longitude  at  the  epoch  +  1"  4'  sin  i\r. 

Therefore  with  the  epoch  of  the  Report  of  1876  (pp.  299,  302) 
cr<  + })  -  V  =  moon's  mean  longitude  + 1°4'  sjin  iV—  v 
=  moon's  mean  longitude  —  $, 

Now  according  to  the  Report  (p.  305),  the  fortnightly  tide  is  Formulas 
expressed,  (by  means  of  jET  as  defmed  in  (1)  above),  in  the  form  longitude 

and  R.  A.  of 

H I  sin«  /  cos  2  (<r<  +  J  -  v).  SStiS^f """ 

This  only  differs  from  (6)  in  the  term  f  e*,  which  is  the  correc- 
tion for  the  eccentricity  of  the  lunar  orbit. 

It  is  to  be  remarked  that  in  the  report  ])  -  xor'  is  the  moon's 
mean  anomaly  at  the  epoch,  and  therefore  zsr'  is  equal  to  the 
mean  longitude  of  the  moon's  perigee  +  1^4'  sin  iT,  and  not  simply 
the  mean  longitude  of  the  moon's  perigee,  as  defined  in  the  last 
line  of  p.  302.  Since  the  moon's  mean  anomaly  is  only  involved 
in  the  arguments  of  the  elliptic  tides,  which  are  all  small,  this 
correction  in  w'  has  no  practical  importance.  It  is  however  im- 
portant, in  regard  to  clear  ideas  of  the  notation  and  the  spherical 
trigonometry  of  the  subject. 

In  consequence  of  not  at  first  apprehending  properly  the 
nature  of  the  fictitious  ''  equatorial  mean  moon,"  I  overlooked 
the  term  1^4' sin  iV  in  ]),  and  in  the  reductions  made  below 
have  used  v  instead  of  (,  Since  the  difference  between  v  and 
(  is  clearly  of  little  importance  in  respect  to  the  numerical 
values  of  the  fortnightly  tide,  I  have  not  repeated  the  compu- 
tations with  the  correct  value  of  D,  or,  in  the  present  notation, 
with  (  in  place  of  v. 

(c)  The  factor  JI  or  ^Ta[^(l +<!?)- sin* f|  involves  the 
function  ®,  which  depends  on  the  distribution  of  land  and  water 
on  the  earth's  surface.     By  (21)  §  808 


&=^lJ{San'l^l)co8ldldX. 


where  O  is  the  total  area  of  ocean,  and  where  the  double  integral 
is  taken  all  over  the  sur&ce  of  the  ocean. 
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Lmig>pedod  The  integral  of  3  sin'^- 1  taken  oyer  the  whole  sphere  Tanishes, 

and  therefore  the  integral  taken  over  the  sea  is  equal  to,  but 
opposite  in  sign  to  the  integi*al  taken  over  the  land.  It  is  more 
convenient  to  integrate  over  the  land,  because  there  is  less  of  it, 
than  over  the  sea. 

In  order  to  evaluate  this  integral,  and  to  determine  O  the 
total  area  of  sea  at  the  same  time,  it  will  be  sufficiently  accurate 
if  we  replace  the  actual  continents  and  islands  of  the  earth  by 
blocks  of  land,  limited  by  parallels  of  latitude  and  by  meridians. 
The  following  schedule  specifies  the  blocks  which  were  taken  to 
represent  the  actual  land,  together  with  the  names  of  the  land 
to  which  they  are  supposed  to  correspond. 

Since  it  is  impossible  that  the  amount  of  water,  which  flows 
in  and  out  of  the  Mediterranean  Sea  in  a  week  or  a  fortnight, 
can  influence  the  height  of  the  sea  in  the  open  ocean  to  any 
sensible  extent,  that  sea  has  been  treated  as  though  it  were 
dry  land.  The  longitudes  of  the  land  are  given  so  that  any 
one  may  verify  that  the  representation  of  the  continents  is 
pretty  good;  in  evaluating  the  other  four  functions  of  (21)  §  808 
Bvalu&iioii  these  longitudes  would  be  required ;  but  for  &  we  only  require 

function  ff.  the  number  of  degrees  of  longitude,  which  are  occupied  by  land, 

between  each  pair  of  parallels  of  latitude. 

As  explained  above 

Q&  =  -^{l{3Bin*l-l)coslcUdk (12), 

n  =  4flr-  f[coaldld\ (13), 

when  the  integrals  are  taken  all  over  the  land  of  the  globe. 
Now        /(3sin"^-  l)cos  W^  =  - J(sin?  +  sin3Z), 

and  I  cos  Idl  =  sin  I. 

If  therefore  there  be  t^  degrees  of  land  between  latitudes  l^ 
and  l^  of  the  N.  hemisphere,  and  t^  degrees  of  land  between  the 
same  parallels  of  the  S.  hemisphere,  it  is  clear  that  the  con- 
tributions to  (12)  and  (13)  due  to  land  between  these  latitudes 
in  both  hemispheres,  are  respectively 

j^  («,+  Q  i  L«i^?+sin  30j    and  -  j|g  («.  + «.)  [sin  qj  . 
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N.  latitude. 
W.  Umgitude. 

N.  laHtude. 
E.  Umgitude. 

lat  W  to  W. 
lat.  700  to  80». 
lat.  60*  to  700. 

20*  to  600. 
Arotio  land. 

299  to  560;  ^q  xo  1150. 
Greenland.    iBlands. 

550  to  600;       900  to  1100. 
Nova  Zembla.     Tonda. 

860  to  520;  650to800;  900tol650. 
Greenland.  Baffinland.  Brit.N.Am. 

100  to  1800. 
Norway  &  N.  Asia. 

lat.  500  to  600. 

0«  to  60;   600  to  780.  qqo  to  1300. 
G.Brit     Canada.    Brit  N.Am. 

100  to  1400;        1660  to  1600. 
Europe  <ft  Asia.  Kamsdhatka. 

lat.  400  to  500. 

00  to  50;              660  to  1230. 
France  &  Spain.      U.  S. 

00  to  1350. 
Aida. 

lat.  800  to  400. 

00  to  80;    780  to  1200. 
Africa.           U.  S. 

00  to  1200:               1850  to  1880. 
Asia^Medit  Sea.      Japan. 

lat.  900  to  800. 

00  to  160;    800  to  820;    970  to  llOO. 
Africa.  Florida  <1^  Gnba.  Mexico. 

00  to  1180. 
Africa  and  Asia. 

lat  100  to  200. 

00tol70;  870  to  950. 
Africa.      Mexico. 

00  to  500;  750  to  850;  950  to  IO8O; 
Africa.        ludia.        Siam. 

1920  to  1950. 
Philip.  Isl. 

lat.  00  to  100. 

580  to  780. 

00  to  480;  980  to  1050 ;  ngo  to  IVP. 
Africa.       Malayia.        Borneo. 

■ 

S.UaUude. 
W.  lon^tude. 

8,  latitude. 
E.  longitude. 

lat  00  to  100. 

870  to  800. 
S.  America. 
870  to  740. 
S.  America. 

120  to  400 .  iiQO  to  1300. 
Africa.         Islands. 

lat  100  to  aoo. 
Ut  900  to  800. 

120  to  380 ;    450  to  6OO ;     1260  to  1440. 
Africa.       Madagascar.    Australia. 

460  to  710. 
S.  America. 

160  to  830;    1150  to  1510. 
Africa.       Australia. 

lat.  800  to  400. 

560  to  730. 
S.  America. 

200  to  230 ;     1320  to  1400. 
Africa.         Australia. 

lat  400  to  500. 

650  to  730. 
S.  America. 

1700  to  1720. 
N.  Zealand. 

lat  500  to  600. 

670  to  720. 
T.  del  Fuego. 

• 

lat  600  to  700. 

550  to  660. 
8.  Shetland. 

1200  to  1300. 
Adelie  Land. 

lat  700  to  800. 

about  200  of  longitude  (Antarctic  continent). 

lat  800  to  900. 

about  1800  of  longitade  (Antarotio  contmeot). 

Now  the  above  table  gives  t^  and  I,  for  each  pair  of  latitudes 
W  to  80^  80''  to  70''  <bc.  in  both  hemispheres,  for  example  from 
20''  to  300, 1.^1^'^  228 ;  henoe  it  is  clear  that  if  S  denotes  sum- 
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mation  for  the  contributions  due  to  each  such  pair  of  latitudes, 
we  have 

Si(<,  +  g[sm^  +  8in3q^ 

720-2(<,  +  y[8mr||» 

*« 

It  is  only  necessary  to  form  tables  of  sin  I  and  ^(sin  I  +  an  3/) 

for  each  10^  of  latitude  from  0*  to  90^  and  then  to  form  the 

first  differences  of  these  two  sets  of  values,  and  subsequently 

to  perform  a  number  of  multiplications,  in  order  to  obtain  the 

required  results.      As  the  amount  of  antarctic  land  is  quite 

uncertaiii,  two  suppositions  were  taken,  namely,  first  that  there 

is  as  much  antarctic  land  as  is  given  in  the  schedule,  and 

secondly,  that  there  is  no  land  between  S.  latitude  80*^  and  the 

pole.     On  the  first  hypothesis  it  was  found  that  the  fraction  of 

the  whole  earth's  surface  which  consists  of  land  ia  y|^  of  202*9 

=  '283,  and  in  the  second  that  the  same  proportion  is  y^  ^^ 

200*2  »  '278.     Bigaud*  has  estimated  the  proportion  as  -266 ; 

if  then  it  be  considered  that  he  too  could  have  no  information 

as  to  antarctic  land,  and  that  the  Mediterranean  Sea  is  here 

treated   as  solid,   it    appears  that  the  representation   of  the 

continents  by  square  blocks  of  land  has  been  very  satisfactory. 

The  numerator  for  the  expression  for  &  was  found  to  be  —  7*87 

or  —  2 '5  3  according  to  the  two  hypotheses.     Hence  we  have 

-7-87 
&  =  -i^znr^r-  =  -  '0152,  with  sntarctic  continent 


and 


5171 


—  2*53 
®  =    gir.  o    =  -  '00486,  without  antarctic  continent 
519*8 


i(l  +  &)  will  be  found  to  be  equal  sin*  34^  40'  or  sin»34*57'. 
Since  ^  is  sin'  35^  16',  it  follows  that  the  latitude  of  evanescent 
fortnightly  and  monthly  tides  is  very  little  affected  by  the 
distribution  of  land  and  water  on  the  earth's  surface. 

In  the  reductions  of  the  tidal  observations  I  have  put 

i(l+®)_sin«;=sin(35°-^)sin(35^+0. 
Thus  from  (6)  we  have 

0  =  I  ra  (1  -  |e")  sin'/ sin  (35'' -  Z)  sin  (35' +  Z)  cos  2  (o-<  -  ^) 
fjL  =  ^rae  (1  -fsin'/)  sin  (35'' -  Z)  sin  (35'  +  Z)  cos  (crt 

•  Traru,  Cam.  Phil  Soe.  Vol.  6. 


-"4}-(i*)- 
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Taking  E/M=S2i  c/a  =  60-27;  a -20-9  x  10*  feet,  it  will  be 
found  that 

I  Ta  =  2-6195  feet 

If  we  take  o)  =  23®  28',  i  =  5*  9',  the  maximum,  mean  and  Maximum, 
minimum  values  of  /  are  28^37',  23^28',  18M9'.  Then  with  SffSo^ 
e  =  -054908,  it  will  be  found  that  Brfffh  feet. 

/-298,  when  7=28"  37', 
f  ra  (1  -  le*)  sin*  /  =  ]-206,  when  /=  23®  28', 

1-128,  when /=  18*19'; 

1-094,  when  /  =  28'  37', 
f  Toe  (1  -  f  sin'  /)  =  |l09,  when  /  =  23*  28', 

1-123,  when/=18M9'. 

These  numbers  are  given  in  feet^  and  the  equatorial  semi-ranges 
of  the  if>  and  fi  tides  are  (since  sin' 35**  =  ^  nearly)  about  one- 
third  of  these  numbers.  At  the  time  when  /  is  a  minimum 
these  two  tides  have  approximately  equal  ranges ;  but  when  / 
is  a  maximum  the  fortnightly  is  three  times  as  great  as  the 
monthly  tida 

(d)    In  the  Eeports  of  the  British  Association,  and  in  the  PreiMration 
"Tide-tables  for  the  Indian  Ports"*  for  1881  and  1882,  the  iton'^'**'" 
results  of  the  harmonic  analysis  of  the  tidal  observations  are  squares, 
given  in  the  form  i?  cos  (n^  -  c),  where  B^  the  semi-range  of  tide, 
is  expressed  in  British  feet,  n  is  the  speed  of  the  particular  tide 
in  question,  and  c,  the  retardation  of  phase  (or  shortly  the  phase), 
is  an  angle  less  than  360^ 

In  the  case  of  the  fortnightly  and  monthly  tides  n  is  respec- 
tively 2<r  and  c-^m^y  where  or^  is  the  angular  velocity  of  the 
lunar  perigee  and  therefore  w  =  m^L  (In  the  Tidal  Report  of 
1872  that  which  is  here  caUed  m^  is  denoted  as  v.) 

Now  in  order  to  compare  the  observed  fortnightly  tide  with 

its  theoretical  value,  we  must  write  the  observation  in  the 

form 

i?cos[2(<r«-f)-(€-2i)]. 


Or  if  we  put 


i2cos(c-2i)=A|  

5sin(€-.2i)  =  Bj  ^  ^ 


*  These  tables  were  prepared  under  the  direotion  of  Captain  (now  Major) 
A  W.  Baird,  B.E.,  and  Mr  E.  Boberts,  and  are  published  by  '*  authority  of  the 
Seoretaxy  of  State  for  India  in  Council.'* 
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JJJgJ^         the  observation  beoomes 

^^  AooB2((r<-f)  +  BBin2(cr«-f) (16). 

In  the  case  of  the  monthly  tide,  if  we  put 

*~::S (") 

the  result  of  observation  becomes 

C  cos  (cr<  -  «r)  +  D  sin  (o^  -  «r) (1^)- 

The  expressions  for  the  theoretical  equilibrium  fortnightly 
and  monthly  tides  are  given  in  (14).  If  however  the  solid 
earth  yields  tidally,  either  as  an  elastic  body,  or  as  a  viscous  one, 
the  height  of  the  tide  will  fall  below  its  equilibrium  value. 
Moreover  on  the  hypothesis  of  viscosity  the  phase  of  the  tide 
will  be  affected ;  a  result  which  would  also  follow  from  the 
effects  of  fluid  friction. 

Tbeoreticmi  Thus  the  actual  fortnightly  and  monthly  tides  must  be  ex- 

QXDFBMIOII 

ibrfhetides         pressed  in  the  forms 

when  the 

eArtliyieldi 

bodily,  and  0=}ra(l-4«>)  sin*  I  sin  (SS®- 1)  sin  (350+Z)  }x  008  2  (irt- 3 +y  sin  2  (o't-{){  I 

when  there  >  19. 

iifriotioii.    ;A=fra«(l-|Bm*/)Bin(86<>-Z)Bin(35<^+q{tt0O8(irt-'Gr)+OBin((rt-t!>)}J 

where  x,  y,  u,  v  are  numerical  coefficients.  If  the  equilibrium 
theory  be  nearly  true  (compare  §  808  above)  for  the  fortnightly 
and  monthly  tides,  y  and  v  will  be  small ;  and  x  and  u  will  be 
fractions  approaching  unity,  in  proportion  as  the  rigidity  of  the 
earth's  mass  approaches  infinity. 

If  we  now  put 

a  =  fTa(l-|e«)sin*/Bin(36*-Z)sin(36'»  +  0| 

c  =  fTae(l-fsinV)Bin(35'»-Z)sin(36»  +  Z)/*""^^"^' 

SSmS^  then  for  the  fortnightly  tide 

tion  by  least  .^ 

aa;  =  Al 

ay=B} <21). 

and  for  the  monthly  tide 

ou=»Cl 

«.=d} • (22)- 

Every  set  of  tidal  observations  will  give  equations  for  a?,  y,  w,  v; 
and  the  most  probable  values  of  these  quantities  must  be  deter- 
mined by  the  method  of  least  squares. 
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For  places  north  of  35®  N.  lat,  or  south  of  35®  S.  lat.  the  Bqo^oni 
coefficients  a  and  c  become  negative.     This  would  be  incon-  tton  by 
venient  for  the  arithmetical  operations  of  reduction,  and  therefore  fequarei. 
for  such  places  it  is  convenient  to  subtract  180®  from  the  phases 
C'-2f,  and  c  which  occur  in  the  expressions  for  A,  B,  0,  D; 
after  doing  this  the  coefficients  a  and  c  may  in  all  cases  be 
treated  as  positive,  for  we  may  suppose  (Z~35®)  to  be  taken 
for  places  in  the  northern  hemisphere  North  of  35®,  and  35®  - 1 
for  places  in  the  same  hemisphere  to  the  South  of  35®;  and 
similarly  for  the  southern  hemisphere. 

(e)    In  collecting  the  results  of  tidal  observation  I  have  Nnmerioai 
to  thank  Sir  WUliam  Thomson,  General  Strachey,  and  Major  harmonic 
Baird  for  placing  all  the  materials  in  my  hands,  and  for  giving  udafiSbwr- 
me  every  facility.     As  above  stated  the  observations  are  to       ^"^ 
be  found  in  the  British  Association  Reports  for  1872  and  1876, 
and  in  the  Tide-tables  of  the  Indian  Oovemment. 

The  results  of  the  harmonic  analysis  of  the  tidal  observations 
are  given  altogether  for  22  different  ports,  but  of  these  only  14 
are  here  used.  The  following  are  the  reasons  for  rejecting 
those  made  at  8  out  of  the  22  porta 

One  of  these  stations  is  Cat  Island  in  the  Gulf  of  Mexico ; 
this  place,  in  latitude  30®  14'  N.,  lies  so  near  to  the  critical 
latitude  of  evanescent  fortnightly  and  monthly  tides,  that  con- 
sidering the  uncertainty  in  the  exact  value  of  that  latitude,  it 
is  impossible  to  determine  the  proper  weight  which  should  be 
assigned  to  the  observation.  The  result  only  refers  to  a  single 
year,  viz.  1848,  and  as  its  weight  must  in  any  case  be  very 
small,  the  omission  can  exercise  scarcely  any  effect  on  the  result. 

Another  omitted  station  is  Toulon ;  this  being  in  the  Mediter- 
ranean Sea  cannot  exhibit  the  true  tide  of  the  open  ocean. 

Another  is  Hanstal  in  the  Gulf  of  Cutch.  The  result  is  given 
in  an  Indian  Blue  Book.  I  do  not  know  the  latitude,  and 
General  Strachey  informs  me  that  he  believes  the  observations 
were  only  made  during  a  few  months  for  the  purpose  of  deter- 
mining the  mean  level  of  the  sea,  for  the  levelling  operations  of 
the  great  survey  of  India. 

The  other  omitted  stations  are  Diamond  Harbour,  Fort 
Gloster  and  Kidderpore  in  the  Hooghly  estuary,  and  Rangoon, 
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and  Moulmein.  All  these  are  river  stations,  and  they  all  ex- 
hibit long  period  tides  of  such  abnormal  height  as  to  make  it 
nearly  certain  that  the  shallowness  of  the  water  has  exerdsed 
a  large  influence  on  the  results.  The  observations  higher  up 
the  Hooghly  seem  more  abnormal  than  those  lower  down.  I 
also  learn  that  the  tidal  predictions  are  not  found  to  be  satis- 
factory at  these  stations. 

The  following  tables  exhibit  the  results  for  the  14  remaining 
porta.  The  rows  £  and  c  are  extracted  from  the  printed  tidal 
results,  and  the  rest  of  the  values  are  the  reductions  effected 
in  accordance  with  the  investigations  of  the  preceding  sections. 
It  has  already  been  explained  why,  in  the  case  of  the  fortnightly 
tide,  c  -  2v  is  given  in  place  of  the  more  correct  c  —  2$.  It  must 
also  be  added  that  in  many  cases  there  is  no  information  as  to 
the  days  on  which  the  observations  began  and  ended;  it  was 
thus  impossible  to  use  the  rigorously  correct  value  for  v,  namely 
that  corresponding  to  the  middle  day  of  the  period  embraced 
by  the  observations.  These  details  might  no  doubt  have  been 
obtained  by  means  of  correspondence  with  various  persons  in 
India;  but  considering  the  uncertainty  in  the  tabular. results 
it  did  not  seem  worth  while  to  incur  this  delay. 

Sir  William  Thomson  placed  in  my  hands  a  table  of  the 
values  of  7  and  v  corresponding  to  the  1st  of  July  of  each  year. 
Accordingly  when  the  observations  are  stated  to  be,  for  example, 
for  1874 — 5,  I  assume  that  the  observations  began  early  in 
1874,  and  the  values  for  /  and  v  for  July  1, 1874,  are  used.  In 
several  cases  it  appears  that  the  observations  began  in  March, 
and  here  but  little  error  has  been  incurred.  In  the  few  cases 
in  which  only  a  single  year  is  named  (e.ff.  Bamsgate),  it  is 
assumed  that  values  for  July  1  will  be  proper. 

No  attempt  has  been  made  to  assign  weight  to  each  yearns 
observations  according  to  the  exact  number  of  months  over 
which  the  tidal  records  extend.  The  data  for  such  weighting 
are  in  many  cases  wanting.  In  computing  the  value  for  a  the 
factor  1  —  I'd'  was  omitted,  but  it  has  been  introduced  finally  as 
explained  below. 
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Indian  Pobts  (c(mtinv>ed). 

[Indian  Tide  Tables,  1881.2.] 


Monthly  Tide.                   Fortnightly  Tide. 

PULCB 

Latitude,. 

VlZAGAPATAH. 

17*41' 

Madbas. 
1304' 

POBT  BXiAIB, 
B08B  iRIilND. 

110  40J' 

80. 

81. 

83. 

88. 

Yeab 

1879-80. 

1880-1. 

1880-1. 

1880-1. 

R. 

•036 

•066 

•032 

•059 

e. 

30-07 

3170-64 

341096 

3320-33 

€-2v. 

+  240 16' 

- 170  43' 

+  60  4V 

^20  56' 

A. 

+  -0828 

-h  -0624 

+  -0318 

+  •0589 

B. 

+  •0148 

-  -0167 

+  •0037 

-•0029 

a. 

•0597 

•0634 

•0626 

•0649 

R. 

•021 

•077 

•040 

•020 

e. 

220-48 

620-64 

400-66 

120-95 

e. 

+  220  29' 

+  620  33' 

+  400  39' 

+  12057' 

C. 

+  -0194 

+  •0468 

+  •0304 

+  •0196 

D. 

+  •0080 

+  -0611 

+  •0260 

+  •0045 

0.                   0242                -0263 

•0296 

•0807 

Gauss's  notation  is  adopted  for  the  reductions*.  That  is  to 
say,  [AA]  denotes  the  sum  of  the  squares  of  the  A's,  and  [Aa] 
the  sum  of  the  products  of  each  A  into  its  corresponding  a. 

In  computing  the  value  of  a  for  the  fortnightly  tide  the 
factor  (1  —  ^e')  which  occurs  therein  was  treated  as  being  equal 
to  unity;  since  |e*= -00754,  it  follows  that  the  [aa],  which 
would  be  found  from  the  numbers  given  in  the  table,  must  be 
multiplied  by  (1- -01 508),  and  the  [Aa]  and  [Ba]  by  (1- -00754). 
After  introducing  these  correcting  factors  the  following  results 
were  found ; 

[aa]=-14573,  [AA]=-09831,  [BB]=-02576,  [Aa]=-09836,  [Ba]=-00291 

Brosultsof 

reduction.    [cc]=-02253,  [CC]=-1 1588,  [DD]=07552,  [Cc]=  01533, [Do]=-00202. 


*  See  Gans8*8  works,  or  the  Appendix  to  Ghaavenet*8  Attronomy. 
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Then  according  to  the  method  of  least  squares,  the  following  are  Besults  of 
the  most  probable  values  of  Xy  y,  u,  v. 

^_[Aa]  [Ba]  fCc]  [Dc] 

And  if  m  be  the  number  of  observations  (which  in  the  present 
case  is  33)  the  mean  errors  of  x,  y,  u,  v  are  respectively 

1         /[A A]  [aa]  ~  [A^'  l^       /[BB]  [aa]  -  [Ba]' 

J_    /iCCn^"^[Cc]'  1_      /[DD][cc]  -  [D7[' 

[cc]V  m-l  '  [cc]V"         w-1 

The  probable  errors  are  found  from  the  mean  errors  by  multi- 
plying by  '6745. 

I  thus  find  that 
X  =  -675  ±  056,  y  =  '020  ±  "055,  u  =  -680  ±  -258,  v  =  -090  ±  218. 

The  smallness  of  the  values  of  y  and  v  is  satisfactory;  for,  as 
stated  above  (§  848  (d)),  if  the  equilibrium  theory  were  true  for 
the  two  tides  under  discussion,  they  should  vanish.  Moreover 
the  signs  are  in  agreement  with  what  they  should  be,  if  friction 
be  a  sensible  cause  of  tidal  retardation.  But  considering  the 
magnitude  of  the  probable  errors,  it  is  of  course  rather  more 
likely  that  the  non-evanescence  of  y  and  v  is  due  to  errors  of 
observation*. 

If  the  solid  earth  does  not  yield  tidally,  and  if  the  equi- 
librium theory  is  fulfilled,  a;  and  u  should  each  be  approximately 

*  Shortly  alter  these  compatations  were  completed  Professor  Adams  hap- 
pened to  observe  a  misprint  in  the  Tidal  Report  for  1872.  This  Beport  gives 
the  method  employed  in  the  reduction  by  harmonic  analysis  of  the  tidal  obser- 
vations,  and  the  erroneons  formula  relates  to  the  reduction  of  the  tides  of  long 
period.  On  inquiring  of  Mr  Boberts,  who  has  superintended  the  harmonic 
analysis,  it  appears  that  the  erroneous  foimula  has  been  throughout  used  in  the 
reductions.  A  discussion  of  this  mistake  and  of  its  effects  will  be  found  in  a 
paper  communicated  to  the  British  Association  by  me  in  1882.  It  appears  that 
the  values  of  the  fortnightly  tide  are  not  seriously  vitiated,  but  the  monthly 
elliptic  tide  will  have  suffered  much  more.  This  will  probably  account  for  the 
large  probable  error  which  I  have  found  for  the  value  of  the  monthly  tide.  If  a 
reoomputation  of  aU  the  long-period  tides  should  be  carried  out,  I  think  there  is 
good  hope  that  the  probable  error  of  the  value  of  the  fortnightly  tide  may  also 
berednoed* 
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unity,  and  if  it  yields  tidally  they  should  have  equal  valu^. 
The  very  close  agreement  between  them  is  probably  somewhat 
due  to  chance.  From  this  point  of  view  it  seems  reasonable  to 
combine  all  the  observations,  resulting  from  66  years  of  obser- 
vation, for  both  sorts  of  tides  together. 

Then  writing  X  and  Y  for  the  numerical  factors  by  which 
the  equilibrium  values  of  the  two  components  of  either  tide  are 
to  be  multiplied  in  order  to  give  the  actual  results,  I  find 

X = -676  ±  076,     F=  -029  +  -065. 

Tidal  yidd-      These  results  really  seem  to   present  evidence   of  a  tidal 
Mrth'B       yielding  of  the  earth's  mass,  showing  that  it  has  an  effective 


Bigidiiy      rifidditv  about  equal  to  that  of  steel  *. 

about  equal    ^        •'  ^ 

^^er  But  this  residt  is  open  to  some  doubt  for   the   following 

of  rteei.       reason : 

Taking  only  the  Indian  results  (48  years  in  all),  which  are 
much  more  consistent  than  the  English  ones,  I  find 

X  =  -931  ±  056,     F=  155  ±  068. 

We  thus  see  that  the  more  consistent  observations  seem  to 
bring  out  the  tides  more  nearly  to  their  theoretical  equilibrium- 
values  with  no  elastic  yielding  of  the  solid. 

It  is  to  be  observed  however  that  the  Indian  results  being 
confined  within  a  narrow  range  of  latitude  give  (especially  when 
we  consider  the  absence  of  minute  accuracy  in  the  evaluation  of 
(S  in  §  848  (c))  a  less  searching  test  for  the  elastic  yielding,  than 
a  combination  of  results  from  all  latitudes. 

On  the  whole  we  may  fairly  conclude  that,  whilst  there  is 
some  evidence  of  a  tidal  yielding  of  the  earth's  mass,  that 
yielding  is  certainly  small,  and  that  the  effective  rigidity  is  at 
least  as  great  as  that  of  steel. 

*  It  ifl  remarkable  that  elastio  yielding  of  the  apper  strata  of  the  earth,  in 
the  case  where  the  sea  does  not  cover  the  whole  suif aoe,  may  lead  to  an  apparent 
augmentation  of  oceanic  tides  at  some  places,  sitoated  on  the  coasts  of  conti- 
nents. This  subject  is  investigated  in  the  Report  for  1882  of  the  Committee  of 
the  British  Association  on  **  The  Lunar  Disturbance  of  Gravity."  It  is  there, 
however,  erroneously  implied  that  this  kind  of  elastic  yielding  would  cause  an 
apparent  augmentation  of  tide  at  all  stations  of  observation. 


APPENDIX  TO  CHAPTER  VII. 


The  foUovnng  Appendices  are  reprinte  of  papers  published  at  various  times. 
Excepting  where  it  is  expressly  so  stated,  or  where  it  is  obvious  from  the 
context,  they  speak  as  from  the  date  of  publication.  The  marginal  notes 
are  however  now  added  for  the  first  time. 

(C.) — Equations  of  Equilibrium  of  an  Elastic  Solid 

DEDUCED  FEOM  THE  PRINCIPLE  OF  ENERGY*. 

(a)  Let  a  solid  composed  of  matter  fulfilling  no  condition  of 
isotropj  in  any  part,  and  not  homogeneous  from  part  to  part, 
be  given  of  any  shape,  unstrained,  and  let  every  point  of  its 
surface  be  altered  in  position  to  a  given  distance  in  a  given 
direction.  It  is  required  to  find  the  displacement  of  every  point 
of  its  substance,  in  equilibrium.  Let  x,  y,  z  be  the  co-ordinates 
of  any  particle,  P,  of  the  substance  in  its  undisturbed  position,  and 
«  +  a,  y + j9,  «  +  y  its  co-ordinates  when  displaced  in  the  manner  strain  of 
specified :  that  is  to  say,  let  a,  j3,  y  be  the  components  of  the  tafeBp^i- 
required  displacement.     Then,  if  for  brevity  we  put  etom^ts. 


A 


'{t*^)'<i)*m 


M* 


(i)j 


dada      /dp     i\^     ^/^      -\ 
"dydz     \dy       J  dz     dy\dz       ) 

T_da/da     -\      dfidfi      /dy        \^ 
"  dz  \dx       J      dz  dx      \dz       Jdx 

/da     .\da     dfi/dp     -\      d^dy^ 
^\dx       )  dy     dx\dy       )     dxdy 

these  six  quantities  A,  J^,  C7,  o^  6,  c  are  proved  [§  190  (e)  and 
§  181  (5)]  to  thoroughly  determine  the  strain  experienced  by  the 

*  Appendix  to  a  paper  by  Sir  W.  Thomson  on  "Dynamical  problems  re- 
garding Elastic  Spheroidal  Shells  and  Spheroids  of  incompressible  liquid." 
PHL  Trans.  1863,  Vol.  153,  p.  610. 
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Strain  ajMci- 
fled  by  six 
element!. 


Antioi> 
patory  ap- 
plication of 
the  Camot 
and  Glau- 
siuB  ther- 
modynamic 
law: 


its  combina- 
tion with 
Joule's  law 
expressed 
analytically 
for  elastic 
solid. 


Potential 
energy  of 
deforma- 
tion; 


a  minimum 
for  stable 
equilibriun-i. 


substance  infinitelj  near  the  particle  P  (irrespectively  of  any 
rotation  it  may  experience),  in  the  following  manner: 

(6.)  Let  ^,  17, 1^  be  the  undisturbed  co-ordinates  of  a  particle 
infinitely  near  P,  relatively  to  axes  through  P  parallel  to  those 
of  X,  y,  %  respectively ;  and  let  f^,  17^,  J^^  be  the  co-ordinates 
relative  still  to  axes  through  P,  when  the  solid  is  in  its  strained 
condition.     Then 

f;  +  V  +  C  =  ^?  +  ^^*+C'r  +  2ai7t  +  26«.».2c^ (2); 

and  therefore  all  particles  which  in  the  strained  state  lie  on  a 
spherical  surface 

are  in  the  unstrained  state,  on  the  ellipsoidal  sur&ce^ 

iif«  +  ^i7V(7r+ 2ai7i;+ 26Cg+ 2c^  =  r;. 

This  (§§  155— t165)  completely  defines  the  homogeneous  strain  of 
the  matter  in  the  neighbourhood  of  P, 

(c.)  Hence,  the  thermodynamic  principles  by  which,  in  a  paper 
on  the  '^Thermo-elastic  Properties  of  Matter^/'  Green's  dynamical 
theory  of  elastic  solids  was  demonstrated  as  part  of  the  modem 
dynamical  theory  of  heat,  show  that  if  todaxh/dz  denote  the  work 
required  to  alter  an  infinitely  small  undisturbed  volume,  docdydz, 
of  the  solid,  into  its  disturbed  condition,  when  its  temperature 
is  kept  constant^  we  must  have 

w=/{A,  B,  Cy  a,  6,  c) (3) 

where  f  denotes  a  positive  function  of  the  six  elements,  which 
vanishes  when  -4—1,  -6-1,  C—  1,  a,  6,  c  each  vanish.  And  if 
IT  denote  the  whole  work  required  to  produce  the  change  actually 
experienced  by  the  whole  solid,  we  have 

W  =  j j jijodxdydz (4) 

where  the  triple  integral  is  extended  through  the  space  occupied 
by  the  undisturbed  solid 

(d,)  The  position  assumed  by  every  particle  in  the  interior  of 
the  solid  will  be  such  as  to  make  this  a  minimum  subject  to  the 
condition  that  every  particle  of  the  surface  takes  the  position 
given  to  it  j  this  being  the  elementary  condition  of  stable  equili- 
brium.    Hence,  by  the  method  of  variations 

hW=^jjjh%odxdydz  =  0 (5). 

*  Quarterly  Joum,  of  Math.,  April,  1865,  or  Mathematiedl  and  Physical 
Papen  by  Sir  W.  Thomson,  1882,  Art.  xlviii.  Part  vii. 
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But^  exhibitmg  only  terms  depending  on  8a,  we  have 

dx 

(^  dw  da     dwda     dw  fdo.      ^  \)  cBa 
(   dB  dy     da  dz 


«    _  Jo  ^  /^      1  \      dw  da      dtv  da\ 
\   dA  \dx       J      db  dz      dc  dy) 

)} 


+  ":^  r^  +  i 


PotentuJ 
energy  of 
deforma- 
tion; 

a  minimum 
for  stable 
equilibrium. 


dy 
dSa 


dy  '  da  dz  '  dc  \dx 

r^  dw  da     dw  da  dw  /da      -  \)  dSa 

\    dC  dz      da  dy  db  \dx        ))   dz 

+  etc. 


Hence,  integrating  by  parts,  and  observing  that  8a,  8ft  8y  vanish 
at  the  limiting  surface,  we  have 


»"'--f//'*^{(f*f*S)«--* 


•} 


(6) 


where  for  brevity  P,  Q,  R  denote  the  multipKere  of  ^ ,  ^ ,  ^ 

ckc     dy     dz 

respectively,  in  the  preceding  expression.   In  order  that  8  IF  may 

vanish,  the  multipliers  of  8a,  8j8,  ^^  in  the  expression  now  found 

for  it,  must  each  vanish,  and  hence  we  have,  as  the  equations  of 

equilibrium 


d  (^  dw  /da      -  \      dw  da      dw  da'i 
dx\    dA  \dx       )      ~dbdz      ~dc  dy] 


d_ 
dy 

dz 


I9  —  ^     ^^  ^     ^^  f^^     1  M 
\    dBdy     dadz      dc  \dx        J) 

{^  rfa      dw  da      dw  /da      1  \ )      /^ 
dC^'^did^'^'dh  \S  **■//■" 
etc.     etc. 


(7), 


Equations 
of  internal 
equilibrium 
of  an  elastic 
solid  experi- 
encing no 
bodily  force. 


J 


of  which  the  second  and  third,  not  exhibited,  may  be  written 
down  merely  by  attending  to  the  symmetry. 

(ft)  From  the  property  of  w  that  it  is  necessarily  positive  when 
there  is  any  strain,  it  follows  that  there  must  be  some  distribu- 
tion of  strain  through  the  interior  which  shall  make  JJJwdxdydz 
the  least  possible,  subject  to  the  prescribed  surface  condition ;  and 
therefore  that  the  solution  of  equations  (7)  subject  to  this  con-  fion'pntved 
dition,  is  possible.     If,  whatever  be  the  nature  of  the  solid  as  unique 

when  snr— 

to  difference  of  elasticity  in  different  directions,  in  any  part,  and  taxe  dia- 
as  to  heterogeneity  from  part  to  part,  and  whatever  be  the  u  givei^ 
extent  of  the  change  of  form  and  dimensions  to  which  it  is  oan  be  un- 
subjected,  there  cannot  be  any  internal  config\i ration  of  unstable  ubriiun?'**" 


Their  solu- 
vec 
and 
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Mribrmii- 
cnefora 

oossolkL 


of  the 

brilftoiii- 

ctndebodJlj 

roroe,Mid 

data  of  mr- 

faoeeaqr. 


Tmiattion 
to  case  of  in- 
floitelj 
■mall 
■tniiifl. 


Gnon's 
theoiy: 


equilibrium,  nor  oonaequently  any  but  one  of  stable  equilibrimn, 
with  the  prescribed  surface  displacement^  and  no  disturbing  foroe 
on  the  interior ;  then,  besides  being  always  positive^  w  mnst  be 
such  a  function  of  A,  JS,  etc,  that  there  can  be  only  one  solution 
of  the  equations.  This  is  obviously  the  case  whan  the  unstrained 
solid  is  homogeneoua 

{/,)  It  is  easy  to  include,  in  a  general  investigation  similar  to 
the  preceding,  the  effects  of  any  foroe  on  the  interior  substance, 
such  as  we  have  considered  particularly  for  a  spherical  shell,  of 
homogeneous  isotropic  matter,  in  §§  730... 737  above.  It  is  also 
easy  to  adapt  the  general  investigation  to  superficial  data  of  ybrce, 
instead  of  displacement 

(^.)  Whatever  be  the  general  form  of  the  function  /  for  any 
part  of  the  substance,  since  it  is  always  positive  it  cannot  change 
in  sign  when  j1  - 1,  ^—  1,  (7  - 1,  a»  5,  c,  have  their  signs  changed; 
and  therefore  for  infinitely  small  values  of  these  quantities  it  must 
be  a  homogeneous  quadratic  function  of  them  with  constant  co- 
efficients. (And  it  may  be  useful  to  observe  that  for  all  values  of 
the  variables  A,  B,  etc.,  it  must  therefore  be  expressible  in  the 
8ame  form,  with  varying  coefficients,  each  of  which  is  always 
finite,  for  all  values  of  the  variablea)  Thus,  for  infinitely  small 
strains  we  have  Green's  theory  of  elastic  solids,  founded  on  a 
homogeneous  quadratic  function  of  the  components  of  strain,  ex- 
pressing the  work  required  to  produce  it     Thus,  putting 


A-l  =  2e,  B-l  =  2/,  C-l  =  2g.... 

and  denoting  by  J  (e,  e),  i(/,/)|... («,/),...(«,  an- 
cients, we  have,  as  above  (§  673), 


(8) 

.  the  ooeffi- 


io» 


l{(a,e)^  +  (/,/)/'+G^,^)/+(a,a)a'  +  (6,6)y+(c,c)<j'} 

+  («i/)  ^+  (^> 9)  ^9  +  («> »)  ««  +  («>  *)  «*+(«»  c)«c 
+(/,  9)f9  +  W  »)/«+  (f.V)fb^  (f.c)fc 
+  {g,a)  ga  +  (gr,  6)  ^6+(^,c)  ge 
+  (0)5)  oft +(0,0)00 
+(6,c)6c  ^ 


(9)- 


dw  da 


(A.)  When  the  strains  are  infinitely  small  the  products  ^-r-  -7- , 

.^  --.    etc.,  are  each  infinitely  small,  of  the  second  order.     We 
db  dz 
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therefore  omit  them ;  and   then   attending  to  (8),   we  reduce  Caw  of 

infinite] 

small 

stnizia:— 


/mK  .  infinitely 

(7)  to  BmaU 


d  dw  d  dw  d  dw     .. 

dx  de  dy  dc  dz  db  ~ 

d  dw  d  dw  d  dw  ^^ 

dx  dc  dy  df  dzda~ 

d  dw  d  dw  d  dw     ^ 

—         H —  4-  —  —  =  0 

dx  db  dy  da  dz  dg 


dynamio 
equations 
/iA\        of  internal 
V^h       equili- 
brium: 


which  are  the  equations  of  interior  equilibrium.     Attending  to 

/A\  \.      dw      dw 

(9)  we  see  that  -j-  ...  j«'«  *re  linear  functions  of  «,  fy  g,  a, 

b,  c  the  components  of  strain.  Writing  out  one  of  them  as  an 
example  we  have 

^ « (tf,  e)  e  +  {e,/)/+  (e, g)g  +  {e,  a)  a  +  (e,  6)  6  +  (e,  c)c... (11). 

Andy  Oy  Py  y  denoting,  as  before,  the  component  displacements  of 
any  interior  particle,  P,  from  its  undisturbed  position  (a;,  y,  z) 
we  have,  by  (8)  and  (1) 


dp      dy        ,      dy      da  da      dp 

dz      dy^  dx     dz'  dy      dx 


and  relative 
(12).       kinematic 
equations. 


It  is  to  be  observed  that  the  coefficients  (e,  e),  {e,  /),  etc.,  will  be 
in  general  functions  of  (x,  y,  z),  but  will  be  each  constant  when 
the  unstrained  solid  is  homogeneous. 

(t.)   It  is  now  easy  to  prove  directly,  for  the  case  of  infinitely 
small  strains,  that  the  solution  of  the  equations  of  interior  equi- 
librium, whether  for  a  heterogeneous  or  a  homogeneous  solid,  Solution 
subject  to  the  prescribed  surface  condition,  is  unique.     For,  let  unique 
a,  )3,  y  be  components  of  displacement  fulfilling  the  equations,  the  body 
and  let  a\  p^,  y  denote  any  other  functions  of  x,  y,  z,  having  mneous  or 
the  same  surface  values  as  a,  /9,  y,  and  let  e\  /',...,  «/  denote  ©us  wSen^ 
functions  depending  on  them  in  the  same  way  as  «,  /,  .,.,  w  de-  p^l^meni!' 
pend  on  a,  p,  y.     Thus  by  Taylor's  theorem,  "  ^''®"' 

,  dw  .  .      .     dw ,  ^     ..     dWf,      .  .  dw ,  ,      .     dw ...    ..  .  dw ,  ,     »    _. 

«'_«=_(e'_,)+_(/'-/)+_(^_j)+_(a'-a)+^(6'-6)  +  ^{c'-c)+H. 

where  H  denotes  the  same  homogeneous  quadratic  function  of 
VOL.  u.  30 
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Case  of  in- 
flnifcely 
small 
strains:— 


solntion  not 
necessarily 
unique, 
when  the 
Murface  data 
are  of  force. 


Condition 
that  sub- 
stance ma^ 
be  isotropic, 
without 
limitation 
to  infinitely 
small 
strains: 


e'-  c,  etc.,  tliat  to  is  of  e,  eta  If  for  e'  — c,  etc.,  we  substitate 
their  values  by  (12),  this  becomes 

.«'     .n     <^M^^K-<*)  ,  dwdja'-a)      dtDd{a-a)  „ 

to  —  to  =  -J—         y-      +  -jr  i +  ~r~  — jT" —  +  eiic  +  xz. 

de        ax  do       dz  dc       dy 

Multiplying  by  dxdydz,  integrating  by  parts,  observing  that 
a  -  a,  iS'  -  ft  y  -  y  vanish  at  the  bounding  surface,  and  taking 
account  (10),  we  find  simply 

fJJ{w'-w)dxdydz=ffJHdxdydz (13). 

But  ff  is  essentially  positive.  Therefore  every  oih^  interior 
condition  than  that  specified  by  a,  j8,  y,  provided  only  it  has  the 
same  bounding  surface,  requires  a  greater  amount  of  work  than 
w  to  produce  it:  and  the  excess  is  equal  to  the  work  that  would 
be  required  to  produce,  from  a  state  of  no  displacement,  such  a 
displacement  as  superimposed  on  a,  ft  y,  would  produce  the 
other.  And  inasmuch  as  a,  ft  y,  fulfil  only  the  conditions  of 
satisfying  (11)  and  having  the  given  surfiu^e  values,  it  follows 
that  no  other  than  one  solution  can  fulfil  these  conditions. 

(j,)  But  (as  has  been  pointed  out  to  us  by  Stokes)  when  the 
surfisu^  data  are  of  force,  not  of  displacement,  or  when  force  acts 
from  without,  on  the  interior  substance  of  the  body,  the  solution 
is  not  in  general  unique,  and  there  may  be  configurations  of 
unstable  equilibrium  even  with  infinitely  small  displacement 
For  instance,  let  part  of  the  body  be  composed  of  a  steel- bar 
magnet ;  and  let  a  magnet  be  held  outside  in  the  same  line,  and 
with  a  pole  of  the  same  name  in  its  end  nearest  to  one  end  of  the 
inner  magnet.  The  equilibrium  will  be  unstable,  and  there  will 
be  positions  of  stable  equilibrium  with  the  inner  bar  slightly  in- 
clined to  the  line  of  the  outer  bar,  unless  the  rigidity  of  the  rest 
of  the  body  exceed  a  certain  limit. 

(k.)  Recurring  to  the  general  problem,  in  which  the  strains  are 
not  supposed  infinitely  small ;  we  see  that  if  the  solid  is  isotropic 
in  every  part,  the  function  of  A,  B,  C,  a,  6,  c  which  expresses 
to,  must  be  merely  a  function  of  the  roots  of  the  equation 

[§  181  (11)] 

(^-r)(5-r)(<7-r)-«'(^-r)-6'(5-n-«'(c-r)+2aftc=o...(u) 

which  (that  is  the  positive  values  of  Q  are  the  ratios  of  elongar 
tion  along  the  principal  axes  of  the  strain-ellipsoid.     It  is  un- 
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necessary  here  to  enter  on  the  analytical  expression  of  this 
condition.  For  in  the  case  of  -4  -  1,  B-l,  (7-1,  a,  b,  c  each 
infinitely  small,  it  obviously  requires  that 

(e,e)={/,/)=(ff,9);  (/,ff)=i9,e)={e,/);  (a,a)={b,b)=(c,c)-A 
(e,a)={/,b)={ff,c)=0;  (b,c)=(c,a)=(a,b)=0;  and  \-{l5). 

(e,  b)=  (e,  c)  =(/,  c)=(/,a)={g,  a)=  {g,  6)=0.  J 

Thus  the  21  coefficients  are  reduced  to  three — 

(e,  e)  which  we  may  denote  by  the  single  letter  S, 

{A  9)  »  »  »  »  ^> 

(a,  a)  „  „  „  „  n. 

It  is  clear  that  this  is  necessary  and  sufficient  for  insuring  cvhic  expressed  in 

,  ,  .      equations 

iaotropy;  that  is  to  say,  perfect  equality  of  elastic  properties  among  the 
with  reference  to  the  three  rectangular  directions  OX,  OY,  OZ,  elasticity 
But  for  spherical  iaotropy,  or  complete  isotropy  with  reference  to  infinitely 
all  directions  through  the  substance,  it  is  further  necessary  that  strains. 

a-W  =  2/i (16); 

as  is  easily  proved  analytically  by  turning  two  of  the  axes  of 
co-ordinates  in  their  own  plane  through  45*^;  or  geometrically 
by  examining  the  nature  of  the  strain  represented  by  any  one  of 
the  elements  a,  6,  c  (a  simple  shear)  and  comparing  it  with  the 
resultant  of  c,  and  f  =  —  6  (which  is  also  a  simple  shear).  It  is 
convenient  now  to  put 

A  +  i3  =  2m;  so  that  21  =  m  +  w,  98  =  m-w (17); 

and  thus  the  expression  for  the  potential  energy  per  unit  of 
volume  becomes 

2w=m(«+/+^)'+n(e'+/'+<;'-2/j?-2j7e-2e/+a'+6'+c')...(18).      ^^f^ 

,  Using  this  in  (9),  and  substituting  for  6,  f,  g,  a,  6,  c  their  values  smaii 
by  (12),  we  find  immediately  the  equations  of  internal  equi-  in  isotropic 
librium,  which  are  the  same  as  (6)  of  §  698.  ■**"^- 

(/.)  To  find  the  mutual  force  exerted  across  any  surface  within 
the  solid,  as  expressed  by  (1)  of  §  662,  we  have  clearly,  by  con- 
sidering the  work  done  respectively  by  P,  Q,  E,  S,  T,  U  (§  662) 
on  any  infinitely  small  change  of  figure  or  dimensions  in  the 

solid,  CpmponentB 

'  of  stress  re- 

Tt      dw        ^     dw        J,     dw        cf      dw       m     dw       ,^     dw       .     •  infinitely 

^=^'    ^"^df'  dg'  d^'  d6'    ^=rfc"(^^)^      ^l 

30—2 
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Hence,  for  an  isotropic  solid,  (18)  giyes  the  expressions  which  we 
have  ased  above,  (12)  of  §  673. 

(m,)  To  interpret  the  coefficients  m  and  n  in  connexion  with 
elementary  ideas  as  to  the  elasticity  of  the  solid ;  first  let 
a  s  5  =  c  =  0,  and  e  ~/=  g  =  ^^:  in  other  words,  let  the  substance 
experience  a  uniform  dilatation,  in  all  directions,  producing  an 
expansion  of  volume  from  1  to  1  +  8.     In  this  case  (18)  becomes 


and  we  have 


dw 


Hence  {m  -  ^n)  8  is  the  normal  force  per  unit  area  of  its  surface 
required  to  keep  any  portion  of  the  solid  expanded  to  the  amount 
specified  by  8.  Thus  7H-ln  measures  the  elastic  force  called 
out  by,  or  the  elastic  resistance  against  change  of  volume:  and 
viewed  as  a  modulus  of  elasticity^  it  may  be  called  the  bulk- 
modulus.  [Compare  §§  692,  693,  694,  688,  682,  and  680.] 
What  is  commonly  called  the  ''compressibility"  is  measured  by 
l/im-^n). 

And  let  next  e  =f—  g  =  b  =  c-0;  which  gives 

tv  =  ^na';  and,  by  (19),  S=  na. 

This  shows  that  the  tangential  force  per  unit  area  required  to 
produce  an  infinitely  small  shear  (§  171),  amounting  to  a,  is  na. 
Hence  n  measures  the  innate  power  of  the  body  to  resist  change 
of  shape,  and  return  to  its  original  shape  when  force  has  been 
applied  to  change  it :  that  is  to  say,  it  measures  the  rigidity  of 
the  substance. 


Appendix  D. 

Dissipation 
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(D). — On  the  Seculak  Cooling  of  the  Earth*. 

(a.)  For  eighteen  years  it  has  pressed  on  my  mind,  that 
essential  principles  of  Thermo-dynamics  have  been  overlooked 
by  those  geologists  who  uncompromisingly  oppose  all  paroxysmal 
hypotheses,  and  maintain  not  only  that  we  have  examples  now 
before  us,  on  the  earth,  of  all  the  different  actions  by  which  its 
crust  has  been  modified  in  geological  history,  but  that  these 
actions  have  never,  or  have  not  on  the  whole,  been  more  violent 
in  past  time  than  they  are  at  present. 

Transaetiom  of  the  Royal  Society  of  Edinburgh,  1862  (W.  Thomson). 
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(6.)  It  is  quite  certain  the  solar  system  cannot  have  gone  on,  Dissipation 
even  as  at  present^  for  a  few  hundred  thousand  or  a  few  million  from  ti^ 
years,  without  the  irrevocable  loss  (by  dissipation/  not  by  anni-  system. 
hilcUion)  of  a  very  considerable  proportion  of  the  entire  energy 
initially  in  store  for  sun  heat,  and  for  Plutonic  action.  It  is 
quite  certain  that  the  whole  store  of  energy  in  the  solar  system 
has  been  greater  in  all  past  time  than  at  present ;  but  it  is  con- 
ceivable that  the  rate  at  which  it  has  been  drawn  upon  and  dis- 
sipated, whether  by  solar  radiation,  or  by  volcanic  action  in  the 
earth  or  other  dark  bodies  of  the  system,  may  have  been  nearly 
equable,  or  may  even  have  been  less  rapid,  in  certain  periods  of 
the  past.  But  it  is  far  more  probable  that  the  secular  rate  of 
dissipation  has  been  in  some  direct  proportion  to  the  total  amount 
of  energy  in  store,  at  any  time  after  the  commencement  of  the 
present  order  of  things,  and  has  been  therefore  very  slowly 
diminishing  from  age  to  age. 

(c.)  I  have  endeavoured  to  prove  this  for  the  sun's  heat,  in  an  Teirestml 
article  recently  published  in  MacmiMan*  8  Magazine  (M8iTch.lS62)*,  fluencedby 
where  I  have  shown  that  most  probably  the  sun  was  sensibly  bab&  hotter 
hotter  a  million  years  ago  than  he  is  now.     Hence,  geological  million 
speculations  assuming  somewhat  greater  extremes  of  heat,  more  ^^''  °^ 
violent  storms  and  floods,  more  luxuriant  vegetation,  and  hardier 
and  coarser  grained  plants  and  animals,  in  remote  antiquity,  are 
more  probable  than  those  of  the  extreme  quietist,    or  "uni- 
formitarian'^  school.     A  middle  path,  not  generally   safest  in 
scientific  speculation,,  seems  to  be  so  in  this  case.     It  is  probable 
that  hypotheses  of  grand  catastrophes  destroying  all  life  from 
the  earth,  and  ruining  its  whole  surface  at  once,  are  greatly  in 
error ;  it  is  impossible  that  hypotheses  assuming  an  equability 
of  sun  and  storms  for  1,000,000  years,  can  be  wholly  trua 

(d)  Fourier's  mathematical  theory  of  the  conduction  of  heat 
is  a  beautiful  working  out  of  a  particular  case  belonging  to  the 
general  doctrine  of  the  "Dissipation  of  Energy  f."  A  character- 
istic of  the  practical  solutions  it  presents  is,  that  in  each  case  a 

*  Beprinted  as  Appendix  E,  below. 

t  Proceedingt  of  Royal  Soc.  Edin.,  Feb.  1862.  "  On  a  universal  Tendency 
in  Nature  to  the  Dissipation  of  Mechanical  Energy/'  Mathematical  and  Physical 
Papert,  by  Sir  W.  Thomson,  1882,  Art.  lix.  Also,  "  On  the  Restoration  of  Energy 
in  an  unequally  Heated  Space/'  PhiL  Mag,,  1853,  first  half  year,  Mathematical 
and  Physical  Papers,  by  Sir  W.  Thomson,  1882,  Ait.  lxii. 
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local  fi^eo- 
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surveys, 
for  estima- 
tion of  ab- 
solute dates 
in  geology. 


distribution  of  temperature,  becoming  gradually  equalized  through 
an  unlimited  future,  is  expressed  as  a  function  of  the  time,  which 
is  infinitely  divergent  for  all  times  longer  past  than  a  definite 
determinable  epoch.  The  distribution  of  heat  at  such  an  epoch 
is  essentially  initial — that  is  to  say,  it  cannot  result  from  any 
previous  condition  of  matter  by  natural  processes.  It  is,  then, 
well  called  an  "arbitrary  initial  distribution  of  heat,"  in  Fourier's 
great  mathematical  poem,  because  that  which  is  rigorously  ex- 
pressed by  the  mathematical  formula  could  only  be  realized  by 
action  of  a  power  able  to  modify  the  laws  of  dead  matter.  In  an 
article  published  about  nineteen  years  ago  in  the  Cambridge 
Mathematical  Journal* ^  I  gave  the  mathematical  criterion  for  an 
essentially  initial  distribution ;  and  in  an  inaugural  essay,  ^'De 
Motu  Caloris  per  Teme  Corpus,"  read  before  the  Faculty  of  the 
University  of  Glasgow  in  1846,  I  suggested,  as  an  application 
of  these  principles,  that  a  perfectly  complete  geothermic  survey 
would  give  us  data  for  determining  an  initial  epoch  in  the  pro- 
blem of  terrestrial  conduction.  At  the  meeting  of  the  British 
Association  in  Glasgow  in  1855,  I  urged  that  special  geothermic 
surveys  should  be  made  for  the  purpose  of  estimating  absolute 
dates  in  geology,  and  I  pointed  out  some  cases,  especially  that 
of  the  salt-spring  borings  at  Creuznach,  in  Rhenish  Prussia,  in 
which  eruptions  of  basaltic  rock  seem  to  leave  traces  of  their 
igneous  origin  in  residual  heatt.'  I  hope  this  suggestion  may  yet 
be  taken  up,  and  may  prove  to  some  extent  useful ;  but  the  dis- 
turbing influences  affecting  underground  temperature,  as  Pro- 
fessor Phillips  has  well  shown  in  a  recent  inaugural  address  to 
the  Geological  Society,  are  too  great  to  allow  us  to  expect  any 
very  precise  or  satisfactory  results  |. 

(e.)  The  chief  object  of  the  present  communication  is  to  esti- 
mate from  the  known  general  increase  of  temperature  in  the 
earth  downwards,  the  date  of  the  first  establishment  of  that  eoTir 
sistentiar  status^  which,  according  to  Leibnitz's  theory,  is  the 
initial  date  of  all  geological  history. 


♦  Feb.  1844.— "Note  on  Certain  Points  in  the  Theory  of  Heat,"  MathemaiU 
cal  and  Physical  Papers,  by  Sir  W.  Thomson,  1882,  Vol.^i.  Art.  x. 

t  See  British  ABSOciation  Beport  of  1855  (Glasgow)  Meeting. 

t  Muoh  work  in  the  direction  suggested  above  has  been  already  earned  ont 
by  the  Coiuniittte  of  tlic  British  Asi»ociation,  on  Underground  Temperature. 
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(/)    In  all  parts  of  the  world  in  which  the  earth's  crust  has  increase  of 

«r»  1  1  •      temperature 

been  examined,  at  sumciently  great  depths  to  escape  large  in-  downwards 
fluence  of  the  irregular  and  of  the  annual  variations  of  the  super-  crust:  but 

very  iwi* 

ficial  temperature,  a  gradually  increasing  temperature  has  been  perfectly 
found  in  going  deeper.  The  rate  of  augmentation  (estimated  at  hitherto, 
only  XTTT^^  ^^  ^  degree,  Fahr.,  in  some  localities,  and  as  much 
as  j^jth  of  a  degree  in  other,  per  foot  of  descent)  has  not  been 
observed  in  a  sufficient  number  of  places  to  establish  any  fair 
average  estimate  for  the  upper  crust  of  the  whole  earth.  But 
-^th  is  commonly  accepted  as  a  rough  mean;  or,  in  other  words, 
it  is  assumed  as  a  result  of  observation,  that  there  is,  on  the 
whole,  about  V  Fahr.  of  elevation  of  temperature  per  50  British 
feet  of  descent. 

(g,)    The  fact  that  the  temperature  increases  with  the  depth  s«cu1mp  Iom 
implies  a  continual  loss  of  heat  from  the  interior,  by  conduction  of  the  earth 

XX  •  -L     demon- 

outwards  through  or  into  the  upper  crust.     Hence,  since  the  strated: 

upper  crust  does  not  become  hotter  from  year  to  year,  there 
must  be  a  secular  loss  of  heat  from  the  whole  earth.     It  is  pos- 
sible that  no  cooling  may  result  from  this  loss  of  heat,  but  only 
an  exhaustion  of  potential  energy,   which  in  this  case  could 
scarcely  be  other  than  chemical   affinity   between   substances  but  not  so 
forming  part  of  the  earth's  mass.     But  it  is  certain  that  either  orpast 
the  earth  is  becoming  on  the  whole  cooler  from  age  to  age,  or  cooling, 
the  heat  conducted  out  is  generated  in  the  inteiior  by  temporary  JSJbaWe. 
dynamical  (that  is,  in  this  case,  chemical)  action  *.     To  suppose, 
as  Lyell,  adopting  the  chemical  hypothesis,  has  done  f ,  that  the 
substances,  combining  together,  may  be  again  separated  electro- 
lytically  by  thermo-electric  currents,  due  to  the  heat  generated  ^l}**'^  *^' 
bv  their  combination,  and  thus  the  chemical  action  and  its  heat  electric 

•^  '  ,  ,      ,  per])etual 

continued  in  an  endless  cycle,  violates  the  principles  of  natural  motion, 
philosophy  in  exactly  the  same  manner,  and  to  the  same  degree, 
as  to  believe  that  a  clock  constructed  with  a  self-winding  move- 
ment may  fulfil  the  expectations  of  its  ingenious  inventor  by 
going  for  ever. 

*  Another  kind  of  dynamical  action,  capable  of  generating  heat  in  the  interior 
of  the  earth,  is  the  friction  which  would  impede  tidal  oscillations,  if  the  earth 
were  partially  or  wholly  constituted  of  viscous  matter.  See  a  paper  by  Mr  G.  H. 
Darwin,  "  On  problems  connected  with  the  tides  of  a  viscous  spheroid."  Phil. 
Trans.  Part  u.  1879. 

t  Principles  of  Geology,  chap.  zzxi.  ed.  1853. 
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Chemical 
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ground heat 
not  impos- 
sible, but 
very  impro- 
bable. 


(A.)  It  must  indeed  be  admitted  that  many  geological  writers 
of  the  "Uniformitarian"  school,  who  in  other  respects  have 
taken  a  profoundly  philosophical  view  of  their  subject,  have 
argued  in  a  most  fallacious  manner  against  hypotheses  of  violent 
action  in  past  ages.  If  they  had  contented  themselves  with 
showing  that  many  existing  appearances,  although  suggestive  of 
extreme  violence  and  sudden  change,  may  have  been  brought 
about  by  long-continued  action,  or  by  paroxysms  not  more  in- 
tense than  some  of  which  we  have  experience  within  the  periods 
of  human  history,  their  position  might  have  been  unassailable  ; 
and  certainly  could  not  have  been  assailed  except  by  a  detailed 
discussion  of  their  facts.  It  would  be  a  very  wonderful,  but  not 
an  absolutely  incredible  result,  that  volcanic  action  has  never 
been  more  violent  on  the  whole  than  during  the  last  two  or  three 
centuries;  but  it  is  as  certain  that  there  is  now  less  volcanic 
energy  in  the  whole  earth  than  there  was  a  thousand  years  ago, 
as  it  is  that  there  is  less  gunpowder  in  a  '*  Monitor"  after  she 
has  been  seen  to  discharge  shot  and  shell,  whether  at  a  nearly 
equable  rate  or  not,  for  five  hours  without  receiving  fresh  sup 
plies,  than  there  was  at  the  beginning  of  the  action.  Yet  thi? 
truth  has  been  ignored  or  denied  by  many  of  the  leading  geolo* 
gists  of  the  present  day  *,  because  they  believe  that  the  facts  within 
their  province  do  not  demonstrate  greater  violence  in  ancient 
changes  of  the  earth's  surface,  or  do  demonstrate  a  nearly  equable 
action  in  all  periods. 

(i.)  The  chemical  hypothesis  to  account  for  underground  heat 
might  be  regarded  as  not  improbable,  if  it  was  only  in  isolated 
localities  that  the  temperature  was  found  to  increase  with  the 
depth;  and,  indeed,  it  can  scarcely  be  doubted  that  chemical 
action  exercises  an  appreciable  influence  (possibly  n^;ative,  how- 
ever) on  the  action  of -volcanoes;  but  that  there  is  slow  uniform 
'' combustion,"  ereTnacatdsiSf  or  chemical  combination  of  any  kind 
going  on,  at  some  great  unknown  depth  under  the  surface  every- 
where, and  creeping  inwards  gradually  as  the  chemical  affinities 
in  layer  after  layer  are  successively  saturated,  seems  extremely 
improbable,  although  it  cannot  be  pronounced  to  be  absolutely 
impossible,  or  contrary  to  all  analogies  in  nature.     The  less 

*  It  must  be  borne  in  mind  that  this  was  written  in  1862.  The  opposite 
statement  oonoeming  the  beliefs  of  geologists  wonld  probably  be  now  nearer  the 
tmth. 
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hypothetical  view,  however,  that  the  earth  is  merely  a  warm 
chemically  inert  body  cooling,  ia  clearly  to  be  preferred  in  the 
present  state  of  science. 

(j.)   Poisson's  celebrated  hypothesis,  that  the  present  under-  PoiMon's 
ground  heat  is  due  to  a  passage,  at  some  former  period,  of  the  to  account 
solar  system  through  hotter  steUar  regions,  cannot  provide  the  S'de^'"*'^ 
circumstances  required  for  a  palaeontology  continuous  through  Seatproved 
that  epoch  of  external  heat     For  from  a  mean  of  values  of  the  ™th3Sf  ^* 
conductivity,  in  terms  of  the  thermal  capacity  of  unit  volume,  of  ofiLS!°**°" 
the  earth's  crust,  in  three  different  localities  near  Edinburgh, 
deduced  from   the   observations  on   underground  temperature 
instituted  by  Principal   Forbes  there,  I  find  that  if  the  sup- 
posed transit   through   a   hotter   region  of  space   took  place 
between  1250  and  5000  years  ago,  the  temperature  of  that  sup- 
posed region  must  have  been  from  25^  to  50°  Fahr.  above  the 
present  mean  temperature  of  the  earth's  surface,  to  account  for 
the  present  general  rate  of  underground  increase  of  temperature, 
taken  as  V  Fahr.  in  50  feet  downwards.     Human  history  nega- 
tives this  supposition.     Again,  geologists  and  astronomers  will, 
I  presume,  admit  that  the  earth  cannot,  20,000  years  ago,  have 
been  in  a  region  of  space  100°  Fahr.  warmer  than  its  present 
surface.     But  if  the  transition  from  a  hot  region  to  a  cool  region  poisson's 
supposed  by  Poisson  took  place  more  than  20,000  years  ago,  the  dfs^yed  aa 
excess  of  temperature  must  have  been  more  than  100°  Fahr.,  and  JSJemui^ 
must  therefore  have  destroyed  animal  and  vegetable  life.    Hence,  Leibnfta's 
the  further  back  and  the  hotter  we  can  suppose  Poisson's  hot  **^«'*'y- 
region,  the  better  for   the  geologists  who  require  the  longest 
periods ;  but  the  best  for  their  view  is  Leibnitz's  theory,  which 
simply  supposes  the  earth  to  have  been  at  one  time  an  incan- 
descent liquid,  without  explaining  how  it  got  into  that  state.     If 
we  suppose  the  temperature  of  melting  rock  to  be  about  10,000° 
Fahr.  (an  extremely  high  estimate),  the  consolidation  may  have 
taken  place  200,000,000  years  ago.     Or,  if  we  suppose  the 
temperature  of  melting  rock  to  be  7000°  Fahr.  (which  is  more 
nearly  what  it  is  generally  assumed  to  be),  we  may  suppose  the 
consolidation  to  have  taken  place  98,000,000  years  ago. 

(k.)   These  estimates  are  founded  on  the  Fourier  solution  de-  Probable 
monstrated  below.     The  greatest  variation  we  have  to  make  in  nnoertainty 
them,  to  take  into  account  the  differences  in  the  ratios  of  con-  mai  oon- 
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ductivities  to  specific  heats  of  the  three  Edinburgh  rocks,  is  to 
reduce  them  to  nearly  half,  or  to  increase  them  by  rather  more 
than  half.  A  reduction  of  the  Greenwich  underground  observa- 
tions recently  communicated  to  me  by  Professor  Everett  of 
Windsor,  Nova  Scotia,  gives  for  the  Greenwich  rocks  a  quality 
intermediate  between  those  of  the  Edinburgh  rocks.  But  we  are 
very  ignorant  as  to  the  effects  of  high  temperatures  in  altering 
the  conductivities  and  specific  heats  of  rocks,  and  as  to  their 
latent  heat  of  fusion.  We  must,  therefore,  allow  very  wide 
limits  in  such  an  estimate  as  I  have  attempted  to  make ;  but  I 
think  we  may  with  much  probability  say  that  the  consolidation 
cannot  have  taken  place  less  than  20,000,000  years  ago,  or  we 
should  have  more  underground  heat  than  we  actually  haye,  nor 
more  than  400,000,000  years  ago.  or  we  should  not  have  so  much 
as  the  least  observed  underground  increment  of  temperature. 
That  is  to  say,  I  conclude  that  Leibnitz's  epoch  of  emei^noe 
of  the  consisterUior  status  was  probably  between  those  dates. 

(L)  The  mathematical  theory  on  which  these  estimates  are 
founded  is  very  simple,  being,  in  fact,  merely  an  application  of 
one  of  Fourier's  elementary  solutions  to  the  problem  of  finding 
at  any  time  the  rate  of  variation  of  temperature  from  point  to 
point,  and  the  actual  temperature  at  any  point,  in  a  solid  extend- 
ing to  infinity  in  all  directions,  on  the  supposition  that  at  an 
initial  epoch  the  temperature  has  had  two  different  constant 
values  on  the  two  sides  of  a  certain  infinite  plane.  The  solution 
for  the  two  required  elements  is  as  follows : — 


dv_r 


-gfil^Kt 


2V  f«/2\/«< 


V=V,^-j^ 


IT 


r 

JO 


dZ€ 


-«a 


where  k  denotes  the  conductivity  of  the  solid,  measured  in  terms 
of  the  thermal  capacity  of  the  unity  of  bulk; 

r,  half  the  difference  of  the  two  initial  temperatures; 

Vq,  their  arithmetical  mean; 

tj  the  time; 

Xy  the  distance  of  any  point  from  the  middle  plane; 

V,  the  temperature  of  the  point  x  and  t; 

and,  consequently  (according  to  the  notation  of  the  differential 
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calculus),  dv/dx  the  rate  of  variation  of  the  temperature  per  unit 
of  length  perpendicular  to  the  isothermal  planes. 

(m.)  To  demonstrate  this  solution,  it  is  sufficient  to  verify — 

(1.)   That  the  expression  for  v  satisfies  Fourier's  equation  for 
the  linear  conduction  of  heat,  viz. : 

dv  _^    cPv 
~dt'~     dx'' 

(2.)  That  when  t  =  0,  the  expression  for  v  becomes  %  +  7  for  all 
positive,  and  v^—V  for  all  negative  values  of  x;  and  (3.) That  the  proof, 
expression  for  dv/dx  is  the  differential  coefficient  of  the  expres- 
sion for  V  with  reference  to  x.  The  propositions  (1.)  and  (3.)  are 
proved  directly  by  diflferentiation.  To  prove  (2.)  we  have,  when 
t  =  Oy  and  X  positive, 

or  according  to  the  known  value,  ^Jtt,  of  the  definite  integral 
1    dz€''\  v  =  v^-hV; 


-9% 


v^v^-'i-  -r-  I    e&e"* 


'0 

'0 


and  for  all  values  of  ty  the  second  term  has  equal  positive  and 
negative  values  for  equal  positive  and  negative  values  of  x^  so 
that  when  <  =  0  and  x  negative, 

v^v^  —  Y, 

The  admirable  analysis  by  which  Fourier  arrived  at  solutions  in- 
cluding this,  forms  a  most  interesting  and  important  mathematical 
study.  It  is  to  be  found  in  his  Theorie  Ancdytique  de  la  ChcUeiur, 
Paris,  1822. 

(w.)  The  accompanying  diagram  (page  477)  represents,  by  two 
curves,  the  preceding  expressions  for  dv/dx  and  v  respectively. 

(o.)  The  solution  thus  expressed  and  illustrated  applies,  for  a  Exi)reMion 
certain  time,  without  sensible  error,  to  the  case  of  a  solid  sphere,  tempemture 
primitively  heated  to  a  uniform  temperature,  and  suddenly  ex-  offTi^t^ 
posed  to  any  superficial  action,  which  for  ever  after  keeps  the  S^cSgto 
surface  at  some  other  constant  temperature.     If,  for  instance,  **°^' 
the  case  considered  ia  that  of  a  globe  8000  miles  diameter  of 
solid  rock,  the  solution  will  apply  with  scarcely  sensible  error  for 
more  than  1000  millions  of  years.     For,  if  the  rock  be  of  a 
certain  average  quality  as  to  conductivity  and  specific  heat,  the 
value  of  K,  as  found  in  a  previous  communication  to  the  Boyal 
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Society,*  will  be  400,  for  unit  of  length  a  British  foot  and  nnit  of 
time  a  year;  and  the  equation  expressing  the  solution  becomes 

and  if  we  give  t  the  value  1,000,000,000,  or  anything  less,  the 
exponential  factor  becomes  less  than  c~'-'  (which  being  equal 
to  about  ^^,  may  be  regarded  as  insensible),  when  x  exceeds 
3,000,000  feet,  or  568  miles.  That  is  to  say,  during  the  first 
1000  million  years  the  variation  of  temperature  does  not  become 
sensible  at  depths  exceeding  568  miles,  and  is  therefore  con- 
fined to  so  thin  a  crust,  that  the  influence  of  curvature  may  be 
neglected. 

(p.)  K,  now,  we  suppose  the  time  to  be  100  million  years  from 
the  commencement  of  the  variation,  the  equation  becomes 

dv 


dx 


8-54X10* 


pr^-a^A8WxlO» 


The  diagram,  therefore,  shows  the  variation  of  temperature  which 
would  now  exist  in  the  earth  if,  its  whole  mass  being  first  solid 
and  at  one  temperature  100  million  years  ago,  the  temperature  of 
its  surfEtce  had  been  everywhere  suddenly  lowered  by  V  degrees, 
and  kept  permanently  at  this  lower  temperature:  the  scales  used 
being  as  follows: — 

(1)  For  depth  below  the  surface, — scale  along  OX,  length  a 
represents  400,000  feet. 

(2)  For  rate  of  increase  of  temperature  per  foot  of  depth,— 
scale  of  ordinates  parallel  to  07",  length  6,  represents  ^ii(^^^  of 
V  per  foot.  If,  for  example,  r=7000^  Fahr.  this  scale  will 
be  such  that  h  represents  ^i^  of  a  degree  Fahr.  per  foot. 

(3)  For  excess  of  temperature, — scale  of  ordinates  parallel  to 
or,  length  6,  represents  VjlJir,  or  7900^  if  V=  7000*  Fahr. 

Thus  the  rate  of  increase  of  temperature  from  the  sur&ce 
downwards  would  be  sensibly^  of  a  degree  per  foot  for  the 
first  100,000  feet  or  so.  Below  that  depth  the  rate  of  increase 
per  foot  would  begin  to  diminish  sensibly.  At  400,000  feet  it 
would  have  diminished  to  about  j^  of  a  degree  per  foot    At 
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INCBEASE   OF  TEMPERATURE  DOWNWARDS  IN  THE  EARTH. 


ON^x, 


NP'=h€-^i<»=y', 


NP=area  ON  FA 


1  f * 
-f-a  =  -  I    yUJx, 
a  JQ^ 


dv     V      NP 


NP 


v-v^V. 


b^i^' 


Distribution 
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of  average 
rock: 


wacmiKr 


OPQ  curve  showing  excess  of  temperature  above  that  of  the  surface. 
AFR  curve  showing  rate  of  augmentation  of  temperature  downwards. 


graphically 
represented. 
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800,000  feet  it  would  have  diminished  to  less  than  -^  of  its 
initial  value, — that  is  to  say,  to  less  than  ^^^^  of  a  degree  per 
foot;  and  so  on,  rapidly  diminishing,  as  shown  in  the  curve. 
Such  is,  on  the  whole,  the  most  probable  representation  of  the 
earth's  present  temperature,  at  depths  of  from  100  feet,  where 
the  annual  variations  cease  to  be  sensible,  to  100  miles;  below 
which  the  whole  mass,  or  all  except  a  nucleus  cool  from  the 
beginning,  is  (whether  liquid  or  solid),  probably  at,  or  very 
nearly  at,  the  proper  melting  temperature  for  the  pressure  at 
each  depth. 

(q,)  The  theory  indicated  above  throws  light  on  the  question  so 
often  discussed,  as  to  whether  terrestrial  heat  can  have  influenced 
climate  through  long  geological  periods,  and  allows  us  to  answer 
it  very  decidedly  in  the  negativa  There  would  be  an  increment  of 
temperature  at  the  rate  of  2**  Fahr.  per  foot  downwards  near  the 
surface  10,000  years  after  the  beginning  of  the  cooling,  in  the 
case  we  have  supposed.  The  radiation  from  earth  and  atmo- 
sphere into  space  (of  which  we  have  yet  no  satisfactory  absolute 
measurement)  would  almost  certainly  be  so  rapid  in  the  earth's 
actual  circumstances,  as  not  to  allow  a  rate  of  increase  of  2°  Fahr. 
per  foot  underground  to  augment  the  temperature  of  the  surface 
by  much  more  than  about  V;  and  hence  T  infer  that  the  general 
climate  cannot  be  sensibly  affected  by  conducted  heat  at  any  time 
more  than  10,000  years  after  the  commencement  of  superficial 
solidification.  No  doubt,  however,  in  particular  places  there 
might  be  an  elevation  of  temperature  by  thermal  springs,  or  by 
eruptions  of  melted  lava,  and  everywhere  vegetation  would,  for 
the  first  three  or  four  million  years,  if  it  existed  so  soon  after 
the  ejx)ch  of  consolidation,  be  influenced  by  the  sensibly  higher 
temperature  met  with  by  roots  extending  a  foot  or  more  below 
the  surface. 

(r.)  Whatever  the  amount  of  such  effects  is  at  any  one  time, 
it  would  go  on  diminishing  according  to  the  inverse  proportion  of 
the  square  roots  of  the  times  from  the  initial  epoch.  Thus,  if  at 
10,000  years  we  have  2®  per  foot  of  increment  below  ground, 

At  40,000  years  we  shoulil  have  1"  per  foot. 
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It  is  therefore  probable  that  for  the  last  96,000,000  years  the 
rate  of  increase  of  temperature  under  ground  has  gradually 
diminished  from  about  ^th  to  about  -^th  of  a  degree  Fahrenheit 
per  foot,  and  that  the  thickness  of  the  crust  through  which  any 
stated  degree  of  cooling  has  been  experienced  has  in  that 
period  gradually  increased  up  to  its  present  thickness  from  ^th 
of  that  thickness.  Is  not  this,  on  the  whole,  in  harmony  with 
geological  evidence,  rightly  interpreted?  Do  not  the  vast  masses 
of  basalt,  the  general  appearances  of  mountain-ranges,  the  vio- 
lent distortions  and  fractures  of  strata,  the  grecat  prevalence  of 
metamorphic  ciction  (which  must  have  taken  place  at  depths  of 
not  many  miles,  if  so  much),  all  agree  in  demonstrating  that  the 
rate  of  increase  of  temperature  downwards  must  have  been  much 
more  rapid,  and  in  rendering  it  probable  that  volcanic  energy, 
earthquake  shocks,  and  every  kind  of  so-called  plutonic  action, 
have  been,  on  the  whole,  more  abundantly  and  violently  opera- 
tive in  geological  antiquity  than  in  the  present  age? 

(«.)  But  it  may  be  objected  to  this  application  of  mathematical  Objections 
theory — (1),  That  the  earth  Was  once  all  melted,  or  at  least  trial  appii- 
melted  all  round  its  surface,  and  cannot  possibly,  or  rather  cannot  raised  and 
with  any  probability,  be  supposed  to  have  been  ever  a  uniformly 
heated  solid,  7000*^  Fahr.  warmer  than  our  present  surface 
temperature,  as  assumed  in  the  mathematical  problem  j  and  (2) 
No  natural  action  could  possibly  produce  at  one  instant,  and 
maintain  for  ever  after,  a  seven  thousand  degrees'  lowering  of 
the  surface  temperature.  Taking  the  second  objection  first,  I 
answer  it  by  saying,  what  I  think  cannot  be  denied,  that  a  large 
mass  of  melted  rock,  exposed  freely  to  our  air  and  sky,  will,  after 
it  once  becomes  crusted  over,  present  in  a  few  hours,  or  a  few 
days,  or  at  the  most  a  few  weeks,  a  surface  so  cool  that  it  can  be 
walked  over  with  impunity.  Hence,  after  10,000  years,  or, 
indeed,  I  may  say  after  a  single  year,  its  condition  will  be  sensibly 
the  same  as  if  the  actual  lowering  of  temperature  experienced  by 
the  surface  had  been  produced  in  an  instant,  and  maintained 
constant  ever  after.  I  answer  the  first  objection  by  saying,  that 
if  experimenters  will  find  the  latent  heat  of  fusion,  and  the  varia- 
tions of  conductivity  and  specific  heat  of  the  earth's  crust  up  to 
its  melting  point,  it  wiU  be  easy  to  modify  the  solution  given 
above,  so  as  to  make  it  applicable  to  the  case  of  a  liquid  globe 
gradually  solidifying  from  without  inwards,  in  consequence  of 
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heat  conducted  through  the  solid  crust  to  a  cold  external  medium. 
In  the  meantime,  we  can  see  that  this  modification  will  not  make 
anj  considerable  change  in  the  resulting  temperature  of  any 
point  in  the  crust,  unless  the  latent  heat  parted  with  on  solidifi- 
cation proves,  contrary  to  what  we  may  expect  from  analogy,  to 
be  considerable  in  comparison  with  the  heat  that  an  equal  mass 
of  the  solid  yields  in  cooling  from  the  temperature  of  solidifica- 
tion to  the  superficial  temperature.  But,  what  is  more  to  the 
purpose,  it  is  to  be  remarked  that  the  objection,  plausible  as  it 
appears,  is  altogether  fallacious,  and  that  the  problem  solved 
above  corresponds  much  more  closely,  in  all  probability,  with  the 
actual  history  of  the  earth,  than  does  the  modified  problem  sug- 
gested by  the  objection.  The  earth,  although  once  all  melted,  or 
melted  all  round  its  surface,  did,  in  all  probability,  really  become 
a  solid  at  its  melting  temperature  all  through,  or  all  through  the 
outer  layer,  which  had  been  melted ;  and  not  until  the  solidifica- 
tion was  thus  complete,  or  nearly  so,  did  the  surface  begin  to 
cool.  That  this  is  the  true  \iew  can  scarcely  be  doubted,  when 
the  following  arguments  are  considered. 

(t.)  Id  the  first  place,  we  shall  assume  that  at  one  time  the 
earth  consisted  of  a  solid  nucleus,  covered  all  round  with  a  very 
deep  ocean  of  melted  rocks,  and  left  to  cool  by  radiation  into 
space.  This  is  the  condition  that  would  supervene,  on  a  cold 
body  much  smaller  than  the  present  earth  meeting  a  great  number 
of  cool  bodies  still  smaller  than  itself,  and  is  therefore  in  accord- 
ance with  what  we  may  regard  as  a  probable  hypothesis  r^ardiDg 
the  earth's  antecedents.  It  includes,  as  a  particular  case,  the 
commoner  supposition,  that  the  earth  was  once  melted  through- 
out, a  condition  which  might  result  from  the  collision  of  two  nearly 
equal  masse&  But  the  evidence  which  has  convinced  most  geolo- 
gists that  the  earth  had  a  fieiy  beginning,  goes  but  a  very  small 
depth  below  the  surface,  and  afibrds  us  absolutely  no  means  of 
distinguishing  between  the  actual  phenomena,  and  those  which 
would  have  resulted  from  either  an  entire  globe  of  liquid  rock, 
or  a  cool  solid  nucleus  covered  with  liquid  to  any  depth  exceed- 
ing 50  or  100  miles.  Hence,  irrespectively  of  any  hypothesis 
as  to  antecedents  from  which  the  earth's  initial  fiery  condition 
may  have  followed  by  natural  causes,  and  simply  assuming,  as 
rendered  probable  by  geological  evidence,  that  there  was  at  one 
time  melted  rock  all  over  the  surface,  we  need  not  assume  the 
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depth  of  this  lava  ocean  to  have  been  more  than  50  or  100  miles; 
although  we  need  not  exclude  the  supposition  of  anj  greater  depth, 
or  of  an  entire  globe  of  liquid. 

(u,)   In  the  process  of  refi'igeration,  the  fluid  must  [as  I  have 
remarked  regarding  the  sun,  in  a  recent  article  in  Macmillan^s 
Magazine  (March,.  1862)^,  and  regarding  the  earth's  atmosphere, 
in  a  communication  to  the  Literary  and  Philosophical  Society  of 
Manchester  t]  be  brought  by  convection,  to  fulfil  a  definite  law  of  ^jgg^^ 
distribution  of  temperature  which  I  have  called  "convective  equi-  J^^§^* 
librium  of  temperature."     That  is  to  say,  the  temperatures  at  ^^^ 
different  parts  in  the  interior  must  [in  any  great  fluid  mass 
which  is  kept  well  stirred]  differ  according  to  the  different  pres- 
sures by  the  difference  of  temperatures  which  any  one  portion 
of  the  liqtdd  would  present,  if  given  at  the  temperature  and  pres- 
sure of  any  part,  and  then  subjected  to  variation  of  pressure,  but  must  have 
prevented  from  losing  or  gaining  heat.     The  reason  for  this  is  proxinuttely 
the  extreme  slowness  of  true  thermal  conduction ;   and  the  con-  until  aolidi- 
sequently  preponderating  influence  of  great  currents  throughout  oommenoed. 
a  continuous  fluid  mass,  in  determining  the  distribution  of  tem- 
perature through  the  whole. 

(v.)  The  thermo-dynamic  law  connecting  temperature  and 
pressure  in  a  fluid  mass,  not  allowed  to  lose  or  gain  heat,  in- 
vestigated theoretically,  and  experimentally  verified  in  the  cases 
of  air  and  water,  by  Dr  Joule  and  myself |,  shows,  therefore, 
that  the  temperature  in  the  liquid  will  increase  from  the  surface 
downwards,  if ,  as  is  most  probably  the  case,  the  liquid  contracts 
in  cooling.     On  the  other  hand,  if  the  liquid,  like  water  near  its 

*  See  Appendix  E,  below. 

t  Proeeedingg,  Jan.  1862.  **  On  the  Gonvective  Equilibrium  of  Temperature 
in  the  Atmosphere." 

X  Joule,  "  On  the  Changes  of  Temperature  produced  by  the  Barefaction  and 
Condensation  of  Air,"  Phil.  Mag.  1845.  Thomson,  "On  a  Method  for  Deter- 
mining Experimentally  the  Heat  evolved  by  the  Compression  of  Air ;"  Dynamical 
Theory  of  Heat,  Part  IV.,  Trans.  R,  8.  E.,  Session  1850-51;  and  reprinted" 
Pkik  Mag.  Joule  and  Thomson,  "On  the  Thermal  Effects  of  Fluids  in  Motion," 
Trans.  B,  8.  Lond.,  June  1853  and  June  1854.  Joule  and  Thomson,  ''  On  the 
Alterations  of  Temperature  accompanying  Changes  of  Pressure  in  Fluids," 
Proceedings  i2.  8.  Ixmd.,  June  1857.  These  articles,  except  the  first  by  Joule, 
are  all  noyr.  republished  in  Vol.  I.  Arts,  xlviu.  and  xlix.  of  Mathematical  and 
Physical  Papers,  by  Sir  W.  Thomson. 

VOL.   IX.  31 
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freeziBg-pointy  expands  in  cooling,  the  temperataie,  according 
to  the  convective  and  therxno-dTnamic  laws  jnst  stated  (^  u,  v), 
would  actually  be  lower  at  great  depths  than  near  the  sur&oe, 
even  although  the  liquid  is  cooling  £rom  the  surface ;  but  there 
would  be  a  very  thin  superficial  layer  of  lighter  and  cooler  liquid, 
losing  heat  by  true  conduction,  until  solidification  at  the  surface 
would  commence. 

(w,)  Again,  according  to  the  thermo-dynamic  law  of  freezing, 
investigated  by  my  brother*.  Professor  James  Thomson,  and 
yeri6ed  by  myself  experimentally  for  water  t,  the  temperature  of 
solidification  will,  at  great  depths,  because  of  the  great  pressure, 
be  higher  there  than  at  the  surface  if  the  fluid  contracts,  or  lower 
than  at  the  surface  if  it  expands,  in  becoming  solid. 

(x.)  How  the  temperature  of  solidification,  for  any  pressure, 
may  be  related  to  the  corresponding  temperature  of  fluid  con- 
vective equilibrium,  it  is  impossible  to  say,  without  knowledge^ 
which  we  do  not  yet  possess,  regarding  the  expansion  with  heat, 
and  the  specific  heat  of  the  fluid,  and  the  change  of  volume,  and 
the  latent  heat  developed  in  the  transition  from  fluid  to  solid. 

.  (y,)  For  instance,  supposing,  as  is  most  probably  true,  both 
that  the  liquid  contracts  in  cooling  towards  its  freezing-pointy 
and  that  it  contracts  in  freezing,  we  cannot  tell,  without  definite 
numerical  data  regarding  those  elements,  whether  the  elevation 
of  the  temperature  of  solidification,  or  of  the  actual  temperature 
of  a  portion  of  the  fluid  given  just  above  its  freezing-point,  pro- 
duced by  a  given  application  of  pressure  is  the  greater.  If  the 
former  is  greater  than  the  latter,  solidification  would  commence 
at  the  bottom,  or  at  the  centre,  if  there  is  no  solid  nucleus  to 
begin  with,  and  would  proceed  outwards ;  and  there  could  be  no 
complete  permanent  incrustation  all  round  the  surface  till  the 
whole  globe  is  solid,  with,  possibly,  the  exception  of  irregular, 
comparatively  small  spaces  of  liquid. 

(z.)  If,  on  the  contrary,  the  elevation  of  temperature,  produced 


*  **  Theoretical  Considerations  regarding  the  Effect  of  Pressure  in  lowering 
the  Freezing-point  of  Water/'  Trans.  R.  8.  E,,  Jan.  1849.  Bepablished  by 
permission  of  the  author,  in  Vol.  I.  (pp.  156 — 164)  of  Mathematical  and  Phy- 
tical  Papers^  by  Sir  W.  Thomson,  1882. 

t  Proceedingg  R.  S.  £.,  Session  1849*50.  MatheffiaHeal  and  Pk^neal  Pofen^ 
by  Sir  W,  Thomson,  1882,  p.  165, 
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by  an  application  of  pressure  to  a  given  portion  of  the  fluid,  is 
greater  than  the  elevation  of  the  freezing  temperature  produced 
by  the  same  amount  of  pressure,  the  superficial  layer  of  the  fluid 
would  be  the  first  to  reach  its  freezing-point,  and  the  first  actually 
to  freeze. 

(oa.)  But  if,  according  to  the  second  supposition  of  §  v^  the 
liquid  expanded  in  cooling  near  its  freezing-point,  the  solid  would 
probably  likewise  be  of  less  specific  gravity  than  the  liquid  at  its 
freezing-point.  Hence  the  surface  would  crust  over  permanently 
with  a  crust  of  solid,  constantly  increasing  inwards  by  the  freez- 
ing of  the  interior  fluid  in  consequence  of  heat  conducted  out 
through  the  crust  The  condition  most  commonly  assumed  by 
geologists  would  thus  be  produced. 

(66.)   But  Bischof  s  ezperimentf«,  upon  the  validity  of  which,  importance 
as  far  as  I  am  aware,  no  doubt  has  ever  been  thrown,  show  that  mental  in. 

'  '  ,       veBtigation 

melted  granite,  slate,  and  trachyte,  all  contract  by  something  of  oontrao- 

about  20  per  cent,  in  freezing.    We  ought,  indeed,  to  have  more  pansion  of 

experiments  on  this  most  important  point,  both  to  verify  Bischof  s  rooks  in 

■olidifloa* 
results  on  rocks,  and  to  learn  how  the  case  is  with  iron  and  other  tion. 

unoxydised  metals.  In  the  meantime  we  must  consider  it  as  pro- 
bable that  the  melted  substance  of  the  earth  did  really  contract 
by  a  very  considerable  amount  in  becoming  solid. 

{cc.)  Hence  if,  according  to  any  relations  whatever  among  the 
complicated  physical  circumstances  concerned,  freezing  did  really 
commence  at  the  surface,  either  all  round  or  in  any  part,  before 
the  whole  globe  had  become  solid,  the  solidified  superficial  layer 
must  have  broken  up  and  sunk  to  the  bottom,  or  to  the  centre, 
before  it  could  have  attained  a  sufficient  thickness  to  rest  stably 
on  the  lighter  liquid  below.     It  is  quite  clear,  indeed,  that  if  at  Bisdhof'i 
any  time  the  earth  were  in  the  condition  of  a  thin  solid  shell  of,  proving^ 
let  us  suppose  50  feet  or  100  feet  thick  of  granite,  enclosing  a  make  it 
continuous  melted  mass  of  20  per  cent,  less  specific  gravity  in  its  that  the* 
upper  parts,  where  the  pressure  is  small,  this  condition  cannot  never  al. 
have  lasted  many  minutes.   The  rigidity  of  a  solid  shell  of  super-  <^i  tuf 
ficial  extent  so  vast  in  comparison  with  its  thickness,  must  be  as  uon  ^^^ 


nothing,  and  the  slightest  disturbance  would  cause  some  part  to  romp?ete^^^ 
bend  down,  crack,  and  allow  the  liquid  to  run  out  over  the  whole  StSior  **** 
solid.     The  crust  itself  would  in  consequence  become  shattered 
into  fragments,  which  must  all  sink  to  the  bottom,  or  meet  in 
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the  centre  and  form  a  nucleus  there  if  there  is  none  to  begin 
with. 

(dd,)  It  is,  however,  scarcely  possible,  that  any  such  continaous 
crust  can  ever  have  formed  all  over  the  melted  surfisuse  at  one 
time,  and  afterwards  have  fallen  in.  The  mode  of  solidification 
conjectured  in  §  y,  seems  on  the  whole  the  most  consistent  with 
what  we  know  of  the  physical  properties  of  the  matter  ooncemed. 
So  far  as  regards  the  result,  it  agrees,  I  believe,  with  the  view 
adopted  as  the  most  probable  by  Mr  Hopkins*.  But  whether 
from  the  condition  being  rather  that  described  in  §  2;,  which 
seems  also  possible,  for  the  whole  or  for  some  parts  of  the  hetero- 
geneous substance  of  the  earth,  or  from  tbe  viscidity  as  of  mortar, 
which  necessarily  supervenes  in  a  melted  fluid,  composed  of  in- 
gredients becoming,  as  the  whole  cools,  separated  by  crystallizing 
at  different  temperatures  before  the  solidification  is  perfect^  and 
which  we  actually  see  in  lava  from  modem  volcanoes;  it  is  pro- 
bable that  when  the  whole  globe,  or  some  very  thick  superficial 
layer  of  it,  still  liquid  or  viscid,  has  cooled  down  to  near  its  tem- 
perature of  perfect  solidification,  incrustation  at  the  surface  must 
commence. 

(ee,)  It  is  probable  that  crust  may  thus  form  over  wide  extents 
of  surface,  and  may  be  temporarily  buoyed  up  by  the  vesicular 
character  it  may  have  retained  from  the  ebullition  of  the  liquid 
in  some  places,  or,  at  all  events,  it  may  be  held  up  by  the 
viscidity  of  the  liquid ;  until  it  has  acquired  some  considerable 
thickness  sufficient  to  allow  gravity  to  manifest  its  claim,  and 
sink  the  heavier  solid  below  the  lighter  liquid.  This  process 
must  go  on  until  the  sunk  portions  of  crust  build  up  from  the 
bottom  a  sufficiently  close  ribbed  solid  skeleton  or  frame,  to  allow 
fresh  incrustations  to  remain  bridging  across  the  now  small  areas 
of  lava  pools  or  lakes. 

(j7i)  In  the  honey-combed  solid  and  liquid  mass  thus  formed, 
there  must  be  a  continual  tendency  for  the  liquid,  in  consequence 
of  its  less  specific  gravity,  to  work  its  way  up ;  whether  by  masses 
of  solid  falling  from  the  roofs  of  vesicles  or  tunnels,  and  causing 
earthquake  shocks,  or  by  the  roof  breaking  quite  through  when 
very  thin,  so  as  to  cause  two  such  hollows  to  unite,  or  the  liquid  of 


*  See  his  report  on  "Earthqaakes  and  Volcanic  Action."    British  Associa* 
tion  Beport  for  1847, 
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any  of  them  to  flow  out  freely  over  the  outer  surfkce  of  the  earth; 
or  by  gradual  subsidence  of  the  solid,  owing  to  the  thermo- 
dynamic melting,  which  portions  of  it,  under  intense  stress,  must 
experience,  according  to  views  recently  published  by  Professor 
James  Thomson*.  The  results  which  must  follow  from  this 
tendency  seem  sufficiently  great  and  various  to  account  for  all 
that  we  see  at  present,  aud  all  that  we  learn  from  geological 
investigation,  of  earthquakes,  of  upheavals,  and  subsidences  of 
solid,  and  of  eruptions  of  melted  rock. 

(gg.)  These  conclusions,  drawn  solely  from  a  consideration  of 
the  necessary  order  of  cooling  and  consolidation,  according  to 
Bischof's  result  as  to  the  relative  specific  gravities  of  solid  and 
of  melted  rock,  are  in  perfect  accordance  with  §§  832... 848, 
regarding  the  present  condition  of  the  earth's  interior, — ^that  it 
is  not,  as  commonly  supposed,  all  liquid  within  a  thin  solid  crust 
of  from  30  to  100  miles  thick,  but  that  it  is  on  the  whole  more 
rigid  certainly  than  a  continuous  solid  globe  of  glass  of  the  same 
diameter,  and  probably  than  one  of  steel. 


(E.)  On  the  Age  of  the  Sun's  HEATt. 

The  second  great  law  of  Thermodynamics  involves  a  certain 
principle  of  irreversible  action  in  nature.  It  is  thus  shown  that, 
although  mechanical  energy  is  iTideetructible,  there  is  a  universal 
tendency  to  its  dissipation,  which  produces  gradual  augmentation  Disdi»tlott 
and  diffusion  of  heat,  cessation  of  motion,  and  exhaustion  of  ^  "'^* 
potential  energy  through  the  material  universe :(.  The  result 
would  inevitably  be  a  state  of  universal  rest  and  death,  if  the 
universe  were  finite  and  left  to  obey  existing  law&  But  it  is 
impossible  to  conceive  a  limit  to  the  extent  of  matter  in  the 
universe;  and  therefore  science  points  rather  to  an  endless 
pn^^ress,  through  an  endless  space,  of  action  involving  the  trans- 

•  Proceedings  of  the  Royal  Society  of  LoTidon,  1861,  "On  Ciystallization 
and  Liquefaction  as  influenced  by  Stresses  tending  to  Change  of  Form  in 

Cxystals." 

t  From  MacmiUan^s  Magazine^  March  1862. 

t  See  Proceedings  R.S^E.  Feb.  1852,  or  PhiLMag.  1853,  first  half  year,  "On 
a  UniverBal  Tendency  in  Nature  to  the  Dissipation  of  Mechanical  Energy." 
Math,  and  Phys.  Papers,  by  Sir  W.  Thomson,  1882,  Art.  Lnt. 


'486 


APPENDIX  £. 


[E. 


formation  of  potential  energy  into  palpable  motion  and  thence 
into  heat,  than  to  a  single  finite  mechanism,  running  down  like 
a  clock,  and  stopping  for  ever.  It  is  also  impossible  to  conoeiTe 
either  the  beginning  or  the  continuance  of  life,  without  an 
overruling  creative  power;  and,  therefore,  no  conclusions  of 
dynamical  science  regarding  the  future  condition  of  the  earUi, 
can  be  held  to  give  dispiriting  views  as  to  the  destiny  of  the 
race  of  intelligent  beings  by  which  it  is  at  present  inhabited. 

The  object  proposed  in  the  present  article  is  an  application  of 
these  general  principles  to  the  discovery  of  probable  limits  to 
the  periods  of  time,  past  and  future,  during  which  the  sun  cfm 
be  reckoned  on  as  a  source  of  heat  and  light.  The  subject  will 
be  discussed  under  three  heads : — 

L     The  secular  cooling  of  the  sun. 

II.  The  present  temperature  of  the  sun. 

III.  The  origin  and  total  amount  of  the  sun's  heat. 

PART  I. 

ON  THE  SECULAR   COOLING  OF  THE  SUN. 


Biftteof 
oooling  of 
Bon  un- 
known. 


/ 


Heat  gene- 
rated oy  fall 
of  meteors 
into  the  sun 


How  much  the  sun  is  actually  cooled  from  year  to  year,  if  at 
all,  we  have  no  means  of  ascertaining,  or  scarcely  even  of  efltimat- 
ing  in  the  roughest  manner.  In  tlie  first  place  we  do  not  know 
that  he  is  losing  heat  at  all.  For  it  is  quite  certain  that  wme 
hecU  is  generated  in  his  atmosphere  by  the  influx  of  meteoric 
matter ;  and  it  is  possible  that  the  cbmoimt  of  heat  so  generated 
from  year  to  year  is  sufficient  to  compensate  the  loss  by  radia- 
tion. It  is,  however,  also  possible  that  the  sun  is  now  an  incan- 
descent liquid  mass,  radiating  away  heat,  either  primitively 
created  in  his  substance,  or,  what  seems  far  more  probable, 
generated  by  the  falling  in  of  meteors  in  past  times,  with  no 
sensible  compensation  by  a  continuance  of  meteoric  action. 

It  has  been  shown*  that,  if  the  former  supposition  were  true, 
the  meteors  by  which  the  sun's  heat  would  have  been  produced 
during  the  last  2,000  or  3,000  years  must  have  been  during  all 


*  '*  On  the  Mechanical  Energies  of  the  Solar  System.'*  Trawaetiom  of  the 
Royal  iiociety  of  EdinburgK  1854,  and  Phil,  Mag,  1864,  seooud  half-year.  Math, 
and  Phyt,  Papers^  by  Sir  W.  Thomson  (Art.  lzvl  of  Vol.  n.  now  in  the  press). 
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that  time  much  within  the  earth's  distance  from  the  snn,  and 
must  therefore  have  approached  the  central  body  in  veiy  gradual 
spirals;  because,  if  enough  of  matter  to  produce  the  supposed 
thermal  effect  fell  in  from  space  outside  the  earth's  orbit,  the 
length  of  the  year  would  have  been  very  sensibly  shortened  by 
the  additions  to  the  sun's  mass  which  must  have  been  made. 
The  quantity  of  matter  annually   falling  in   must,   on  that  inraffioient 
supposition,  have  amounted  to  ^  of  the  earth's  mass,  or  to  supply,  ^ 
17.000.000  ^^  *^®  sun's ;  and  therefore  it  would  be  necessary  to 
suppose  the  zodiacal  light  to  amount  to  at  least  y^^^  of  the 
sun's  mass,  to  account  in  the  same  way  for  a  future  supply  of 
3,000  years'  sun-heat.     When    these    conclusions    were    first 
published  it  was  pointed  out  that  *'  disturbances  in  the  motions 
of  visible  planets"  should  be  looked  for,  as  affording  us  means 
for  estimating  the  possible  amount  of  matter  in  the  zodiacal 
light ;  and  it  was  conjectured  that  it  coilld  not  be  nearly  enough 
to  give  a  supply  of  300,000  years'  heat  at  the  present  rate. 
These  anticipations  have  been  to  some  extent  fulfilled  in  Le 
Yerrier's  great  researches  on  the  motion  of  the  planet  Mercury, 
which  have  recently  given  evidence  of  a  sensible  influence 
attributable  to  matter  circulating  as  a  great  number  of  small 
]>lanet8  within  his  orbit  round  the  sun.     But  the  amoiint  of  beoausothe 
matter  thus  indicated  is  very  small ;    and,  therefore,  if  the  lodiaoal 
meteoric  influx  taking  place  at  present  is  enough  to  produce  ilftn-'^er- 
any  appreciable  portion  of  the  heat  radiated  away,  it  must  be  Janets  ig 
supposed  to  be  from  matter  circulating  round  the  sun,  within  ^llu.^^ 
very  short  distances  of  his  surface.     The  density  of  this  meteoric 
cloud  would  have  to  be  supposed  so  great  that  comets  could 
scarcely  have  escaped,  as  comets  actually  have  escaped,  showing 
no  discoverable  effects  of  resistance,  after  passing  his  surface 
within  a  distance  equal  to  |>  of  his  radius.     All  things  con- 
sidered, there  seems  little  probability  in  the  hypothesis  that 
solar  radiation  is  compensated,  to  any  appreciable  degree,  by 
heat  generated  by  meteors  falling  in,  at  present ;  and,  as  it  can 
be  shown  that  no  chemical  theory  is  tenable^,  it  must  be  con-  The  sun  an 

incan-  \ 

eluded  as  most  probable  that  the  sun  is  at  present  merely  an  descent 
incandescent  liquid  mass  cooling. 

How  much  he  cools  from  year  to  year,  becomes  therefore  a 
*  *'  Mechanical  Energiesi"  Ac.  referred  to  above. 
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question  of  very  seiiouB  import,  but  it  is  one  which  we  are  at 
present  quite  unable  to  answer.  It  is  true  we  have  data  on 
which  we  might  plausibly  found  a  probable  estimate,  and  from 
which  we  might  deduce,  with  at  first  sight  seemingly  well 
founded  confidence,  limits,  not  very  wide,  within  which  the 
present  true  rate  of  the  sun's  cooling  must  lie.  For  we  know, 
from  the  independent  but  concordant  investigations  of  Herschel 
and  Pouillet,  that  the  sun  radiates  every  year  from  his  whole 
surface  about  6  x  10'°  (six  million  million  million  million  million) 
times  as  much  heat  as  is  sufficient  to  raise  the  temperature  of 
1  lb.  of  water  by  V  Cent.  We  also  have  excellent  reason  for 
believing  that  the  sun's  substance  is  very  much  like  the  earth's. 
Stokes's  principles  of  solar  and  stellar  chemistiy  have  been  for 
many  years  explained  in  the  University  of  Glasgow,  and  it  has 
.  been  taught  as  a  first  result  that  sodium  does  certainly  exist  in 
the  sun's  atmosphere,  and  in  the  atmospheres  of  many  of  the 
stars,  but  that  it  is  not  discoverable  in  others.  The  recent 
application  of  these  principles  in  the  splendid  researches  of 
Bunsen  and  Kirchhof  (who  made  an  independent  discovery  of 
Stokes's  theory)  has  demonstrated  with  equal  certainty  that 
there  are  iron  and  manganese,  and  several  of  our  other  known 
metals,  in  the  sim.  The  specific  heat  of  each  of  these  substances 
is  less  than  the  specific  heat  of  water,  which  indeed  exceeds  that 
of  every  other  known  terrestrial  body,  solid  or  liquid.  It  might, 
therefore,  at  first  sight  seem  probable  that  the  mean  specific 
heaf^  of  the  sun's  whole  substance  is  less,  and  very  certain  that 
it  cannot  be  much  greater,  than  that  of  water.  If  it  were  equal 
to  the  specific  heat  of  water  we  should  only  have  to  divide  the 
preceding  number  (6  x  10^),  derived  from  Herschel's  and 
Pouillet's  observations,  by  the  number  of  pounds  (4*23  x  10^)  in 
the  sun's  mass,  to  find  V'i  Cent,  for  the  present  annual  rate  of 

*  The  "Bpecific  heat"  of  a  homogeueouB  body  id  the  quantity  of  heat  that 
a  unit  of  its  subRtance  must  acquire  or  must  part  with,  to  rise  or  to  fall  by  1^  in 
temperature.  The  mean  specific  heat  of  a  heterogeneous  mass,  or  of  a  mass  of 
homogeneous  smbstanoe,  under  different  pressures  in  different  parts,  is  the 
quantity  of  heat  which  the  whole  body  takes  or  gives  in  rising  or  in  falling 
1^  in  temperature,  divided  by  the  number  of  units  in  its  mass.  The  expression, 
*'  mean  specific  heat"  of  the  sun,  in  the  text,  signifies  the  total  amount  of  heat 
actually  radiated  away  from  the  sun,  divided  by  his  mass,  during  any  time  in 
which  the  average  temperature  of  his  mass  sinks  by  1<^,  whatever  physical  or 
chemical  changes  any  part  of  his  substance  may  experience. 
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cooling.  It  might  therefore  seem  probable  that  the  sun  cools 
more,  and  almost  certain  that  he  does  not  cool  less,  than. a  centi- 
grade degree  and  four-tenths  annually.     But,  if  this  estimate 

were  well  founded,  it  would  be  equally  just  to  assume  that  the  and  small- 

'  1        .^  J  ness  of  ex- 

sun's  expansibility  "^  with  heat  does  not  differ  greatly  from  that  pansibility 

of  some  average  terrestrial  body.     If,  for  instance,  it  were  the 

same  as  that  of   solid   glass,  which  is  about    ^q^qq  of  bulk, 

or   i^Q^QQQ  of  diameter,  per  1"  Cent,  (and  for  most  terrestrial 

liquids,  especially   at  high   temperatures,  the   expansibility  is 

much  more),  and  if  the  specific  heat  were  the  same  as  that  of  rendered 

.  -  .  probable  by 

liquid  water,  there  would  be  in  860  years  a  contraction  of  one  abaepce  of 
per  cent,   on  the  sun's   diameter,  which  could  scarcely  have  oontraotion 
escaped  detection  by  astronomical  observation.     There  is,  how-  diameter, 
ever,  a  far  stronger  reason  than  this  for  believing  that  no  such 
amount  of  contraction  can  have  taken  place,  and  liierefore  for 
suspecting  that  the  physical  circumstances  of  the  sun's  mass 
render  the  condition  of  the  substances  of  which  it  is  composed, 
as  to  expansibility  and  specific  heat,  very  different  from  that  of 
the  same  substances  when  experimented  on  in  our  terrestrial 
laboratories.     Mutual  gravitation  between  the  different  parts  of 
the  sun's  contracting  mass  must  do  an  amount  of  work,  which  can- 
not be  calculated  with  certainty,  only  because  the  law  of  the  sun's 
interior  density  is  not  known.     The  amount  of  work  performed  work  done 
during  a  contraction  of  one-tenth  per  cent,  of  the  diameter,  if  uonof  wlar 
the  density  remained  uniform  through  the  interior,  would,  as  ^^ 
Helmholtz  showed,  be  equal  to  20,000  times  the  mechanical  5^^®^^^ 
equivalent  of  the  amount  of  heat  which  Pouillet  estimated  to  ffooS^ 
be  radiated  from  the  sun  in  a  year.     But  in  reality  the  sun's 
density  must  increase  very  much  towards  his  centre,  and  pro- 
bably in  varjdng  proportions,  as  the  temperature  becomes  lower 
and  the  whole   mass    contracts.     We   cannot,   therefore,   say 
'    whether  the  work  actually  done  by  mutual  gravitation  during  a 
contraction  of  one-tenth  per  cent,  of  the  diameter,  would  be 

•  The  **  expansibility  in  volume,"-  or  the  **  cubical  expansibility,"  of  a  body, 
is  an  expression  technically  used  to  denote  the  proportion  which  the  increase  or 
diminution  of  its  bulk,  accompanying  a  rise  or  fall  of  1^  in  its  temperature, 
bears  to  its  whole  bulk  at  some  stated  temperature.  The  expression,  **  the  sun's 
expansibility,"  used  in  the  text,  may  be  taken  as  signifying  the  ratio  which  the 
actual  contzaction,  during  a  lowering  of  his  mean  temperature  by  V  Gent., 
bears  to  his  present  volume. 
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more  or  less  than  the  equivalent  of  20,000  years'  heat ;  but  we 
may  regard  it  as  most  probably  not  many  times  more  or  less 
than  this  amounl  Now,  it  is  in  the  highest  degree  improbable 
that  mechanical  energy  can  in  any  case  increase  in  a  body  con- 
tracting in  virtue  of  cooling.  It  is  certain  that  it  rea]ly  does 
diminish  very  notably  in  every  case  hitherto  experimented  on. 
It  must  be  supposed,  therefore,  that  the  sun  always  radiates 
away  in  heat  something  more  than  the  Joule-equivalent  of  the 
work  done  on  his  contracting  mass,  by  mutual  gravitation  of  its 
parts.  Hence,  in  contracting  by  one-tenth  per  cent,  in  his 
diameter,  or  three-tenths  per  cent  in  his  bulk,  the  sun  must 
give  out  something  either  more,  or  not  greatly  less,  than  20,000 
years'  heat ;  and  thus,  even  without  historical  evidence  as  to  the 
constancy  of  his  diameter,  it  seems  safe  to  conclude  that  no  such 
contraction  as  that  calculated  above  one  per  cent  in  860  years 
can  have  taken  place  in  reality.  It  seems,  on  the  contraiy, 
probable  that,  at  the  present  rate  of  radiation,  a  contraction  of 
one-tenth  per  cent  in  the  sun's  diameter  could  not  take  place  in 
much  less  than  20,000  years,  and  scarcely  possible  that  it  oould 
take  place  in  less  than  8,600  years.  I^  then,  the  mean  specific 
heat  of  the  sun's  mass,  in  its  actual  condition,  is  not  more  than 
ten  times  that  of  water,  the  expansibility  in  volume  must  be 
less  than  jj^  per  lOO**  Cent,  (that  is  to  say,  less  than  ^  of 
that  of  solid  glass,)  which  seems  improbable.  But  although 
from  this  consideration  we  are  led  to  regard  it  as  probable  that 
tJie  sun's  specific  heat  is  considerably  more  than  ten  times  that 
of  water  (and,  therefore,  that  his  mass  cools  considerably  less 
than  100^  in  700  years,  a  conclusion  which,  indeed,  we  could 
scarcely  avoid  on  simply  geological  grounds),  the  physical  prin- 
ciples we  now  rest  on  fail  to  give  us  any  reason  for  supposing 
that  the  sun's  specific  heat  is  more  than  10,000  times  that  of 
water,  because  we  cannot  say  that  his  expansibility  in  volume  is 
probably  more  than  ^^  per  V  Cent  And  there  is,  on  other 
grounds,  very  strong  reason  for  believing  that  the  specific  heat 
is  really  much  less  than  10,000.  For  it  is  almost  certain  that 
the  sun's  mean  temperature^  is  even  now  as  high  as  14,000^ 

*  [Bosetti  {Phil.  Mag,  1879,  2nd  half  year)  estimates  the  effeotive  radiaiional 
temperature  of  the  sun  as  "  not  much  less  than  ten  thousand  degrees  Centigrade : " 
(9965^  is  the  nomber  expressing  the  reeolts  of  his  measurements).  On  the  other 
hand,  C.  W.  Siemens  estimates  it  at  as  low  as  8000^  Cent.    The  mean  tem- 
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Gent. ;  and  the  greatest  quantity  of  heat  that  we  can  explain, 
with  any  probability,  to  have  been  by  natural  causes  ever 
acquired  by  the  sun  (as  we  shall  see  in  the  third  part  of  this 
article),  could  not  have  raised  his  mass  at  any  time  to  this  tem- 
perature, unless  his  specific  heat  were  less  than  10,000  times  ^^^J^fg^  j^^|. 
that  of  water.  ESS^„ 

We  may  therefore  consider  it  as  rendered  highly  probable  J£^^®{2S 
that  the  sun's  specific  heat  is  more  than  ten  times,  and  less  than  ^^J^f ^ 
10,000  times,  that  of  liquid  water.     From  this  it  would  follow  [«^^^ 
with  certainty  that  his  temperature  sinks  100*  Cent,  in  some  ^"*-JjL  ^ 
time  from  700  years  to  700,000  years.  T00.000 

PART  IL 

ON   THE   sun's   present   TEMPERATURE. 

At  his  surface  the  sun's  temperature  cannot,  as  we  have 
many  reasons  for  believing,  be  incomparably  higher  than  tem- 
peratures attainable  artificially  in  our  terrestrial  laboratories. 

Among  other  reasons  it  may  be  mentioned  that  the  sun  sun's 
radiates  heat^  from  every  square  foot  of  his  surface,  at  only  tSmipenlr 
about  7,000  horse  power*.     Goal,  burning  at  a  rate  of  a  little  ^|JU[^i^™' 
less  than  a  pound  per  two  seconds,  would  generate  the  same  ^^be^^ 
amount ;  and  it  is  estimated  (Rankine,  *  Prime  Movers,*  p.  285,  JJilSSSf 
Ed.  1859)  that,  in  the  furnaces  of  locomotive  engines^  coal  burns 
at  from  one  pound  in  thirty  seconds  to  one  pound  in  ninety 
seconds,  per  square  foot  of  grate-bars.     Hence  heat  is  radiated 
from  the  sun  at  a  rate  not  more  than  from  fifteen  to  forty-five 
times  as  high  as  that  at  which  heat  is  generated  on  the  grate- 
bars  of  a  locomotive  furnace,  per  equal  ai'eas. 

« 

peratnre  of  the  whole  sun's  mass  must  (Part  n,  below)  be  muoh  higher  than  the 
**  snrfaoe  temperature,"  or  "  effeotive  radiational  temperature.'*— W.  T.  Nov.  9, 
1882.] 

*  One  horse  power  in  mechanics  is  a  technical  expression  (following  Watt's 
estimate),  used  to  denote  a  rate  of  working  in  which  energy  is  evolved  at  the 
rate  of  83,000  foot  pounds  per  minute.  This,  according  to  Joule's  determination 
of  the  dynamical  value  of  heat,  would,  if  spent  wholly  in  heat,  be  sufBlcient  to 
raise  the  temperature  of  23|  lbs.  of  water  by  1^  Cent,  per  minute. 

[Note  of  Nov.  11,  1882.  This  is  sixty-seven  times  the  rate  per  unit  of 
radiant  surface  at  which  energy  is  emitted  from  the  incandescent  filament  of 
the  Swan  electric  lamp  when  at  the  temperature  which  gives  about  240  candles 
per  horse  power.] 
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The  interior  temperature  of  the  sun  is  probably  far  higher  than 
that  at  his  snrfaoe,  because  direct  oondaction  can  plaj  no  sensi- 
ble part  in  the  transference  of  heat  between  the  inner  and  outer 
portions  of  his  mass,  and  there  must  in  virtue  of  the  prodigious 
conTective  currents  due  to  cooling  of  the  outennost  portions  by 
radiation  into  space,  be  an  approximate  c(mveeHve  equilibrium 
of  heat  throughout  the  whole,  if  the  whole  is  fluid.  That  is  to 
say,  the  temperatures,  at  different  distances  from  the  centre, 
must  be  approximately  those  which  any  portion  of  the  substance^ 
if  carried  from  the  centre  to  the  sur&ce,  would  acquire  by  ex- 
pansion without  loss  or  gain  of  heat. 


PART  in. 


ON   THE   0BI6IN   AND  TOTAL  AMOUNT  OF  THE  SUN'S   HBAT. 
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The  sun  being,  for  reasons  referred  to  above,  assumed  to  be 
an  incandescent  liquid  now  losing  heat,  the  question  naturally 
occurs,  How  did  this  heat  originate  t  It  is  certain  that  it  can- 
not have  existed  in  the  sun  through  an  infinity  of  past  time, 
since,  as  long  as  it  has  so  existed,  it  must  have  been  suffering 
dissipation,  and  the  finiteness  of  the  sun  precludes  the  supposi- 
tion of  an  infinite  primitive  store  of  heat  in  his  body. 

m 

The  sun  must,  therefore,  either  have  been  created  an  active 
source  of  heat  at  some  time  of  not  immeasurable  antiquity,  by  an 
over-ruling  decree ;  or  the  heat  which  he  has  already  radiated 
away,  and  that  which  he  still  possesses,  must  have  been  acquired 
by  a  natural  process,  following  permanently  established  laws. 
Without  pronouncing  the  former  supposition  to  be  essentially 
incredible,  we  may  safely  say  that  it  is  in  the  highest  degree 
improbable,  if  we  can  show  the  latter  to  be  not  contradictoiy  to 
known  physical  laws.  And  we  do  show  this  and  more,  by 
merely  pointing  to  certain  actions,  going  on  before  us  at  present, 
which,  if  sufficiently  abundant  at  some  past  time,  must  have 
given  the  sun  heat  enough  to  account  for  all  we  know  of  his 
past  radiation  and  present  temperature. 

It  is  not  necessary  at  present  to  enter  at  length  on  details 
regarding  the  meteoric  theory,  which  appears  to  have  been  first 
proposed  in  a  definite  form  by  Mayer,  and  afterwards  indepen- 
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dently  by  Wateniton;  or  regarding  the  modified  hypothesiB  of 
meteoric  vortices,  which  the  writer  of  the  present  article  showed 
to  be  necessary,  in  order  that  the  length  of  the  year,  as  known 
for  the  last  2,000  years,  may  not  have  been  sensibly  disturbed 
by  the  acoessions  which  the  sun's  mass  must  have  had  during 
that  period,  if  the  heat  radiated  away  has  been  always  compen- 
sated by  heat  generated  by  meteoric  influx. 

For  the  reasons  mentioned  in  the  first  part  of  the  present 
article,  we  may  now  believe  that  all  theories  of  complete,  or 
nearly  complete,  contemporaneous  meteoric  compensation,  must 
be  rejected ;  but  we  may  still  hold  that — 

'*  Meteoric  action ....  w ... .  not  only  proved  to  exist  as  a 
cause  of  aoUvr  heat,  btU  it  is  the  only  one  of  all  conceivable  causes 
which  we  know  to  exist  from  independent  evidence*" 

The  form  of  meteoric  theory  which  now  seems  most  proba- 
ble, and  which  was  first  discussed  on  true  thermodynamic  prin. 
ciples  by  Helmholtzt,  consists  in  supposing  the  sun  and  his  heat 
to  have  originated  in  a  coalition  of  smaller  bodies,  falling  to- 
gether by  mutual  gravitation,  and  generating,  as  they  must  do 
according  to  the  great  law  demonstrated  by  Joule,  an  exact 
equivalent  of  heat  for  the  motion  lost  in  collision. 

That  some  form  of  the  meteoric  theory  is  certainly  the  true 
and  complete  explanation  of  solar  heat  can  scarcely  be  doubted, 
when  the  following  reasons  are  considered : 

(1)  No  other  natural  explanation,  except  by  chemical  action,  ^^'^^ 
can  be  conceived.  ■ufBcient, 

butmeteo- 

(2)  The  chemical  theory  is  quite  insufficient,  because  the  nuur  ^My 
most  energetic  chemical  action  we  know,  taking  place  between  fwiomii- 
substances  amounting  to  the  whole  sun's  mass,  would  only  gene-  ^ 
rate  about  3,000  years'  heatf. 

(3)  There  is  no  difficulty  in  accounting  for  20,000,000  years' 
heat  by  the  meteoric  theory. 

*  **  Meehanioal  Energies  of  the  Solar  System/'  referred  to  above, 
t  Popnlar  lecture  delivered  on  the  7tb  February,  1864,  at  Konigsberg,  on  the 
oocasion  of  the  Kant  commemoration. 

X  **  Meehanioal  Energies  of  the  Solar  Systems" 
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It  would  extend  this  article  to  too  great  a  length,  and  would 
require  something  of  mathematical  calculation,  to  explain  foUj 
the  principles  on  which  this  last  estimate  is  founded.  It  is 
enough  to  say  that  bodies,  all  much  smaller  than  the  sun,  fall- 
ing together  from  a  state  of  relative  rest^  at  mutual  distances  all 
large  in  comparison  with  their  diameters,  and  forming  a  globe 
of  uniform  density  equal  in  mass  and  diameter  to  the  sun,  would 
generate  an  amount  of  heat  which,  accurately  calculated  accord- 
ing to  Joule's  principles  and  experimental  results,  is  found  to  be 
just  20,000,000  times  Pouillet's  estimate  of  the  annual  amount 
of  solar  radiation.  The  sun's  density  must,  in  aU  probability, 
increase  very  much  towards  his  centre,  and  therefore  a  consider- 
ably greater  amount  of  heat  than  that  must  be' supposed  to  have 
been  generated  if  his  whole  mass  was  formed  by  the  coalition  of 
comparatively  small  bodies.  On  the  other  hand,  we  do  not 
know  how  much  heat  may  have  been  dissipated  by  resistance 
and  minor  impacts  before  the  final  conglomeration ;  but  there  is 
reason  to  believe  that  even  the  most  rapid  conglomeration  that 
we  can  conceive  to  have  probably  taken  place  could  only  leave 
the  finished  globe  with  about  half  the  entire  heat  due  to  the 
amount  of  potential  energy  of  mutual  gravitation  exhausted. 
We  may,  therefore,  accept,  as  a  lowest  estimate  for  the  sim's 
initial  heat,  10,000,000  times  a  year's  supply  at  present  rate, 
but  50,000,000  or  100,000,000  as  possible,  in  consequence  of 
the  sun's  greater  density  in  his  central  4)art8. 

The  considerations  adduced  above,  in  this  paper,  regarding 
the  sun's  possible  specific  heat,  rate  of  cooling,  and  superficial 
temperature,  render  it  probable  that  he  must  have  been  very 
sensibly  warmer  one  million  years  ago  than  now ;  and,  conse- 
quently, that  if  he  has  existed  as  a  luminary  for  ten  or  twenty 
million  years,  he  must  have  radiated  away  considerably  more 
than  the  corresponding  number  of  times  the  present  yearly 
amount  of  loss. 

It  seems,  therefore,  on  the  whole  most  probable  that  the  sun 
has  not  illuminated  the  earth  for  100,000,000  years,  and  almost 
certain  that  he  has  not  done  so  for  500,000,000  years.  As  for 
the  future,  we  may  say,  with  equal  certainty,  that  inhabitants 
of  the  earth  caimot  continue  to  enjoy  the  light  and  heat  essential 
to  their  life,  for  many  million  years  longer,  unless  sources  now 
unknown  to  us  are  prepared  in  the  great  storehouse  of  creation. 
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(F.) — On  the  Size  of  Atoms*. 

The  idea  of  an  atom  has  been  so  constantly  associated 
with  incredible  assumptions  of  infinite  strength,  absolute 
rigidity,  mystical  actions  at  a  distance,  and  indivisibility,  that 
chemists  and  many  other  reasonable  naturalists  of  modem 
times,  losing  all  patience  with  it,  have  dismissed  it  to  the  realms 
of  metaphysics,  and  made  it  smaller  than  ''anything  we  can 
conceive."  But  if  atoms  are  inconceivably  small,  why  are  not 
all  chemical  actions  infinitely  swift  ?  Chemistry  is  powerless  to 
deal  with  this  question,  and  many  others  of  paramount  import- 
anoe,  if  barred  by  the  hardness  of  its  fundamental  assumptions, 
from  contemplating  the  atom  as  a  real  portion  of  matter  occupy- 
ing a  finite  space,  and  forming  a  not  immeasurably  small  consti- 
tuent of  any  palpable  body. 

More  than  thirty  years  ago  naturalists  were  scared  by  a  wild 
proposition  of  Cauchy's,  that  the  familiar  prismatic  colours 
proved  the  ''sphere  of  sensible  molecular  action"  in  transparent 
liquids  and  solids  to  be  comparable  with  the  wave-length  of  Meaning  of 

(phflTB  of 

light.  The  thirty  years  which  have  intervened  have  only  con-  moiecukr 
firmed  that  proposition.  They  have  produced  a  large  number  of 
capable  judges  ;  and  it  is  only  incapacity  to  judge  in  dynamical 
questions  that  can  admit  a  doubt  of  the  substantial  correctness 
of  Cauchy's  conclusion.  But  the  "  sphere  of  molecular  action" 
conveys  no  very  clear  idea  to  the  non-mathematical  mind.  The 
idea  which  it  conveys  to  the  mathematical  mind  is,  in  my  opinion, 
irredeemably  false.  For  I  have  no  faith  whatever  in  attractions 
and  repulsions  acting  at  a  distance  between  centres  of  force 
according  to  various  laws.  What  Cauchy's  mathematics  really 
proves  is  this:  that  in  palpably  homogeneous  bodies  such  as  Meaning  of 
glass  or  water,  contiguous  portions  are  not  similar  when  their  geneiiy. 
dimensions  are  moderately  small  fractions  of  the  wave-length. 
Thus  in  water  contiguous  cubes,  each  of  one  one-thousandth  of 
a  centimetre  breadth  are  sensibly  similar.  But  contiguous  cubes 
of  one  ten-millionth  of  a  centimetre  must  be  very  sensibly 
different.  So  in  a  solid  mass  of  brickwork,  two  adjacent  lengths 
of  20,000  centimetres  each,  may  contain^  one  of  them  nine 
hundred  and  ninety-nine  bricks  and  two  half  bricks,  and  the 

*  Nature,  Mszoh  1870. 
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other  one  thousand  bricks  :  thus  two  contiguous  cubes  of  20,000 
centimetres  breadth  may  be  considered  as  sensibly  similar. 
But  two  adjacent  lengths  of  forty  centimetres  each  might 
contain  one  of  them,  one  brick,  and  two  half  bricks,  and 
the  other  two  whole  bricks;  and  contiguous  cubes  of  forty 
centimetres  would  be  very  sensibly  dissimilar.  In  short,  optical 
dynamics  leaves  no  alternative  but  to  admit  that  the  diameter 
of  a  molecule,  or  the  distance  from  the  centre  of  a  molecule  to 
the  centre  of  a  contiguous  molecule  in  glass,  water,  or  any  other 
of  our  transparent  liquids  and  solids,  exceeds  a  ten -thousandth 
of  the  wave-length,  or  a  two-hundred-millionth  of  a  centimetre. 

By  experiments  on  the  contact  electricity  of  metals  made  in 
the  year  1862,  and  described  in  a  letter  to  Dr  Joule  "^y  which  was 
published  in  the  proceedings  of  the  Literary  and  Philosophical 
Society  of  Manchester  [Jan.  1862],  I  found  that  plates  of  zinc 
and  copper  connected  with  one  another  by  a  fine  wire  attract 
one  another,  as  would  similar  pieces  of  one  metal  connected  with 
the  two  plates  of  a  galvanic  element,  having  about  three-quarters 
of  the  electro-motive  force  of  a  Daniel's  element. 

Measurements  published  in  the  Proceedings  of  the  Royal 
Society  for  1860  showed  that  the  attraction  between  parallel 
plates  of  one  metal  held  at  a  distance  apart  small  in  comparison 
with  their  diameters,  and  kept  connected  with  such  a  galvanic 
element,  would  experience  an  attraction  amounting  to  two  ten- 
thousand-millionths  of  a  gramme  weight  per  area  of  the  opposed 
surfaces  equal  to  the  square  of  the  distance  between  them.  Let 
a  plate  of  zinc  and  a  plate  of  copper,  each  a  centimetre  square 
and  a  hundred-thousandth  of  a  centimetre  thick,  be  placed  with 
a  comer  of  each  touching  a  metal  globe  of  a  hundred-thousandth 
of  a  centimetre  diameter.  Let  the  plates,  kept  thus  in  metallic 
communication  with  one  another  be  at  first  wide  apart,  except 
at  the  comers  touching  the  little  globe,  and  let  them  then  be 
gradually  turned  round  till  they  are  parallel  and  at  a  distance  of 
a  hundred-thousandth  of  a  centimetre  asunder.  Li  this  position 
they  will  attract  one  another  with  a  force  equal  in  aU  to  two 
grammes  weight.  By  abstract  dynamics  and  the  theory  of 
energy,  it  is  readily  proved  that  the  work  done  by  the  changing 
force  of  attraction  during  the  motion  by  which  we  have  supposed 

*  [Now  published  as  Art.  zzii.  in  a  **  Reprint  of  Papers  on  Electrostatics  and 
Magnetism  "  by  Sir  William  Thomson.    New  edition,  1883.] 
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ihia  position  to  be  reached,  is  equal  to  that  of  ^  constant  force  of 
two  grammes  weight  acting  through  a  space  of  a  hundred- 
thousandth  of  a  centimetre;   that  is  to  say,  to  two  hundred- 
thousandths  of  a  centimetre-gramme.     Now  let  a  second  plate 
of  zinc  be  brought  by  a  similar  process  to  the  other  side  of  the 
plate  of  copper;  a  second  plate  of  copper  to  the  remote  side  of 
this  second  plate  of  zinc,  and  so  on  till  a  pile  is  formed  consisting  Work  done 
of  50,001  plates  of  zinc  and  50,000  plates  of  copper,  separated  pUeof  sine 
by  100,000  spaces,  each  plate  and  each  space  one  hundred-  plates. 
thousandth  of  a  centimetre  thick.     The  whole  work  done  by 
electric  attraction  in  the  formation  of  this  pile  is  two  centimetre- 
grammes. 

The  whole  mass  of  metal  is  eight  grammes.    Hence  the 
amount  of  work  is  a  quarter  of  a  centimetre-gramme  per  gramme 
of  metaL     Now  4,030  centimetre-grammes  of  work,  according 
to  Joule's  dynamical  equivalent  of  heat,  is  the  amount  required 
to  warm  a  gramme  of  zinc  or  copper  by  one  degree  Centigrade. 
Hence  the  work  done  by  the  electric  attraction  could  warm  the 
substance  by  only  ^^1^^^  of  a  degree.  But  now  let  the  thickness  of 
each  piece  of  metal  and  of  each  intervening  space  be  a  hundred-  The  beat  of 
millionth  of  a  centimetre  instead  of  a  hundred  thousandth.   The  t^^r^o 
work  would  be  increased  a  million-fold  unless  a  hundred-millionth  Sows  tEat 
of  a  centimetre  approaches  the  smallness  of  a  molecule.    The  ^Mbiyare 
heat  equivalent  would  therefore  be  enough  to  raise  the  tempera-  lo''^. 
ture  of  the  material  by  62^    This  is  barely,  if  at  all,  admissible,  £^j^ 
according  to  our  present  knowledge,  or,  rather,  want  of  know-  ?^^^4q^ 
ledge,  regarding  the  heat  of  combination  of  zinc  and  copper.  »>  diameter. 
But  suppose  the  metal  plates  and  intervening  spaces  to  be  made 
yet  four  times  thinner,  that  is  to  say,  the  thickness  of  each  to 
be  a  four  hundred-millionth  of  a  centimetre.    The  work  and  its 
heat  equivalent  will  be  increased  sizteen-fold.     It  would  there- 
fore be  990  times  as  much  as  that  required  to  warm  the  mass 
by  10  cent,  which  is  very  much  more  than  can  possibly  be  pro- 
duced by  zinc  and  copper  in  entering  into  molecular  combination. 
Were  there  in  reality  anything  like  so  much  heat  of  combination 
as  this,  a  mixture  of  zinc  and  copper  powders  would,  if  melted 
in  any  one  spot^  run  together,  generating  more  than  heat 
enough  to  melt  each  throughout;  just  as  a  large  quantity  of 
gunpowder  if  ignited  in  any  one  spot  bums  throughout  without 
fresh  application  of  heat     Hence  plates  of  zinc  and  copper  of  a 
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three  hundred-millionih  of  a  centimetre  thick,  placed  doee 
together  alternately,  form  a  near  approximation  to  a  chemical 
combination,  if  indeed  such  thin  plates  could  be  made  without 
splitting  atoms. 

The  theory  of  capillary  attraction  shows  that  when  a  bubble — 
a  soap-bubble  for  instance— is  blown  larger  and  larger,  work  is 
done  by  the  stretching  of  a  jGllm  which  resists  extension  as  if  it 
were  an  elastic  membrane  with  a  constant  contractile  force. 
This  contractile  force  is  to  be  reckoned  as  a  certain  number  of 
units  of  force  per  unit  of  breadth.*  Observation  of  the  ascent  of 
water  in  capillary  tubes  shows  that  the  contractile  force  of  a 
thin  film  of  water  is  about  sixteen  milligrammes  weight  per 
millimetre  of  breadth.  Hence  the  work  done  in  stretching  a 
water  film  to  any  degree  of  thinness,  reckoned  in  millimetre- 
milligrammes,  is  equal  to  sixteen  times  the  number  of  square 
millimetres  by  which  the  area  is  augmented,  provided  the  film 
is  not  made  so  thin  that  there  is  any  sensible  diminution  of  its 
contractile  force.  In  an  article  **  On  the  Thermal  effect  of  draw- 
ing out  a  Film  of  Liquid,"  published  in  the  Proceedings  of  the 
Royal  Society  for  April  .1858, 1  have  proved  from  the  second 
law  of  thermodynamics  that  about  half  as  much  more  energy,  in 
the  shape  of  heat^  must  be  given  to  the  film  to  prevent  it  from 
sinking  in  temperature  while  it  is  being  drawn  out  Hence  the 
intrinsic  energy  of  a  mass  of  water  in  the  shape  of  a  film  kept 
at  constant  temperature  increases  by  twenty-four  milligramme- 
millimetres  for  every  square  millimetre  added  to  its  area. 

Suppose  then  a  film  to  be  given  with  a  thickness  of  a  milli- 
metre, and  suppose  its  area  to  be  augmented  ten  thousand 
and  one  fold :  the  work  done  per  square  millimetre  of  the 
original  film,  that  is  to  say  per  milligramme  of  the  mass 
would  be  240,000  millimetre-milligrammes.  The  heat  equivalent 
of  this  is  more  than  half  a  degree  centigrade  of  elevation  of 
temperature  of  the  substance.  The  thickness  to  which  the  film 
is  reduced  on  this  supposition  is  very  approximately  a  ten- 
thousandth  of  millimetre.  The  commonest  observation  on  the 
soap-bubble  (which  in  contractile  force  differs  no  doubt  very 
little  from  pure  water)  shows  that  there  is  no  sensible  diminu- 
tion of  contractile  force  by  reduction  of  the  thickness  to  the  ten- 
thousandth  of  a  millimetre;  inasmuch  as  the  thickness  which 
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gives  the  first  maximum  brightness  roimd  the  black  spot  seen 
where  the  bubble  is  thinnest,  is  only  about  an  eight-thousandth 
of  a  millimetre. 

The  very  moderate  amount  of  work  shown  in  the  preceding 
estimates  is  quite  consiBtent  with  this  deduction.     But  suppose 
now  the  film  to  be  farther  stretched  until  its  thickness  is  reduced 
to  a  t'W'enty-millionth  of  a  millimetre.     The  work  spent  in  doing 
this  is  two-thousand  times  more  than  that  which  we  have  just 
calculated.     The  heat  equivalent  is  1,130  times  the  quantity 
required  to  raise  the  temperature  of  the  liquid  by  one  degree 
centigrade.     This  is  far  more  than  we  can  admit  as  a  possible 
amount  of  work  done  in  the  extension  of  a  liquid  film.     A 
smaller  amount  of  work  spent  on  the  liquid  would  convert  it 
into  vapour  at  ordinary  atmospheric  pressure.     The  conclusion 
is  unavoidable,  that  a  water-film  falls  off  greatly  in  its  contrao-  surface 
tile  force  before  it  is  reduced  to  a  thickness  of  a  twenty-millionth  much  before 
of  a  millimetre.     It  is  scarcely  possible,  upon  any  conceivable  redact  to 
molecular  theory,  that  the]^  can  be  any  considerable  falling  off  ind^there' 
in  the  contractile  force  as  long  as  there  are  several  molecules  in  few^^ie-  ^ 
the  thickness.   It  is  therefore  probable  that  there  are  not  several  thiSaea&  ^ 
molecules  in  a.  thickness  of  a  twenty-millionth  of  a  millimetre 
of  water. 

The  kinetic  theory  of  gases  suggested  a  hundred  years  ago  Kinetic 
by  Daniel  Bernoulli  has,  during  the  last  quarter  of  a  century,  gases, 
been  worked  out  by  Herapath,  Joule,  Clausius,  and  Maxwell,  to 
so  great  perfection  that  we  now  find  in  it  satisfactory  explana- 
tions of  all  non-chemical  properties  of  gases.     However  difficult  Meaning  of 
it  may  be  to  even  imagine  what  kind  of  thing  the  molecule  is,  tree  patii 
we  may  regard  it  as  an  established  truth  of  science  that  a  gas  sion. 
consists  of  moving  molecides  disturbed  from  rectilinear  paths 
and  constant  velocities  by  collisions  or  mutual  influences,  so 
rare  that  the  mean  length  of  nearly  rectilinear  portions  of 
the  path  of  each  molecule  is  many  times  greater  than  the 
average  distance  from  the  centre  of  each  molecide  to  the  centre 
of  the  molecule  nearest  it  at  any  time.     If,  for  a  moment,  we 
suppose  the  molecules  to  be  hard  elastic  globes  all  of  one  size, 
influencing  one  another  only  through  actual  contact,  we  have 
for  each  molecule  simply  a  zigzag  path  composed  of  rectilinear  Average 
portions,  with  abrupt  changes  of  direction.     On  this  supposition  fr^^ui 
Olausius  proves,  by  a  simple  application  of  the  calculus  of  pro-  ^^cSm^ 
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babilities,  that  the  average  length  of  the  free  path  of  a  particle 
from  collision  to  collifiion  bears  to  the  diameter  of  each  globe, 
the  ratio  of  the  whole  space  in  which  the  globes  move,  to  eight 
times  the  sum  of  the  volumes  of  the  globes.     It  follows  th&t 
the  number  of  the  globes  in  unit  volume  is  equal  to  the  square 
of  this  ratio  divided  by  the  volume  of  a  sphere  whose  radius 
\a  equal  to  that  average  length  of  free  patL     But  we  cannot 
believe  that  the  individual  molecules  of  gases  in  general,  or  even 
of  any  one  gas,  are  hard  elastic  globes.     Any  two  of  the  moving 
particles  or  molecules  must  act  upon  one  another  somehow,  so 
that  when  they  pass  very  near  one  another  they  shall  produce 
considerable  deflexion  of  the  path  and  change  in  the  velocity  of 
eaoL     This  mutual  action  (called  force)  is  different  at  different 
distances,  and  must  vaiy,  according  to  variations  of  the  distance 
so  as  to  fulfil  some  definite  law.     If  the  particles  were  hard 
elastic  globes  acting  upon  one  another  only  by  contact,  the  law 
of  force  would  be — ^zero  force  when  the  distance  from  centre  to 
centre  exceeds  the  sum  of  the  radii,  and  infinite  repulsion  for 
any  distance  less  than  the  sum  of  the  radiL     This  hypothesis, 
with  ite  ''  hard  and  fast"  demarcation  between  no  force  and  in- 
finite force,  seems  to  require  mitigation.     Without  entering  on 
the  theory  of  vortex  atoms  at  present,  I  may  at  least  say  that 
soft  elieistic  solids,  not  necessarily  globular,  are  more  promising 
than  infinitely  hard  elastic  globes.     And,  happily,  we  are  not 
left  merely  to  our  fancy  as  to  what  we  are  to  accept  as  probable 
in  respect  to  the  law  of  force.     If  the  particles  were  hard  elastic 
globes  the  average  time  frt>m  collision  to  collision  would  be  in- 
versely as  the  average  velocity  of  the  particles.     But  Maxwell's 
expenmente  on  the  variation  of  the  viscosities  of  gases  with 
change  of  temperature  prove  that  the  mean  time  from  collision 
to  collision  is  independent  of  the  velocity  if  we  give  the  name 
collision  to  those  mutual  actions  only  which  produce  something 
more  than  a  certain  specified  degree  of  deflection  of  the  line  of 
motion.    This  law  could  be  fulfilled  by  soft  elastic  particles 
(globular  or  not  globular);  but^  as  we  have  seen,  not  by  hard 
elastic  globes.     Such  details,  however,  are  beyond  the  scope  of 
our  present  argument    What  we  want  now  is  rough  approxi- 
mations to  absolute  values,  whether  of  time  or  space  or  mass—* 
not   delicate  differential  results.    From  Jonle^  Maxwell,  and 
Clausius  we  know  that  the  average  velocity  of  the  molecules  of 
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oxygen  or  nitrogen  or  common  air,  at  ordinary  atmospheric  Kinetio 
temperature  and  pressure,  is  about   50,000  centimetres  j^r  ^^ 
second,  and  the  average  time  from  collision  to  collision  a  five- 
thousand-millionth  of  a  second.     Hence  the  average  length  of  Avenge 
path  of  each  molecule  between  coUisioDS  is  about  ^qq^^q^  of  a  i(r*om. 
centimetre.    Now,  having  left  the  idea  of  hard  globes,  according 
to  which  the  dimensions  of  a  molecule  and  the  distinction 
between  collision  and  no  collision  are  perfectly  sharp,  some- 
thing of  cii'cumlocution  must  take  the  place  of  these  simple 
terms. 

First,  it  is  to  be  remarked  that  two  molecules  in  collision  will  Meaning  o( 

oollinon 

exercise  a  mutual  repulsion  in  virtue  of  which  the  distance  and  dia- 
between  their  centres,  after  being  diminished  to  a  minimum,  molecule, 
will  begin  to  increase  as  the  molecules  leave  one  another.     This 
minimum  distance  would  be  equal  to  the  sum  of  the  radii,  if  the 
molecules  were  infinitely  hard  elastic  spheres ;  but  in  reality  we 
must  suppose  it  to  be  very  different  in  different  collisions. 
Considering  only  the  case  of  equal  molecules,  we  might,  then, 
define  the  radius  of  a  molecule  as  half  the  average  shortest 
distance  reached  in  a  vast  number  of  collisions.     The  definition 
I  adopt  for  the  present  is  not  precisely  this,  but  is  chosen  so  as 
to  make  as  simple  as  possible  the  statement  I  have  to  make  of  a 
combination  of  the  results  of  Clausius  and  Maxwell.     Having 
defined  the  radius  of  a  gaseous  molecule,  I  call  the  double  of 
the  radius  the  diameter ;  and  the  volume  of  a  globe  of  the  same 
radius  or  diameter  I  call  the  volume  of  the  molecule. 

The  experiments  of  Cagniard  de  la  Tour,  Faraday,  Regnault, 
and  Andrews,  on  the  condensation  of  gases  do^not  allow  us  to 
believe  that  any  of  the  ordinary  gases  could  be  made  forty  thou- 
sand times  denser  than  at  ordinary  atmosphere  pressure  and 
temperature,  without  reducing  the  whole  volume  to  something 
less  than  the  sum  of  the  volume  of  the  gaseous  molecules,  as  now 
defined.     Hence,  according  to  the  grand  theorem  of  ^^^^i^^^^^u^ 
quoted  above,  the  average  length  of  path  from  collision  to  jj^.f^**° 
collision  cannot  be  more  than  five  thousand  times  the  diameter  diameter  of 
of  the  gaseous  molecule ;  and  the  number  of  molecules  in  unit 
of  volume  cannot  exceed  25,000,000  divided  by  the  volume  of  a 
globe  whose  radius  is  that  average  length  of  path.     Taking  now 
the  preceding  estimate,  ^qJoq^^  of  a  centimetre,  for  the  average 
length  of  path'  from  collision  to  collision  we  conclude  that  the 
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diameter  of  the  gaseous  molecule  cannot  be  less  than  ^qq  o  00.006 
of  a  centimetre ;  nor  the  number  of  molecules  in  a  cubic  centi- 
metre of  the  gas  (at  ordinary  density)  greater  than  6  x  10'^  (or 
six  thousand  million  million  million). 

The  densities  of  known  liquids  and  solids  are  from  five 
hundred  to  sixteen  thousand  times  that  of  atmospheric  air 
at  ordinary  pressure  and  temperature;  and,  therefore,  the 
number  of  molecules  in  a  cubic  centimetre  may  be  from  3  x  10** 
to  10'^  (that  is,  from  three  million  million  million  million  to  a 
hundred  million  million  million  million).  From  this  (if  we 
assume  for  a  moment,  a  cubic  arrangement  of  molecules),  the 
distance  from  centre  to  nearest  centre  in  solids  and  liquids  may 

to   ^«A  AAo  AfiA  of  a  oenti- 


be  estimated  at  from  140,000.000   *~   4 ao. 000.000 
metre. 

The  four  lines  of  argument  which  I  have  now  indicated, 
lead  all  to  substantially  the  same  estimate  of  the  dimensions  of 
molecular  structure.  Jointly  they  establish  with  what  we  can- 
not but  regard  as  a  very  high  degree  of  probability  the  conclu- 
sion that,  in  any  ordinary  liquid,  transparent  solid,  or  seemingly 
opaque  solid,  the  mean  distance  between  the  centres  of  contigu- 
ous molecules  is  less  than  the  hundred-millionth,  and  greater 
than  the  two  thousand-millionth  of  a  centimetre^. 

To  form  some  conception  of  the  degree  of  coarse-grainedness 
indicated  by  this  conclusion,  imagine  a  rain  drop,  or  a  globe  of 
glass  as  large  as  a  pea,  to  be  magnified  up  to  the  size  of  the 
earth,  each  constituent  molecule  being  magnified  in  the  same 
proportion.  The  magnified  structure  would  be  more  coarse 
grained  than  a  heap  of  small  shot,  but  probably  less  coarse 
grained  than  a  heap  of  cricket-balls. 


*  M.  Lippmann  has  arrived  at  a  veiy  similar  estimate  of  the  average  distance 
of  molecules  from  one  another  by  an  entirely  different  consideration.  See  a 
paper  read  before  the  French  Academy  Oct.  16,  1882. 
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(G.)— On  Tidal  Friction,  by  G.  H.  Darwin,  F.R.S. 

(a.)    The  retardation  of  the  earth's  rotation,  as  deduced  from 
the  secular  acceleration  of  the  Moon's  mean  motion. 

In  my  paper  on  the  precession  of  a  viscous  spheroid  \PhU,  Betardfttion 
Trcms.  Ft.  II.,  1879],  all  the  data  are  given  which  are  requisite  rotation, 
for  making  the  calculations  for  Professor  Adams'  result  in  §  830,  eitimatci. 
viz.  :  that  if  there  is  an  unexplained  part  in  the  coefficient  of 
the  secular  acceleration  of  the  moon's  mean  motion  amounting 
to  6'',  and  if  this  be  due  to  tidal  friction,  then  in  a  century  the 
earth  gets  22  seconds  behind  time,  when  compared  with  an 
ideal  dock,  going  perfectly  for  a  century,  and  perftetly  rated  at 
the  beginning  of  the  century.     In  the  paper  referred  to  however 
the  earth  is  treated  as  homogeneous,  and  the  tides  are  supposed 
to  consist  in  a  bodily  deformation  of  the  mass.     The  numerical 
results  there  given  require  some  modification  on  this  account. 

If  E,  Ey  E"  be  the  heights  of  the  semidiurnal,  diurnal  and 
fortnightly  tides,  expressed  as  fractions  of  the  equilibrium  tides 
of  the  same  denominations  ;  and  if  e,  c',  c''  be  the  corresponding 
retardations  of  phase  of  these  tides  due  to  friction ;  it  is  shown 
on  p.  476  and  in  equation  (48),  that  in  consequence  of  lunar  and 
solar  tides,  at  the  end  of  a  century,  the  earth,  as  a  time-keeper, 
is  behind  the  time  indicated  by  the  ideal  perfect  clock 

1900*27  jS^sin  2c +  423-49  J^  sine'  seconds  of  time (a), 

and  that  if  the  motion  of  the  moon  were  unaffected  by  the 
tides,  an  observer,  taking  the  earth  as  his  clock,  would  note  that 
at  the  end  of  the  century  the  moon  was  in  advance  of  her  place 
in  her  orbit  by 

1043"-28jSr  sin  2€+232"-50Jr' sine' (6). 

This  is  of  course  merely  the  expression  of  the  same  fact  as  (a),  in 
a  different  form. 

Lastly  it  is  shown  in  equation  (60)  that  from  these  causes  in  a 
century,  the  moon  actually  lags  behind  her  place 

630"-7  ^  sin  2e  + 108''-6  ^  sin  e'  -  7"-042  Ef*  sin  2c". (c). 

In  adapting  these  results  to  the  h3rpothe8i8  of  oceanic  tides  on  a 
heterogeneous  earth,  we  observe  in  the  first  place  that,  if  the 


504  APPENDIX  G.  [G,a- 

oteuS^^         fluid  tides  are  inverted,  that  is  to  say  if  for  example  it  is  low 
roution.  water  under  the  moon,  then  friction  advances  the  fluid  tides  *, 

and  therefore  in  that  case  the  c's  are  to  be  interpreted  as 
advancements  of  phase;  and  secondly  that  the  ^s  are  to  be 
multiplied  by  ^,  which  is  the  ratio  of  the  density  of  water 
to  the  mean  density  of  the  eartL  Next  the  earth's  moment  of 
inertia  (as  we  learn  from  coL  vii.  of  the  table  in  §  824)  is  about 
-83  of  its  amount  on  the  hypothesis  of  homogeneity,  and  there- 
fore the  results  (a)  and  (5)  have  both  to  be  multiplied  by  1  /*83 
or  1  '2 ;  the  result  (c)  remains  unafiected  except  as  to  the  hctor  ^. 
Thus  subtracting  (c)  from  (5)  as  amended,  we  find  that  to  an 
observer,  taking  the  earth  as  a  true  time-keeper,  the  moon  is,  at 
the  end  of  the  century,  in  advance  of  her  place  by 

^{(1-2  X  1043"-28-630"-7)^sin  26 

+  (1  -2  X  232"-50  - 108"-6)  JT  sin  c'  +  7"-042  E"  sin  2c"}, 

which  is  equal  to 

Vt  {621"-24  ^sin  2e  +  170"-40  ^'  sin  e'  +  7"'04  j&"  sin  2c"}.. .(rf) 

and  from  (a)  as  amended  that  the  earth,  as  a  time-keeper,  is 
behind  the  time  indicated  by  the  ideal  clock,  perfectly  rated  at 
the  beginning  of  the  centary,  by 

i?r  {2280-32  J^  sin  2c +  508'19i?' sine'}  seconds  of  time (e). 

Now  if  we  suppose  that  the  tides  have  their  equilibrium  height^ 
so  that  the  £*&  are  each  unity ;  and  that  c'  is  one  half  of  c  (which 
must  roughly  correspond  to  the  state  of  the  case),  and  that  c"  is 
insensible,  and  c  small,  (d)  becomes 

^{62r-24  +  ix  170"-40}c (/) 

and  (e)  becomes 

^{2280-32  +  Jx608'19}c  seconds  of  time (y). 

If  (/)  were  equal  to  1",  then  (g)  would  clearly  be 

2280-32  +  i  X  508-19  .     .^ 

-62T-24Ti-i  170-46^^^^^*^" W- 

The  second  term,  both  in  the  numerator  and  denominator  of  (A), 
depends  on  the  diurnal  tide,  which  only  exists  when  the  ecliptic 

*  That  this  is  true  may  be  seen  from  considerations  of  eneigy.  If  it  were 
approximately  low  water  under  the  moon,  the  earth's  rotation  wonld  be  acce- 
lerated by  tidal  friction,  if  the  tides  of  short  period  lagged;  and  this  wonld 
violate  the  principles  of  energy. 
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is  oblique.     Now  Adams'  result  was  obtained  on  the  hypothesis  Adami 
that  the  obliquity  of  the  ecliptic  was  nil,  therefore  according  to  ^"^*' 
his  assumption,  1'^  in  the  coefficient  of  lunar  acceleration  means 
that  the  earth,  as  compared  with  a  perfect  clock  rated  at  the 
beginning  of  the  century,  is  behind  time 

2280-32     «^ 

-^Qi.oi"  =  ^f  seconds  at  the  end  of  a  century. 

-  Accordingly  6"  in  the  coefficient  gives  22  sees,  at  the  end  of.  a 
century,  which  is  his  result  given  in  §  830.  If  however  we 
include  the  obliquity  of  the  ecliptic  and  the  diurnal  tide,  we 
find  that  V  in  the  coefficient  means  that  the  earth,  as  compared 
with  the  perfect  clock,  is  behind  time 

/T/^o  o/^  =  3*6274  seconds  at  the  end  of  a  century, 
663*80  "^ 

Thus  taking  Hansen's  12''*56  with  Delauna/s  6''*1,  we  have  the  other 
earth  behind  6-46  x  3*6274  =  23*4  sec,  and  taking  Newcomb's 
8"-4  with  Delaunay's  6"-l,  we  have  the  earth  behind  2-3  x  3-6274 
=  8*3  sec. 

It  is  worthy  of  notice  that  this  result  would  be  only  very 
slightly  vitiated  by  the  incorrectness  of  the  h3rpothesi8  made 
above  as  to  the  values  of  the  ^s  and  c's ;  for  E  sin  2c  occurs 
in  the  important  term  both  in  the  numerator  and  denominator 
of  the  result  for  the  earth's  defect  as  a  time-keeper,  and  thus 
the  hypothesis  only  enters  in  determining  the  part  played  by 
the  diurnal  tide.  Hence  the  result  is  not  sensibly  affected  by 
some  inexactness  in  this  hypothesis,  nor  by  the  fact  that  the 
oceans  in  reality  only  cover  a  portion  of  the  earth's  surface. 

(6.)  The  Determination  of  the  Secular  Effects  of  Tidal  Fric- 
tion by  a  Graphical  Method.  (Portion  of  a  paper  published 
in  the  Proc.  Roy.  Soc,  No.  197,  1879,  but  with  alterations 
and  additions.) 

Suppose  an  attractive  particle  or  satellite  of  mass  m  to  be  General 
moving  in  a  circular  orbit,  with  an  angular  velocity  O,  round  a  tidal  ^™ 
planet  of  mass  if,  and  suppose  the  planet  to  be  rotating  about  an 
axis  perpendicular  to  the  plane  of  the  orbit,  with  an  angular 
velocity  n;  suppose,  also,  the  mass  of  the  planet  to  be  partially 
or  wholly  imperfectly  elastic  or  viscous,  or  that  there  are  oceans 
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on  the  siit£gm»  of  the  planet ;  then  the  attraction  of  the  satellite 
must  produce  a  relative  motion  in  the  parts  of  the  planet,  and 
that  motion  must  be  subject  to  friction,  or,  in  other  words,  there 
must  be  Motional  tides  of  some  sort  or  other.  The  system  must 
aceotdingly  be  losing  energy  by  friction,  and  its  configuration 
must  change  in  such  a  way  that  its  whole  energy  diminishe& 

Such  a  system  does  not  differ  much  from  those  of  actual 
planets  and  satellites,  and,  therefore,  the  results  deduced  in  this 
hypothetical  case  must  agree  pretty  closely  with  the  actual  course 
of  evolutiou,  provided  that  time  enough  has  been  and  will  be 
given  for  such  changes. 

Let  G  be  the  moment  of  inertia  of  the  planet  about  its  axis  of 
rotation ; 

r  the  distance  of  the  satellite  from  the  centre  of  the  planet; 

h  the  resultant  moment  of  momentum  of  the  whole  system ; 

e  the  whole  energy,  both  kinetic  and  potential  of  the  system. 

It  will  be  supposed  that  the  figure  of  the  planet  and  the  dis- 
tribution of  its  internal  density  are  such  that  the  attraction  of 
the  satellite  causes  no  couple  about  any  axis  perpendicular  to 
that  of  rotation. 

gpecud  I  shall  now  adopt  a  special  system  of  units  of  mass,  length, 

""'^'  and  time  such  that  the  analytical  results  are  reduced  to  their 

simplest  forms. 

Let  the  unit  of  mass  be  Mm/{M+  m). 

Let  the  unit  of  length  y  be  such  a  distance,  that  the  moment 
of  inertia  of  the  planet  about  its  axis  of  rotation  may  be  equal  to 
the  moment  of  inertia  of  the  planet  and  satellite,  treated  as  par- 
ticles, about  their  centre  of  inertia,  when  distant  y  apart  from 
one  another.     This  condition  gives 

\M-k-mJ  \M+fn/ 

whence  r  =  {-W^}  • 

Let  the  unit  of  time  r  be  the  time  in  which  the  satellite  revolves 
through  57^*3  about  the  planet,  when  the  satellite's  radius  vector 
is  equal  to  y.     In  this  case  l/r  is  the  satellite's  orbital  angular 
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velocity,  and  bj  the  law  of  periodic  times  we  have 

where  fi  is  the  attraction  between  nnit  masses  at  unit  distance. 
Then  by  substitution  for  y 

This  system  of  units  will  be  found  to  make  the  three  following 

functions  each  equal  to  unity,  viz.  fi^Mm  (if  +  m)~^,  fiMm^  and  C, 
The  units  are  in  fact  derived  from  the  consideration  that  these 
functions  are  each  to  be  unity. 

In  the  case  of  the  earth  and  moon,  if  we  take  the  moon's  mass  Nnmenoal 
as  ^nd  of  the  earth's,  and  the  earth's  moment  of  inertia  as  theunitifbr 
^  Afa*  [see  §  824],  it  may  easily  be  shown  that  the  unit  of  mass  moon.^ 
is  -^^  of  the  earth's  mass,  the  unit  of  length  is  5*26  earth's  radii 
or  33,506  kilometres,  and  the  unit  of  time  is  2  hrs.  41  minutes. 
In   these  units  the  present  angular  velocity  of  the   earth's 
diurnal  rotation  is  expressed  by  '7044,  and  the  moon's  present 
radius  vector  by  11*464. 

The  two  bodies  being  supposed  to  revolve  in  circles  about  Moment  of 
their  common  centre  of  inertia  with  an  angular  velocity  O,  the  and  energy 
moment  of  momentum  of  orbital  motion  is  '^^ 

,,/    mr    \'  /  Mr  \'  Mm     .^ 

XM-^mJ  \M-^m/         M  +  m 

Then,  by  the  law  of  periodic  times,  in  a  circular  orbit, 

CT'f^  =  fi  {M -^^  m) 

whence  Or'  =  /ii4(if+m)^r*. 

And  the  moment  of  momentimi  of  orbital  motion 

=fi^Mm{M+my^r^y 

and  in  the  special  units  this  is  equal  to  r'. 

The  moment  of  momentimi  of  the  planet's  rotation  is  Cnj  and 
C=  1,  in  the  special  units. 

Therefore  A=n  +  r*  (1). 

Again,  the  kinetic  energy  of  orbital  motion  is 
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The  kinetic  energy  of  the  planet's  rotation  is  ^Cn*. 

The  potential  energy  of  the  system  is  -/iMm/r. 

Adding  the  three  energies  together,  and  transforming  into  the 
special  units,  we  have 


r 


(2). 


Since  the  moon's  present  radius  vector  is  11*454,  it  follows 
that  the  orbital  momentum  of  the  moon  is  3*384.  Adding  to 
this  the  rotational  momentum  of  the  earth  which  is  *704,  we 
obtain  4*088  for  the  total  moment  of  momentum  of  the  moon 
and  earth.  The  ratio  of  the  orbital  to  the  rotational  momentum 
is  4*80,  so  that  the  total  moment  of  momentum  of  the  system 
would,  but  for  the  obliquity  of  the  ecliptic,  be  5*80  times  that 
of  the  earth's  rotation.  In  §  276,  where  the  obliquity  is  taken 
into  consideration,  the  number  is  given  as  5*38. 


Now  let 


x  =  r 


i 


y  =  n, 


7==2e, 


It  will  be  noticed  that  x^  the  moment  of  momentum  of  orbital 
motion,  is  equal  to  the  square  root  of  the  satellite's  distance  from 
the  planet. 

Then  the  equations  (1)  and  (2)  become 

h  =  y  +  x (3). 


T=i^-^={h-xy 


,(4). 


(3)  is  the  equation  of  conservation  of  moment  of  momentum,  or 
,  shortly,  the  equation  of  momentum ;  (4)  is  the  equation  of  energy. 

Now,  consider  a  system  started  with  given  positive  (or  say 
clockwise^)  moment  of  momentum  h ;  we  have  all  sorts  of  ways 
in  which  it  may  be  started.  If  the  two  rotations  be  of  opposite 
kinds,  it  is  clear  that  we  may  start  the  system  with  any  amount 
of  energy  however  great^  but  the  true  maxima  and  minima  of 
energy  compatible  with  the  given  moment  of  momentum  are 
given  by  dY/dx  =  0, 


or 

that  is  to  say, 


oj  -  A  +  -3  =  0, 


.(6). 


*  This  is  contrary  to  the  ordinary  convention,  but  I  leave  this  passage  as  it 
stood  originally. 
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We  sbaU  presently  see  that  this  quartic  has  either  two  real 
roots  and  two  imaginary,  or  all  imaginary  roots'^. 

This  quartic  may  be  derived  from  quite  a  different  con- 
sideration, viz.,  by  finding  the  condition  under  which  the 
satellite  may  move  round  the  planet,  so  that  the  planet  shall 
always  show  the  same  face  to  the  satellite,  in  fact,  so  that  they 
move  as  parts  of  one  rigid  body. 

The  condition  is  simply  that  the  satellite's  orbital  angular  in  these 
velocity  Q  =  n  the  planet's  angular  velocity  of  rotation ;  or  since  tions  the 

»  =  y  and  r*  =  O"'  =  x,  therefore  y  =  1/aj".  thSSSi" 

By  substituting  this  value  of  y  in  the  equation  of  momentum  (xmneoted 
(3),  we  get  as  before  piMiet. 

a;*-^  +  l=0 (5). 

In  my  paper  on  the  "Precession  of  a  Viscous  Spheroid f,"  I 
obtained  the  quartic  equation  from  this  last  point  of  view 
only,  and  considered  analytically  and  numerically  its  bearings 
on  the  history  of  the  earth. 

Sir  William  Thomson,  having  read  the  paper,  told  me  that  he 
thought  that  much  light  might  be  thrown  on  the  general  physical 
meaning  b£  the  equation,  by  a  comparison  of  the  equation  of 
conservation  of  moment  of  momentum  with  the  energy  of  the 
system  for  various  configurations,  and  he  suggested  the  appro- 
priateness of  geometrical  illustration  for  the  purpose  of  this 
comparison.  The  method  which  is  worked  out  below  is  the 
result  of  the  suggestions  given  me  by  him  in  conversation. 

The  simplicity  with  which  complicated  mechanical  interactions 
may  be  thus  traced  out  geometrically  to  their  results  appears 
truly  remarkabla 

At  present  we  have  only  obtained  one  result^  viz. :  that  if  with 
given  moment  of  momentum  it  is  possible  to  set  the  satellite  and 
planet  moving  as  a  rigid  body,  then  it  is  possible  to  do  so  in  two 
ways,  and  one  of  these  ways  requires  a  maximum  amount  of 
energy  and  the  other  a  minimum;  from  which  it  is  clear  that 
one  must  be  a  rapid  rotation  with  the  satellite  near  the  planet, 
and  the  other  a  slow  one  with  the  satellite  remote  from  the 
planet. 

*  I  have  elsewhere  shown  that  when  it  has  real  roots,  one  is  greater  and  the 
other  lees  than  {  h.    Proe.  Roy,  Soc,  No.  202, 1880. 
t  Trans*  Roy,  Soc,  Part  1. 1879. 
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Now,  consider  the  three  equations, 

h^y  +  x (6), 

r=(A-a:)'-l (7), 

x'y  =  l  (8). 

(6)  is  the  equation  of  momentum ;  (7)  that  of  energy ;  and  (8) 
we  may  call  the  equation  of  rigidity,  since  it  indicates  that  the 
two  bodies  move  as  though  parts  of  one  rigid  body. 

Now,  if  we  wish  to  illustrate  these  equations  geometrically, 
we  may  take  as  abscissa  Xy  which  is  the  moment  of  momentum 
of  orbital  motion ;  so  that  the  axis  of  x  may  be  called  the  axis 
of  orbital  momentum.  Also,  for  equations  (6)  and  (8)  we  may 
take  as  ordinate  y,  which  is  the  moment  of  momentum  of  the 
planet's  rotation ;  so  that  the  axis  of  y  may  be  called  the  axis 
of  rotational  momentum.  For  (7)  we  may  take  as  ordinate  F, 
which  is  twice  the  energy  of  the  system;  so  that  the  axis 
of  Y  may  be  called  the  axis  of  energy.  Then,  as  it  will  be 
convenient  to  exhibit  all  three  curves  in  the  same  figure,  with 
a  parallel  axis  of  x^  we  must  have  the  axis  of  energy  identical 
with  that  of  rotational  momentum. 

It  will  not  be  necessary  to  consider  the  case  where  the 
resultant  moment  of  momentum  h  \a  n^^tive,  because  this 
would  only  be  equivalent  to  reversing  all  the  rotations;  thus 
A  is  to  be  taken  as  essentially  positive. 

Then  the  line  of  momentum,  whose  equation  is  (6),  is  a 
straight  line  inclined  at  45^  to  either  axis,  having  positive  inter- 
cepts on  both  axes. 

The  curve  of  rigidity,  whose  equation  is  (8),  is  clearly  of 
the  same  nature  as  a  rectangular  hyperbola^  but  having  a 
much  more  rapid  rate  of  approach  to  the  axis  of  orbital  mo- 
mentum than  to  that  of  rotational  momentum. 

The  intersections  (if  any)  of  the  curve  of  rigidity  with  the 
line  of  momentum  have  abscissaB  which  are  the  two  roots 
of  the  quartic  a*  —  ha?  +1  =  0.  The  quartic  has,  therefore, 
two  real  roots  or  all  imaginary  roots.  Then,  since  fl;=^r, 
the  intersection  which  is  more  remote  from  the  origin,  indicates 
a  configuration  where  the  satellite  is  remote  from  the  planet; 
the  other  gives  the  configuration  where  the  satellite  is  closer 
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to   the  planet.     We  have  already  learnt  that  these  two  cor-  ^E^^ 
respond  respectively  to  mioimam  and  maximum  energy. 

When  X  ia  very  large,  the  equation  to  the  curve  of  energy 
is  T=(h  —  x)',  which  is  the  equation  to  a  parabola,  with  a 
vertical  asia  parallel  to  Y  and  distant  h  from  the  origin,  bo 
that  the  axis  of  the  parabola  pasaes  through  the  intersection 
of  the  tine  of  momentum  with  the  axis  of  orbital  momentum. 

When  X  is  very  small  the  equation  becomes  T=  —  1/a^. 


Henoe,  the  axis  of  T  ia  asymptotic  on  both  sides  to  the  curve 
of  energy. 

Then,  if  the  line  of  momentum  intersects  the  curve  of 
rigidity,  the  curve  of  energy  has  a  maximum  vertically  under- 
neath the  point  of  intersection  nearer  the  origin,  and  a  miniinniii 
underneath  the  point  more  remote.  But  if  there  are  no  inter- 
sectiona,  it  has  no  maximum  or  minimum. 

It  is  not  easy  to  exhibit  these  curves  well  if  they  are  diawn 
to  scale,  without  making   a  figure  larger   than  it  would    be 
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convoDient  to  print,  and  accordingly  fig.  1  gives  them  as  drawn  Gnphioal 
with  the  free  hand.  As  the  zero  of  energy  is  quite  arbitrary, 
the  origin  for  the  energy  curve  is  displaced  downwards,  and 
this  prevents  the  two  curves  from  crossing  one  another  in 
a  confusing  manner.  The  same  remark  applies  also  to  figs. 
2  and  3. 

Fig.  1  is  erroneous  principally  in  that  the  curve  of  rigidity 
ought  to  approach  its  horizontal  asymptote  much  more  rapidly, 
so  that  it  would  be  difficult  in  a  drawing  to  scale  to  distinguish 
the  points  of  intersection  £  and  D, 

Fig.  2  exhibits  the  same  curves,  but  drawn  to  scale,  and 
designed  to  be  applicable  to  the  case  of  the  earth  and  moon, 
that  is  to  say,  when  A  =  4  nearly. 


AXIS  OF 
ORBITAL 


AXtS  OF 
ORBITAL 
MOMEMTUU 


Fig.  3. 

Fig.  3  shows  the  curves  when  A^-l,  and  when  the  line  of 
momentum  does  not  intersect  the  curve  of  rigidity ;  and  here 
there  is  no  maximum  or  minimum  in  the  curve  of  energy. 

These  figures  exhibit  all  the  possible  methods  in  which  the 
bodies  may  move  with  given  moment  of  momentum,  and  they 
differ  in  the  fact  that  in  figs.  1  and  2  the  quartic  (5)  has 
real  roots,  but  in  the  case  of  fig.  3  this  is  not  so.  Every  point 
of  the  line  of  momentum  gives  by  its  abscissa  and  ordinate 
the  square  root  of  the  satellite's  distance  and  the  rotation  of 
VOL.  U.  33 
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tke  planet,  and  the  ordinate   of  the  energy  cunre  giTes  the 
energy  oorresponding  to  each  distance  of  the  satellite^ 

Parts  of  these  figures  hare  no  physical  meaning,  for  it  is 
impossible  for  the  satellite  to  move  round  the  planet  at  a 
distance  which  is  less  than  the  sum  of  the  radii  (^  the  planet 
and  satellite.  Accordingly  in  fig.  1  a  strip  is  marked  off  and 
shaded  on  each  side  of  the  vertical  axis,  within  which  the  figure 
has  no  physical  meaning. 

Since  the  moon's  diameter  is  about  2,200  miles,  and  the 
earth's  about  8,000,  therefore  the  moon's  distance  cannot  be 
less  than  5,100  miles;  and  in  fig.  2,  which  is  intended  to  apply 
to  the  earth  and  moon  and  is  drawn  to  scale,  the  base  of  the 
strip  is  only  shaded,  so  as  not  to  render  the  figure  confused. 

The  ]x>int  P  iu  fig.  2  indicates  the  present  configuration  of 
the  earth  and  moon. 

The  curve  of  rigidity  x*y  =  1  is  the  same  for  all  values  of 
A,  and  by  moving  the  line  of  momentum  pai*allel  to  itself  nearer 
or  further  from  the  origin,  we  may  represent  all  possible 
moments  of  momentum  of  the  whole  system. 

The  smallest  amount  of  moment  of  momentum  with  which  it 
is  possible  to  set  the  system  moving  as  a  rigid  body,  with  cen- 
trifugal force  enough  to  balance  the  mutual  attraction,  is  when 
the  line  of  momentum  touches  the  curve  of  rigidity.  The  con- 
dition for  this  is  clearly  that  the  equation  a?*  -  h^  +1=0 
should  have  equal  roots*  If  it  has  equal  roots,  each  root  must 
be  JA,  and  therefore 

(iA)*-A(f^)«+l  =  0, 

whence  h'  =  4V3»  or  A  =  4/3*  =1-75. 

The  actual  value  of  h  for  the  moon  and  earth  is  about  4,  and 
hence  if  the  moon-earth  system  were  started  with  less  than  -^  of 
its  actual  moment  of  momentum,  it  would  not  be  possible  for 
the  two  bodies  to  move  so  that  the  earth  should  always  show 
the  same  fiice  to  the  moon. 

Again  if  we  travel  along  the  line  of  momentum  there  must  be 
aome  point  for  which  ya?  is  a  maximum,  and  since  ya^  =  n/Q 
there  must  be  some  point  for  which  the  number  of  planetary 
rotations  is  greatest  during  one  revolution  of  the  satellite,  or 
shortly  there  most  be  some  configuration  for  which  there  is  a 
maximum  number  of  days  in  the  month. 
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Now  y^  is  equal  to  a;'(A  -  a?),  and  this  is  a  maximum  when  Maximum 
x^\K  and  the  maximum  number  of  days  in  the   month  is  dve  in  the 
( JA)'  (A  -  ^A)  or  3*A*/4* ;  if  A  is  equal  to  4,  as  is  nearly  the  ease 
for  the  earth  and  moon,  this  becomes  27. 

Hence  it  follows  that  we  now  have  very  nearly  the  maximum 
number  of  days  in  the  month.  A  more  accurate  investigation 
in  my  paper  on  the  "Precession  of  a  Viscous  Spheroid,"  showed 
that  taking  account  of  solar  tidal  friction  and  of  the  obliquity 
to  the  ecliptic  the  maximum  number  of  days  is  about  29,  and 
that  we  have  already  passed  through  the  phase  of  maximum. 

We  will  now  consider  the  physical  meaning  of  the  several 
parts  of  the  figures. 

It  will  be  supposed  that  the  resultant  moment  of  momentum 
of  the  whole  system  corresponds  to  a  clockwise  rotation. 

Now  imagine  two  points  with  the  same  abscisoa,  one  on  the 
momentum  line  and  the  other  on  the  energy  curve,  and  suppose 
the  one  on  the  energy  curve  to  guide  that  on  the  momentum  line. 

Then  since  we  are  supposing  frictional  tides  to  be  raised  on 
the  planet,  therefore  the  energy  must  degrade,  and  however  the 
two  points  are  set  initially,  the  point  on  the  energy  curve  must 
always  slide  down  a  slope  carrying  with  it  the  other  point. 

Now  looking  at  fig.  1  or  2,  we  «ee  that  there  are  four  slopes  Variotu 
in  the  energy  curve,  two  running  down  to  the  planet,  and  two  degndation 
others  which  run  down  to  the  minimum.     In  fig.  3  on  the  other  to  initial^ 
hand  there  are  only  two  slopes,  both  of  which  run  down  to  the  ^umm! 
planet. 

In  the  finst  case  there  are  four  ways  in  which  the  system  may 
degrade,  according  to  the  way  it  was  started;  in  the  second  only 
two  ways. 

i.  Then  in  fig.  1,  for  all  points  of  the  line  of  momentum 
from  C  through  £  to  infinity,  x  is  negative  and  y  is  positive; 
therefore  this  indicates  an  anti-clockwise  revolution  of  the  satel- 
lite, and  a  clockwise  rotation  of  the  planet,  but  the  moment  of 
momentum  of  planetary  rotation  is  greater  than  that  of  the  orbital 
motion.  The  corresponding  part  of  the  curve  of  energy  slopes 
uniformly  down,  hence  however  the  system  be  started,  for  this 
part  of  the  line  of  momentum,  the  satellite  must  approach  the 
planet,  and  will  fall  into  it  when  its  distance  is  given  by  the 
point  k, 
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ii.  For  all  pointa  of  the  line  of  momentum  from  D  through 
F  to  infinity,  x  is  positive  and  y  is  negative;  therefore  the 
motion  of  the  satellite  is  clockwise,  and  that  of  the  planetary 
rotation  anti- clockwise,  but  the  moment  of  momentum  of  the 
orbital  motion  is  greater  than  that  of  the  planetary  rotation. 
The  corresponding  part  of  the  energy  curve  slopes  down  to  the 
minimum  b.  Hence  the  satellite  must  approach  the  planet  until 
it  reaches  a  certain  distance  where  the  two  will  move  round  as  a 
rigid  body.  It  will  be  noticed  that  as  the  system  passes  through 
the  configuration  corresponding  toD,  the  planetary  rotation  is  zero, 
and  from  D  to  B  the  rotation  of  the  planet  becomes  clockwise. 

K  the  total  moment  of  momentum  had  been  as  shown  in  &g, 
3,  then  the  satellite  would  have  fallen  into  the  planet,  because 
the  energy  curve  would  have  no  minimum. 

From  i  and  ii  we  learn  that  if  the  planet  and  satellite  are  set 
in  motion  with  opposite  rotations,  the  satellite  will  fall  into  the 
planet,  if  the  moment  of  momentum  of  orbital  motion  be  less 
than  or  equal  to  or  only  greater  by  a  cei'tain  critical  amount 
(viz.  4/3^,  in  our  special  units),  than  the  moment  of  momentum 
of  planetary  rotation,  but  if  it  be  greater  by  more  than  a  certain 
critical  amount  the  satellite  will  approach  the  planet,  the  rotation 
of  the  planet  will  stop  and  reverse,  and  finally  the  system  will 
come  to  equilibrium  when  the  two  bodies  move  round  as  a  rigid 
body,  with  a  long  periodic  time. 

iii  We  now  come  to  the  part  of  the  figure  between  C  and 
D.  For  the  parts  AC  and  BD  of  the  line  AB  in  fig.  1,  the 
planetary  rotation  is  slower  than  that  of  the  satellite's  revolu- 
tion, or  the  month  is  shoi*ter  than  day,  as  in  one  of  the  satellites 
of  Mars.  In  fig.  3  these  parts  together  embrace  the  whola  In  all 
cases  the  satellite  approaches  the  planet.  In  the  case  of  fig.  3, 
the  satellite  must  ultimately  fall  into  the  planet;  in  the  case 
of  figs.  1  and  2  the  satellite  will  fall  in  if  its  distance  from  the 
planet  is  small,  or  move  round  along  with  the  planet  as  a  rigid 
body  if  its  distance  be  large. 

For  the  part  of  the  line  of  momentum  AB,  the  month  is 
longer  than  the  day,  and  this  is  the  case  of  all  known  satellites 
except  the  nearer  one  of  Mars.  As  this  part  of  the  line  is  non- 
existent in  ^g.  3,  we  see  that  the  case  of  all  existing  satellites 
(except  the  Martian  one)  is  comprised  within  this  part  of  figs.  1 
and  2.     Now  if  a  satellite  be  placed  in  the  condition  A,  that  is 


Q,  6.]  TIDAL   FRICTION.  517 

to  say,  moving  rapidly  round  a  planet,  which  always  shows  the 
same  face  to  the  satellite,  the  condition  is  clearly  dynamically 
unstable,  for  the  least  disturbance  will  determine  whether  the 
s;  stem  shall  degrade  down  the  slopes  ac  or  ab,  that  is  to  say, 
whether  it  falls  into  or  recedes  from  the  planet.     If  the  equili-  Cmnmre 

4  7*8"  la\ 

brium  breaks  down  by  the  satellite  receding,  the  recession  will 
go  on  until  the  system  has  reached  the  state  corresponding  to  B. 

The  point  P,  in  ^g.  2,  shows  approximately  the  present  state 
of  the  earth  and  moon,  viz.,  when  a;=  3  2,  y='S*. 

It  is  clear  that,  if  the  point  /,  which  indicates  that  the  satel-  Suff^eitted 
lite  is  just  touching  the  ])lanet,  be  identical  with  the  point  A,  tk?ixi(wn. 
then  the  two  bodies  are  in  effect  parts  of  a  single  body  in  an 
unstable  configuration.  If,  therefore,  the  moon  was  originally 
part  of  the  earth,  we  should  expect  to  find  A  and  I  identical. 
The  figure  2,  which  is  drawn  to  represent  the  earth  and  moon, 
shows  that  there  is  so  close  an  approach  between  the  edge  of  the 
shaded  band  and  the  intersection  of  the  line  of  momentum  and 
curve  of  rigidity,  that  it  would  be  scarcely  possible  to  distinguish 
them  on  the  figure.  Hence,  there  seems  a  considerable  proba- 
bility that  the  two  bodies  once  formed  parts  of  a  single  one,  Comnm 
which  broke  up  in  consequence  of  some  kind  of  instability. 
This  view  is  confirmed  by  the  more  detailed  consideration  of  the 
case  in  the  paper  on  the  "  Precession  of  a  Viscous  Spheroid," 
and  subsequent  papers,  which  have  appeared  in  the  Philoso- 
phical Transactions  of  the  Royal  Society. 

The  remainder  of  the  paper,  of  which  this  Appendix  forms  Doahic-star 
a  part,  is  occupied  with  a  similar  graphical  treatment  of  the  "^^  *"' 
problem  involved  in  the  case  of  a  planet  and  satellite  or  a  system 
of   two  stars,  each  raising  frictional  tides  in  the  other,  and 
revolving  round  one  another  orbitaJly.     This  problem  involves 
the  construction  of  a  surface  of  energy. 

*  The  proper  values  for  the  present  configuracion  of  the  earth  and  mooD  are 
x=s8'4,  y=-7.  Figure  (2)  was  drawn  for  the  paper  as  originally  presented  to 
the  Royal  Society,  and  is  now  merely  reprodaoed. 
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Acceleration,  defined,  i.  28 

measnre  of,  when  uniform,  z.  28 
measure  of,  when  yariable,  i.  29 
average,  i.  29 

analytical  expressions  for,  i.  29,  81 
composition  and  resolution  of,  i.  80, 31 
examples  of,  i.  85,  86 
angular,  defined,  i.  42 
angular,  analytical  expressions   for, 
I.  42 
Action,  defined,  i.  826 

principle  of  least,  i.  827;  Lagrange's 

equations  derived  from,  i.  327 
principle  of  stationary,  i.  328 
principle  of  varying,  i.  830 ;  examples 

of,  I.  838—836 
differential  equation  satisfied  by  the, 
1. 330 ;  equations  of  motion  derived 
from,  I.  330 
surfaces  of  equal,  i.  832 
Activity,  i.  268 

Anchor-ring,  motion  on  an,  i.  851, 855,  866 
Angles,  measurement  of,  i.  404 

solid,  II.  463—470 
Area,  projection  of  plane  or  curved,  i.  233 

conservation  of  {see  Momentum) 
Atoms,  size  of,  ii.  (F) 
Attraction,  universal  law  of,  n.  458 

integral  of  normal,  over  a  closed  sur- 
face, n.  492,  493 
variation   of,  in  crossing  attracting 

surface,  ii.  478 
of  a  uniform  spherical  shell  on  an  in- 
ternal particle,  ii.  462,  477;  on  an 
external  particle,  n.  471,  477;  on 
an  element  of  the  ehell,  ii.  472. 


Attraction  of  a  spherical  surface  with  den- 
sity varying  inversely  as  the  cube 
of  the  distance  from  a  given  point, 
II.  474—476 

of  a  sphere  whose  density  varies 
inversely  as  the  fifth  power  of  the 
distance  froui  a  point,  ii.  518 

of  a  sphere  composed  of  concentrio 
shells  of  uniform  density,  ii.  480, 
491  (d) 

of  a  uniform  circular  disc  on  a  par* 
tide  in  its  axis,  ii.  477,  517 

of  a  cylinder  on  a  particle  in  its  axis, 
II.  477 

of  a  right  cone  on  a  particle  at  its 
vertex,  ii.  477 

of  a  uniform  circular  arc,  n.  481 

of  a  straight  line,  ii.  481 

of  a  uniform  hemisphere  on  a  particle 
at  its  edge,  ii.  478 

of  matter  arranged  in  infinite  paralle 
planes  of  uniform  density,  ii.  491 

(/) 

of  coaxal  cylinders  of  uniform  density 
to  infinite  lengths,  ii.  491  («) 

of  a  homogeneous  ellipsoid,  ii.  494  (J) 
— (oj;  11.519— 532 

of  a  sliell  bounded  by  similar  con- 
centric and  similarly  situated  ellip- 
soids, II.  519—521,  523 

of  an  infinite  homogeneous  elliptic 
cylinder,  ii.  494  (p)  (q) 

of  a  heterogeneous  ellipsoid,  n.  527 

of  a  particle  on  a  distant  body,  ii. 
540,  541 

inverse  problem  of,  ii.  494  (a)—- tO 
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Balance,  i.  480,  431 ;  ii.  573 

torsion,  i.  482,  433 

bifilar,  i.  435 
Bending  of  a  bar,  plate,  Ac. ;  see  Flexure 


Cardioid,  i.  49 
Catenary,  defined,  n.  574 

equation  of  common,  n.  580 
of  uniform  strength,  ii.  583 
Cathetometer,  i.  429 
Central  axis  of  a  system  of  forces,  n. 

559  0/) 
Centrobaric  bodies,  ii.  5*34;   possess  ki^ 
netic  symmetry  about  their  centre 
of  inertia,  ii.  535 
Clamp,  geometrical,  defined,  1. 198;  exam- 
ples of,  I.  198 
Clocks,  I.  414—417 

Compressibility,  defined,  n.  680 ;  n.  (C)  /. 
Conservative  system,  defined,  i.  271 
Constraint,  of  a  point  with  two  or  one 
degrees  of  freeiom,  1. 196 
of  a  rigid  body  with  various  degrees 

of  freedom,  i.  197,  199 
of  a  rigid  body,  five  degrees  of,  i.  199 
of  a  rigid  body,  one  degree  of,  most 
general  form  of,  i.  200;  mechanical 
illustration  of,  i.  201 ;   analytical 
expression  of,  i.  201 
Gauss's  principle  of  least,  i.  293 
kinetic,  cases  of  motion  governed  by, 
1.319 
Continuity,  integral  equation  of,  1. 192 
differential  equation  of,  i.  193,- 194 
Co-ordinates,  Bodrigues,  i.  95 

generalized,  of  a  point,  i.  202,  203* 
generalized,  of  a  system,  i.  204 
generalized,  kinetic  energy  expres»e.l 

in,  I.  313 
generalized,  equations  of  motion  in, 

1.318 
ignoration  of,  i.  319 
generalized    orthogonal    transforma- 
tion of,  I.  337  note 
Cord,  see  String. 

Couples,  defined,  i.  234;   moment  of,  i. 
234;  axis  of,  i.  234  ;  ii.  559 
composition    of,   ii.    559    (b);    with 
forces,  II.  559  {/) 
Curvature,  defined,  i.  5 
of  a  circle,  i.  5 

of  any  plane  curve,  analytical  expres- 
sions for,  I.  6 
of  any  curve,  analytical  expressions 

for,  I.  9 
integral,  of  a  curve,  i.  10, 12 
average,  of  a  curve,  i.  10,  12 
synclastic  and  antiolastic,  of  a  sur- 
face, defined,  i.  128,  u.  6^9 
line  of.  defined,  i.  130 


Curvature,  integral,  of  a  portion   of    s 
surface,  defined,  i.  136 

average,  of  a  portion  of  a  surfaoe,  de- 
fined, 1. 136 

specific,  at  a  point  of  a  surface,  de- 
fined, I.  136;  analjrtical  expression 
for,  I.  138 
Curvatura  Integra,  defined,  i.  136;  proved 
the  same  as  Integral  Curvature,  i. 
137 
Curve,  plane,  z.  7 

tortuous,  I.  7 

osculating  plane  of,  i.  8 

mechanical  tracing  of,  1. 16 

of  pursuit,  I.  40 

of  flight,  I.  40 

representation    of   experimental    re- 
sults by  means  of  a,  i.  395 — 897 
Cycloid,  I.  49,  92 

properties  of,  i.  93 


D'Alembert*s  principle,  i.  264 

Density,  line,  surface  and  volume,  n.  460 

of  the  Earth,  n.  774, 831 
Determinant,  expression  for  the  square  of, 
I.  p.  t66  Aq  (k) 
minors  of  a,  i.  343  {b) 
relations  between  the  minors  of  an 

evanescent,  i.  343  (b) 
square  root  of  skew  symmetric,  i. 
345  (ix) 
Diagonal  scale,  i.  419 
Direction,  integral  change  of,  in  a  surface, 

I.  135 
Displacement,  in  one  plane,  equivalent  to 
a  rotation,  i.  79,  80, 83;  or  a  trans- 
lation, I.  81 
in    one   plane,   examples  of,  i.  84, 

85 
of  a  non-iigid  solid  with  one  point 
fixed,  general  analytical  investiga- 
tion of,  I.  181,  190  (e),  (/),  (i) 
tangential,  defined,  i.  186;  of  dis- 
placed and  undisplaced  curve  com- 
pared, I.  187—189 ;  of  a  closed 
curve,  due  to  rotation,  i.  190;  of 
a  closed  curve  due  to  strain,  i.  190 

Di«-6ipativity,  i.  345  (ii) 


Earth,  The,  as  a  time-keeper,  ii.  830 

figure  of,  as  determined  by  geodesy, 

II.  797 
rigidity  of.  ii.  832—848 
distribution  of  land  on,  ii.  848 
secular  cooling  of,  ii.  (D) 

Edge  of  regression,  1. 148 

Elastic  curve,  ii.  611,  612 

Elastic  body,  perfectly,  defined,  ii.  672 
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Elasticity,  of  volume,  n.  680 

of  figure,  n.  680 
£la8tio  solid,  equations  of  equilibrium  of, 

II.  697,  698;  ii.  (C) 
integration    of    equations    of    equi- 
librium of  infinite,  ii.  730 
displacements  of,  by  stress  applied  to 

an  infinitely  small  part,  ii.  7^1 
displacements  of,  by  stress  applied 

over  the  boundary,  ii.  732 — 734 
displacement  of,  when  the  strain  is 
yT       plane,  n.  789 
^     Green's  theory  of,  n.  (C)  (.g),  (fc)      7- 
sphere,  deformation  of,  by  rotation, 

II.  887,  838 
spherical  shell,  equilibrium  of,  under 

surface  tractions,  n.  735 — 737 
Elliptioity  of  strata  of  equal  density  within 

the  earth  resulting  from  Laplace's 

biw,  n.  824,  824' 
Energy,  kinetic,  defined,.!.  213 

kinetic,  rate  of  change  of,    i^  214; 

analytical  expression*  for,  I..280 
potential,  defined  and  explained,  i. 

241,  273,  274 
conservation  of,  i.  269 — 278 
apparent  loss  of,  i.  275 — 277 
equation  of,  i.  293,  318 
kinetic  and  potential,  expressed  as 

functions  of  the  time  in  the  caee  of 

small  motions,- 1.  337 
potential,  exhaustion  of,  II.-547 — 549 
Eolotropy,  11.  676—678 
Epicycloid,  i.  49,  94 

Equilibrant,  of  a  system  of  forces,  11. -558 
Equilibrium,  neutral,  stable  and  unstable,. 

examples  of,  i.  291 
of  a  particle,  11.  455,  456 
of  three  forces,  u.  564 . 
of   forces  proportional  and  perpen- 
dicular to  the  sides  of  a  polygon 

at  their  middle  points,  or  the  faces 

of  a  polyhedron  at  their  centres  of 

inertia,  11.  559  («) 
of  a  free  rigid  boay,  11.  551 — 553 
of  a  constrained  rigid  body,  11.  554 — 

657 
of  a  body  moveable  about  an  axis,  11. 

567 
of  a  body  resting  on  a  fixed  surface, 

n.  568 
of  a  body  capable  of  a  single  screw 

motion,  11.  556 
f-imple  examples  of,  11.  572 
of  a  floating  body,  stability  of,  11.  763 

—768 
of  a  rotating  gravitational  fiui  J  ellip- 
soid of  equilibrium,  11.  770 — 773, 

775—777,  778' 
of  a  rotating  gravitational  fluid  ellip> 

soid  with  three  unequal  axes,  11.  778 


Equilibrium  of  a<  rotating  fluid  mass  gene- 
rally, n.  778' 
of  a  rotating  heterogeneous   liquid 
spheroid,  enclosing  a  rigid  spherical 
nucleus  and  subjected  to  disturb- 
ance,. II.  822—824 
of  rotating  spheroid  of  two  incom- 
pressible non-mixing  fluids,  11.  831 
energy  criterion  for,  i.  289,  290,  292 
slightly  disturbed,  application  of  the 

Lagrange  equation  to,  i.  337 
general  solution  of  any  case  of  slightly 
disturbed,  i.  843  (/)— (p) 
Equipotential  surfaces,  aefined,  11.  491  {g) 
of  homogeneous  harmonic  spheroids, 

II.  789,  790 
for  approximately  S])herical  mass  due 
to  gravitation   and  rotation  con- 
jointly, II.  794 
•f  rotating  fluid  covering  a  spherical 

nucleus,,  n.  800—802 
of  fluid  covering  a  fixed  spherical 
nucleus,  and  disturbed  by  the  attrac- 
tion of  a  distant  body,  11.  803 
Ergometer,  i.  436,  487 
Error,  law  of,  i.  391 

probable,  i.  392,  393 
Errors,  theory  of,  i.  887—894 
Evolute,  I.  17—19 
Experiment,  remarks  on,  i.  878 — 882 


Flexure,  of  a  bar,  11.  711 — 713 
of  a  plate,  11.  719—729 
of   a  plate  bounded  by  an  infinite 
^ane  edge,  11.  728 
Fluid,  perfect,  defined,  i.  820;  11.  742 
cases  of  motion  in  a  perfect,  i.  820 — 

325 
equations  of  equilibrium  of  a  periect, 

n.  758 
equilibrium  of,  in  a  dosed  vessel,  11. 

754,.  755 
equilibrium  of^  under  non-con serva- 
*  tive  forces,  11.  757 — ^759 

equilibrium  of,  possibility  of^  under 

given  forces,  11.  755,  756 
density  of,  in  terms  of  potential  of 

applied  forces,  11.  760 
impulsive  generation  of  motion  in  an 
incompressible,  i.  812,  317 
Fluxions,  I.  24,  203 
Foci,  kinetic,  i.  357 — 364 
Force,  measure  of,  i.  220,  413i 
specification  of,  i.  218 
acoelerative  effect  of,  i.  219 
measurement  of,  i.  258 
unit  of,  I.  221 

Gauss's  absolute  unit  of,  i.  223 
British^absolnte  unit  of,  i.  225 
ideal  units  of,  i.  223 
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Force,  oompariflon  of  absolute  and  gravi- 
tational meaBuiee  of^  i.  826 

effective  component  oC,  i.  828 

moment  of,  i.  232 

time-integral  of,  i.  897 

line  of,   defined  uid  illastrated,  ii. 
489,490 
Forces,  composition  of,  x.  255 

parallel,  composition  of,  ii.  561,  563 

parallelogram  and  polygon  of,  x.  256 

system  of,  reduced  to  two,  ii.  560 

system  of,  reduced  to  a  force  and  a 
couple,  II.  559  (c) 
Freedom,   degrees  of,  i.   196-— 201;   {see 

Constraint) 
Friction,  laws  of,  between  solids,  ii.  450 
—452 

laws  of  fluid,  i.  340 
Function,  simple  harmonic,  i.  54 

complex  harmonic,  i.  75,  76;  repre- 
sentation of  the  results  of  experi- 
ment by  means  of  a,  i.  81)8' 

plane  himnonic,  ii.  739 

displacement,  i.  190  {k) 

spherical  harmonic,  i.  p.  171  B.  {tee 
Spherical  harmonics) 

Laplace's,  i.  p.  208  B.  (e')  {ue  Sphe- 
rical harmonics) 

Hamilton's  characteristic,  x.  331 ; 
complete  solution  derived  from  a 
knowledge  of,  i.  331 

cyclic,  n.  755,  note 


Geodetic  line  defined,  i.  132 

trigonometry  on    a  surface  of  uni- 
form specific  curvature,  1. 153 
Gravity,  Glairant*s  formula  for,  in  terms 
of  the  latitude,  i.  222 
centre  of,  defined,  u.  534 ;  u.  562 
lunar  and  solar  influence  on  apparent, 

n.  812 
experimental  investigation  of  lunar 
disturbance  of,  11.  818' 
Green's  problem,  11.  499—506 
examples  of,  n.  507 — 509 
Gauss's  method  of  treating,  n.  550 
Gyration,  radius  of,  i.  281 


Harmonic  motion,  definition  of,  x«  53 
amplitude  of,  i.  54 
argument  of,  i.  54 
epoch  of,  I.  54 
period  of,  i.  54 
phase  of,  i.  54 
practical  examples  of,  i.  55 
velocity  in,  i.  56 
acceleration  in,  i.  57 
•omposition  of,  in  one  line,  i.  5^,  59 ; 
examples,  i.  60,  61 


Harmonic  motions,  mechanical  composi- 
tion of,  in  one  line,  1.  62 
graphical  r^rasentaiioa  oC,  i.  68,  69« 

72,  74 
composition  o^  in  diilsrent  lines,  1. 
63—73 
Harmonic,  spheroid,  defined,  n.  779 

nodal  cone,  defined,  n.  779 ;  proper- 
ties of,  II.  780 
spherical  (see  Spherical  faarmoiiies) 
Heat,  specific,  defined,  11.  (E)  1  note 
Hodograph,  definition  of,  i.  37 
elementary  properties  of,  i.  37 
for  the  undisturbed  motion  of  a  planet 

is  a  circle,  i.  38 
physical  applications  of,  i.  39 
Homogeneousnees,  defined,  u.  675 
Hooke's  joint,  i.  109 
Holograph,  defined,  1. 186 

exercises  on,  x:  137 
Horse-power,  i.  268 
Hypocycloid,.x.  91,  94 
Hypotheses,  use  o^  x.  383 — 386 


Images,  electric,  n.  510 — 518 
Impact,  I.  294—296 

of  spheres,  direct,  L  300 — 302 

loss  of  energy  in,  i.  301 

distribution  of  energy  after,  1. 302—306 

moment  of,  i.  807 

work  done  by,  i.  808 

of  a  smooth  rigid  plane  on  a  free 
rigid  body  at  rest,  i.  317 
Indicatrix,  l  130 
luertia,  i.  216 

centre  of,  defined,  I.  280 ;  and  found, 
1.280 

moment  of,  x.  281 

principal   axes    of,  defined,   i.  282; 
found  analytically,  i.  283 
Interpolation,  i.  898 
Inversion,  n.  518 — 516 
Involute,  I.  17 — 19 
Isotrophy,  11.  676—679 


Laplace's  law  of  density  of  the  earth's 
strata,  11. 824 ;  applied  to  determine 
the  constant  of  precession,  11.  827, 
828;  compressibility  involved  in, 
n.  820 

Laplace's  differential  equation  for  the 
potential,  etc.,  with  Poisson's  ex- 
tension, u.  491  (6)  (c) 
expressed  in  generaUz^d  co-ordinates 
by  physiciJ  considerations,  i.  A^ 
p.  160  (a) — («) 
expressed  in  generalized  co-ordinates 
by  algebraical  transformation,  i. 
p.  166  A^  Uh-{ni) 
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Laplaoe^s  equation  ezpreseed  in  generalized 
rectangular  oo-ordinates,  i.  p.  164 
Aq  (/) ;  in  polar  co-ordinates,  i. 
p.  164  A^ iff);  in  columnar  co-ordi- 
nates, I.  p.  165  A|)  (A) 
solution  proved  possible  and  unique 
when  tne  function  is  given  in  value 
at  eveiy  point  of  a  given  surface, 
I.  p.  169  A  {h) — (e) 

Latitude,  effect  of  hill,  cavity,  or  crevasse 
on.  II.  478,  479 

Length,  measures  of,  i.  407 — 409 

Level  surface,  iee  Equipotential  surface 


Machine,  Tide-predicting,  i.  B'  i. 

for  solving  simultaneous  linear  equa- 
tions, I.  B'  II. 

for  calculating  the  integral  of  a  given 
function,  i.  B'  ii'i. 

for  calculating  the  integral  of  the 
product  of  two  given  functions,  i. 
B'lv. 

for  solving  the  general  linear  differ- 
ential equation  of  the  second  order, 
I.  B'  V. 

for  solving  any  linear  differential  equa- 
tion, I,  B'  VI. 

for  calculating  the  harmonic  com- 
ponents of  a  periodic  function,  i.  B 

VII. 

Magnetometer,  bifilar,  i.  435 
Mass,  connexion    of,    with    volume    and 
density,  i.  208 

unit  of,  I.  209 

measurement  of,  i.  258,  412 

gravitational  unit  of,  11.  459 

negative,  11.  461 
Metacentre,  11.  768 
Moment,  virtual,  i.  237 
Momental  ellipsoid,  i.  282 
Momentum,  defined,  i.  210 

change  of,  i.  211 

rate  of  change  of,  i.  212 

conservation  of,  i.  267 

moment  of,  i.  235 

moment  of,  composition  and  resolution 
of,  I.  285,  236 

moment  of,  conservation  of,  i.  267 

generalized  expression  for  comx)onents 
of,  I.  313 
Motion,  direction  of,  i.  4 

rate  of  change  of  direction  of,  1.  5 

quantity  of  {*ee  Momentum) 

resultant,  i.  50 

resultant,  mechanical  arrangement 
for,  I.  51 

relative,  i.  45 

relative,  examples  of,  i.  47,  48,  49 

Newton's  Laws  of,  i.  244—269 

superposition  of  small,  i.  89 


Motion,  Harmonic  {nte  Harmonic  Motion) 

of  a  rigid  body  about  a  fixed  point,  i. 
95,  100, 101 

general,  of  a  rigid  body,  1. 102, 103 

general,  of  one  rigid  body  on  another, 
1. 110 

of  translation  and  rotation,  independ- 
ence of,  I.  266 

equations  of,  formation  of,  i.  298 

equations  of  impulsive,  i.  810 

general  indeterminate  equation  of,  i. 
293 

equations  of,  Lagrange's  generalized 
form  of,  I.  318;  examples  of,  T.  319 

equations  of,  Hamilton's  form,  i.  31^, 
319 

Hamilton's  characteristic  equation  of, 
I.  330 

complete  solution  of  a  complex  cy- 
cloidal,  1. 343  (a)— M ;  i.  345  (i)— (v) 

infinitely  small,  of  a  dissipative  sys- 
tem, I.  342 

ideal,  of  an  accumulative  system,  i. 
344,345 

of  a  gyrostatic  eonnervative  system, 
I.  345  (vi) — (ix);  with  two  degrees 
of  freedom,  i.  345  (x);  with  three 
degrees  of  freedom,  i.  345  (xi); 
with  four  degrees  of  freedom,  i.  345 
(xii) — (xxi);  with  any  number  of 
freedoms,  i.  345  (xxii) — (xxviii) 

disturbed,  general  investigation  of,  i. 
356 

equations  of,  of  a  single  particle  in 
polar  co-ordinates,  i.  319 

equations  of,  of  a  single  particle  re- 
ferred to  moving  axes,  i.  319 

of  a  sphere  in  an  incompressible  fluid 
bounded  by  an  infinite  plane,  i.  320, 
321 

of  a  solid  of  revolution  with  its  axis 
parallel  to  a  plane  through  an  un- 
bounded fluid,  I.  320—325 

of  solids  in  fluids,  practical  observa- 
tions on,  I.  325 


Normal  modes  of  vibration,  or  of  falling 
away  from  a  position  of  unstable 
equOibrium,  i.  338 ;  case  of  equality 
between  the  periods  of  two  or  more 
modes,  i.  339 


Ocean,  stability  of  the,  n.  816 
Optics,  application  of  varying  action  to  a 
question  of  geometrical,  i.  335 


Pendulum,  i.  434 

baUistic,  i.  298,  307 
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Pendulum,  motion  of  a  jointed,  i.  819 

motion  of  a  gyroscopic,  i.  319 

quadrantal,  i.  822 
Physical  problems,  approximate  treatment 

of,  n.  488—447 
Planets,  distribution  of  density  in,  n.  824 
Plate,  stretching  of,  by  flexure,  u.  629 — 
631 

laws  of  flexure  of,  ii.  632 — C36 

principal  axes  of  bending  of,  ii.  637, 
638 

potential  eneigy  of  a  bent,  ii.  640, 
641 

of  equal  flexibility  in  all  directions 
subjected  to  uniform  stress,  ii.  642 

equilibrium  of  infinite,  subjected  to 
any  forces,  ii.  643,  644 

boundary  conditions  of  a  finite,  ii. 
645,  648 

equilibrium  of,  under  circularly  dis* 
tributed  load,  ii.  649—651 

equilibrium  of  circular,  with  concen- 
tric circular  aperture,  ii.  652 — 655 

equilibrium  of  rectangular,  ii.  656 

flexural  rigidities  of,  ii.  720 
Poisson^s  equation  {see  Laplace's  differ- 
ential equation,  etc.) 
Potential,  defined  and  explained,  ii.  482 — 
486 

force  in  terms  of,  ii.  486,  491 

analytical  expression  for,  n.  491  (a) 

cannot  have  a  maximum  or  minimum 
value  in  free  space,  ii.  495 

mean  of,,  over  a  spherical  surface,  ii. 
496 

determination,  of,  through  external 
space  from  its  value  over  a  spherical 
surface,  ii.  793 

determination  of,  from  the  form  of  a 
nearly  spherical  equipotential  sur- 
face, II..  793 

of  a  shell  bounded  by  similar  con- 
centric and  similarly  situated  ellip- 
soids, u.  524,  525 

of  a  homogeneous  ellipsoid,  ii.  526 

of  a  heterogeneous  ellipsoid,  ii.  526 

of  an  ellipsoid  of  revolution,  ii.  527 

comparison  between,  of  two  confocal 
shells  each  bounded  by  similar  and 
similarly  situated  ellipsoids,  ii.  532 

of  any  spheiical  shell,  expressed  in 
spherical  harmonics,  ii.  536 — 538 

of  a  distant  body,  found  by  spherical 
harmonic  analysis,  it.  539 

of  a  solid  sphere  with  harmonic  distri- 
bution of  density,  ii.  543,  545 

of  any  mass,  expressed  in  harmonic 
series,  ii.  542,  544 

of  a  distribution  of  mass  symmetrical 
round  an  axis,  expressed  in  zonal 
harmonics,  ii.  546 


Potential,  of  a  circular  ring,  ii.  546 
of  a  circular  disc,  ii.  546 
of  a  circular  galvanometer  coU,  n.  546 
of  a  solid  sphere  with  variation  fiv>m 

average  density  in  one  limited  region, 

II.  786—788,  791,  792 
for  other  masses  of  definite  form  {tee 

Attraction) 
Precession  and  Nutation,  ii.  825 
Precession  in  connection  with  the  distribu- 
tion of  density  within  the  Earth,  ii. 

826 
constant  of , determined  from  Laplace*s 

law,  II.  827 
Pressure,  fluid,  at  a  point,  ii.  743 ;  proved 

equal  in  all  directions,  ii.  744,  745, 

747 
in  a  fluid  under  the  action  of  no 

external  forces  equal  in  all  direc- 
tions, II.  745,  747 
rate  of  increase  of,  in  terms  of  the 

external  force,  n.  752,  753 
resultant  fluid,  on  a  plane  area,  ii.  761 
resultant  fluid,   on   a  body  of  any 

shape,  II.  762 
equations  of  fluid,  ii.  753 
of  the  atmosphere  at  different  heights, 

II.  753 
centre  of,  ii.  746,  761 


Resilience,  ii.  691  (&)—(/) 

Resistance,  varying  as  the  velocity  in  a 

simple  motion,  i.  341 
Restitution,  coefficient  of,  i.  300 
Resultant,  of  forces  acting  along  and  pro- 
portional to  the  sides  of  a  polygon 
is  a  couple,  n.  559  {d) 
Rigidity,  defined,  n.  680,  ii.  (C]  (0 

torsional,  of  circular  cylinaer,  ii.  701 
torsional,  of  various  prisms,  ii.  709 
of  the  Earth,  n.  832—840 
Rocking  stones,  ii.  566 
Rolling,  of  one  curve  on  another  will  give 
any  motion  of  a  plane  figure  in  its 
own  plane,  i.  90 
of  circle  on  straight  line,  i.  92 
of  cone  on  cone,  i.  99,  104,  105 ;  ex- 
amples of,  1. 106 — 108 
of  one  plane  curve  on  another  in  the 
same  plane,   i.  112;   in  different 
planes,  i.  113 
of  a  curve  on  a  surface,  i.  115,  116 
of  one  rigid  body  on  another,  i.  110, 
111,  117 ;  anal3rtical  investigation 
of,  when  one  or  both  traces  are 
given,  I.  124,  125 
Rotations,  composition  of,  about  parallel 
axes,  I.  86 
composition  of  with  a  translation  in 
plane  perpendicular  to  axis,  i.  87 
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Itotanons,  finite,  composition  of,  i.  97, 
98 


Screw,  for  measnrement,  i.  424,  425 

micrometei;  i.  426 
Secular  acceleration  of  the  Biloon*8  mean 

motion,  il  830 
Sea-level,  disturbance  of,  by  a  region  of 
density  greater   or  less  than  the 
average,  ii.  786—786,  791,  792 
figure  of,  determined  from  measure- 
ments of  gravity,  ii.  795,  796 
figure  of^  determined  firom  results  of 
geodesy,  ii.  797 
Shear,  synthesis  of,  i.  169 

principal  properties  of,  i.  170 — 172 
axes  of,  173 

various  specifications  of,  1. 174 — 176 
combination  of,  with  simple  elonga- 
tion and  expansion,  i.  177 
Slide,  geometrical,  defined,   i.   198;  ex- 
amples of,  I.  198 
Spherical  excess,  of  a  triangle,  i.  134  ;  of 

a  polygon,  i  134 
Spherical  harmonics,  defined,  i.  p.  171  B 

{a) 
Examples  of,  i.  p.  171  B  (a) 
partiat  i.  p.  176  B  (c) 
differential  equations  satisfied  by,  z. 

p.  i78B(«)(fir) 
surface  integral  of  product  of  two  or 

parts  of  two,  i.  pp.  178,  105  B(^) 

when  complete  are  rational  integral 
functions  oi  x^y^z;  or  can  be  made 
so  by  a  factor  r^,  i.  p.  181  B 
ih) 

general  expressions  for,  when  com- 
plete, obtained  by  differentiation,  i. 
p.  i63B(j) 

general  expressionR  for,  obtained  by 
solution  of  Laplace's  equation,  i. 
p.  ao7  B  (c^) — (ni);  examples,  i.  p. 

2i3B(ji^M*') 
algebraical   transformations    of   the 

general  expressions,  i.  p.  189  B  (Z) 

degrees  of,  for  solution  of  special 
problems,  i.  p.  196  B  (m) — (0) 

vanishing  of,  i.  p.  i^  B  (p) 

expansion  of  an  arbitrary  function  in 
terms  of,  i.  p.  198  B  (r)— -(e),  (a') 

biaxal,  defined,  i.  p.  301  B(u);  ex- 
pressions for,  I.  p.  201  B  (vy--{y); 
II.  782 

tesseral,  i.  p.  189  B  (f) ;  11.  782 

sectorial,  u.  781 

degradation  of,  when  the  spherical 
surface  becomes  plane,  11.  7H3 
Spherometer,  i.  427,  428 
Spiral  springs,  11.  604—608 


Squares,  transformation  of  two  quadratic 
functions  to  sums  of,  i.  337  note 
method  of  least,  i.  394 
Stability,  energy  criterion  of,  i.  292 

kinetio,  i.  846,  347;  examples  of,  i. 
348—354 

kinetic,  of  a  particle  in  a  droular 
orbit,  1.  850 

^kinetic,  of  a  particle  moving  on  a 
smooth  surface,  i.  851 — 353 

kinetic,  of  a  projeetile,  i.  354 

kinetio,  general  criterion  of,  i.  355, 
358—361 
Strain,  homogeneous,  defined,  i.  155 

principal  properties  of,  i.  156 — 159 

ellipsoid,  i.  160—163;  168 

axes  of,  I.  163 

change  of  length  and  direction  of  a 
line  in,  i.  164 

change  of  orientation  of  a  plane  in,  i. 
165 

planes  of  no  distortion  in,  i.  167 

analysis  of,  i.  177—179,  182 

pure  homogeneous,   analytical  con- 
ditions for,  I.  183 

composition  of,  i.  184,  185 

specification  of,  by  six  elements,  zi. 
(C)  ia) 

produced  by    a    single  longitudinal 
stress,  II.  682,  683 

components  of,  in  terms  of  stress- 
components,  XI.  673,  694 

potential  energy  of  elastic  body  in 
terms  of,  11.  695;  11.  (C)  (d) 

plane,  11.  738 
Stress,  defined,  11.  658 

homogeneous,  11.  659 

specification  of,  ix.  660, 662,  669 

average,  xi.  674 

shearing,  11.  662 

composition  ef,  667 

quadrio,  11.  663,  665,  666 

principal  axes  of,  11.  664 

potential  energy  o^  11.  670,  671,  673, 
695 

analogies  of  strain  with,  11.  668 

components  of,  in  terms  of  strain- 
oomponents,  u.  673,  693,  11.  (C)  L 

required    for   a  single   longitudinal 
strain,  11.  692 

due  to  the  gravitation  of  an  approxi- 
mately spherical  mass,  11.  832' 

'difference,  11.  832' 
Striug,  general  equations  of  equilibrium 
of,  IX.  676—579 

kinetio  analogue  to  equilibrium  of,  ix. 
581 ;  examples  on,  n.  582 

on  smooth  surface,  equilibrium  of,  it. 
584 

on  rough  surface,  equilibriam  of,  11. 
58r,-^87 
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String,  impulsive  geaeniiMu  of  motion 

in,  z.  817 
St  Venant's  toraion  proUems,  ix.  699 — 710 
San,  The,  secular  cooling  of,  ii.  (E)  i 
present  temperature  o£,  i'.  (£)  ii 
origin  and  amount  of  heat   of,  n. 
(E)  III 
Surface,  flexible  and  inextensible,   prac- 
tical i^^proximations  to,   i.  139 — 
143 ;  general  property  o^  1. 150 
developable,  defined,  1. 139 ;  practical 

construction  of,  1. 149 
measure  of,  i.  410 
equipotential,  defined,  u.  487,  491  {g) ; 

(see  Equipotential  surfaoes) 
of  equal  pressure,  properties  of,  ii.  749, 
750 
Symmetry,  kinetic,  i.  285 


Theorem,  Bertrand*s,on  the  kinetic  energy 
of  a  system  moving  from  rest  under 
given  impulses,  i.  811,  814,  815 

Binet's,  on  the  principal  axes  at  any 
point  of  a  bod^,  i.  283,  284 

Cavendish's,  n.  533 

Clairaut's,  ii.  795 

Euler's,  on  curvature  of  surfaces,  i. 
130 

Fourier's,  i.  76—77 

Gauss's,  on  the  potential,  xi.  497 

Green's,  extended  form  of,  i.  p.  16.7 
A  (a) 

Guldinus'  or  Pappus',  xi.  567 

Ivory.'s,  II.  530,  531 

Liouville's,  kinetic,  i.  368 

Madaurin's,  on  attraction  of  homo- 
geneous focaloid,  IX.  494  (t),  522 

Meunier's,  i.  129 

Stokes's,  on  the  transformation  of  an 
integral  over  a  bounded  surface  into 
one  round  the  boundary,  i.  190  (j) 

Thomson's,  on  the  kinetic  energy  of 
a  system  moving  from  rest  ^ith 
given  velocities,  i.  312,  316,  317 

of  maximum  action,  i.  864 
Tidal  friction,  effect  of,  .on  Earth's  rota- 
tion, I.  276;  II.  830, 11.  (G)  (a) 

secular  effects  of,  determined  by  a 
graphical  method,  11.  (G)  (&) 
Tides,  equilibrium  theory  of  tne,  11.  804 
—811 

theory  of  the,  taking  the  Earth's 
rotation  into  account,  11.  813,  814 

augmentation  tit,  due  to  the  mutual 
gravitation  of  the  disturbed «eaters, 
11.816,817;  819—821 

influence  of,  on  the  direction  of  gravity, 
n.  818 

in  an  elastic  solid  spheve,  11.  883— 
841 


Tides,  effects  of  elastic  yielding  in  the 
Earth  on  the,  11.  842,  846 
of  long  period,  11.  848 
Time,  foundation  of  our  measure  of,  i. 

247,  405,  406 
Torsion,  of  prism  or  cylinder  by  a  simple 
twist,  general  solution  of,  i.  700, 
702,  703,   706;  hydrokinetic  ana- 
logue of,  iL  704,  705 
of  elliptic  cylinder,  n.  707,  703 
of  equilateral  prism,  n.  707,  708 
of  curvilinear  square,  11.  707,  708 
of  rectangular  prism,  n.  707 
Tortuosity,  i.  7 

analytical  expression  for,  i.  9 
Triangle,  kinetic,  difference  between  two 

sides  and  a  third  of,  i.  361 
Trochoid,  i.  49,  92 

Twist,  explanation  and  definition  of,  i. 
119, 120 
integral,  of  a  rod  in  a  plane  curve,  i. 

122 ;  in  a  tortuous  curve,  i.  123 
examples  of,  i.  126 


Velocity,  defined,  t.  20 

measure  of,  when  uniform,  i.  20 

measure  of,  when  variable,  i.  24 

average  of,  z.  23 

analytical  expressions  for,  i.  24,  25, 27 

resolution  of,  i.  25,  26 

composition  of,  i.  27 

examples  of,  i.  34 

angular,  defined,  i.  41 

angular,  measure  of,  i.  42 

angular,  mean,  i.  43 

angular,  of  a  plane,  i.  44 

angular,  composition  of,  i.  95,  96 

angular,  parallelogram  of,  x.  95 

generalized  expression  for  compo- 
nents of,  in  terms  of  momenta,  i. 
313 

reciprocal  relation  between  compo- 
nents of  velocity  and  momentum 
in  two  motions,  i.  313 

of  sound,  etc.,  in  terms  of  modulus 
of  elasticity,  11.  691,  (a) 

virtual,  i.  237 
Vernier,  i.  420—423 
Viscosity,  of  solids,  11.  741 

of  fluids,  II.  741 
Volume,  measure  of,  i.  411 


Wire,  defined,  n.  588 

kinematical  representation  of  the  cur- 
vatures and  torsion  of,  iz.  590 

laws  of  flexure  and  toraion  of,  n.  591 
—593 

principal  torsion-flexure  rigidities  of, 
Ji.  596,  716 
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Wire,  potential   Energy  of  strained,   it. 

594,  595 
eqailibrimnof,  anderopposingoouples, 

II.  69a— 601 
eqailibrinm  of,  under  opposing  sys- 

tems  of  forces  at  its  extremities 

when  the  principal  rigidities  against 

flexure  are  equal,  ii.  600 — 604 
equilibrium  of,  under  any  forces  and 

couples  applied  along  its  length,  ii. 

614 
infinitely  little  bent  from  straight  line, 

11.  616 
bent  by  its  own  weight,  n.  617 — 620 
rotation  of,  round  elastic  central  line, 

II.  621—626 
Kirohho£f*8  kinetic  analogue  to  the 


equilibrium  of,  ii.  609,  610;  ex- 
amples of,  II.  611,  618 
Work,  defined,  i.  23g— 240 

practical  unit  of,  i.  238 

scientific  unit  of,  i.  238 

rate  of  doing,  i.  268;  scientific  unit 
of,  I.  268 


Young*s  modulus  of  elasticity,  ii.    686 
—691 


Zonal  harmonics,  defined,  ii.  7vSl 
Murphy's  analysis  for,  ii.  782 
tables  and  graphical  illustrations  of, 
11.784 
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